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Chapter 1

In tro duction

Genetic Algorithms have beenusedbeforeto ewlve transition rules for one dimensional
Cellular Automata (CA) to solwe e.g. the majority problem and investigate comnuni-
cation processeswithin sud CA [4]. In this thesis, the principle is extendedto multi

dimensionalCA, and it is demonstratedhow the approad ewlvestransition rulesfor the
two dimensional casewith a von Neumann neighborhood. In particular, the method is
applied to the binary AND and XOR problemsby using the GA to optimize the corre-
sponding rules. Moreover, it is shavn how the approad canalsobe usedfor more general
patterns, and thereforehow it cansere asa method for calibrating and designingCA for
real-world applications.

1.1 Cellular Automata

According to [8] Cellular Automata (CA) are mathematical idealisationsof physical sys-
temsin which spaceand time are discrete,and physical quartities take on a nite setof
discretevalues. The simplest CA is one dimensionaland looks like an array of onesand
zerosof width N, wherethe rst position of the array is linked to the last position. In
other words, de ning a row of positionsC = fa;; a,;:::;ay g whereC is a CA of width N,
ay is adjacern to a; and g 2 f0; 1g.

The neighborhood s; of g is de ned asthe local set of positionswith a distanceto g
along the connectedchain which is no more than a certain radius (r). This for instance
meansthat s, = fayg; a149; @1; &; a3; a4; asg for r = 3 and N = 149. Pleasenote that for
onedimensional CA the sizeof the neighborhood is always equalto 2r + 1.

The valuesin a CA can be altered all at the sametime (syndironous) or at di erent
times (asyndironous). Only syndironous CA are consideredin this documert. In the
syndironous approad at ewery timestep (t) ewery cell state in the CA is recalculated
accordingto the statesof the neighborhood usinga certain transition rule  : f0; 1g% ** |
f0;1g;si! ( si). This rule basicallyis a one-to-onemappingthat de nesan output value
for every possibleset of input values,the input valuesbeingthe “state’ of a neighborhood.
The state of a; at time t is written asa!, the state of s; at time t ass! and the state of the
ertire CA C at time t asC! sothat C° isthe initial stateand8n = 1;:::;N a** = ( s!).
GivenC! = fal;::;al g, C"*! canbedened asf ( si);::; ( sy)g.
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Figure 1.1: This gure shows how the neighborhood relatesto r and cell position in a one
dimensional CA.

Becauses; 2 f0; 1g the number of possiblestatesof s; equals2? *! . Becauseall possible
binary represemations of m with 0 m < 22*! can be mapped to a unique state of the
neighborhood, canbewritten asarow of onesand zerosR = fby; b; :::; b2+ g Whereby,
is the output value of the rule for the input state that mapsto the binary represetation
ofm 1. A rule thereforehasa length that equals2?*! and sothere are 22" possible
rules for a binary one dimensionalCA. This is a huge number of possiblerules (if r = 3
this sumsup to about 3;4 10?®) ead with a di erent behaviour.

One of the interesting things about these and other CA is that certain rules tend
to exhibit organisational behaviour, independerly of the initial state of the CA. This
behaviour alsodemonstrateshere is someform of comnunication goingonin the CA over
longerdistancesthan the neighborhood allows directly. In [4] the authors examineif these
simple CA are ableto perform tasksthat needpositionsin a CA to work togetherand use
someform of comnunication. One problem where sud a commnunication seemsrequired
in order to give a good answer is the Majority Problem (as descriled in section 2.1).
A genetic algorithm is usedto ewlve rules for one dimensional CA that do a rather
good job of solving the Majority Problem [4] and it is shovn how theserules seemto
send\particles" and communicate by using these particles [5]. Theseresults imply that
even very simple cellsin one dimensionalcellular automata can comnunicate and work
together to form more complexand powerful behavior.

It is not unthinkablethat the capabilities of theseonedimensionalCA arerestricted by
the number of directions in which information can\tra vel" through a CA and that using
multiple dimensionsmight remove theserestriction and thereforeimprove performance.
The possibilities of ewlving two dimensional CA are explored in [3] on three di erent
problems.It reports that the GA doesgive someCA rulesthat perform commnunicational
tasks, but it also reports that random sear@ing the rule spaceyields almost the same
resultsand goeson to show that totalistic rules outperform all other rules, totalistic rules
being rules that trigger on the number of onesin the neighborhood and the state of
the certer cell instead on the state of the ertire neighborhood. Theserules have a much
smaller seard space.Totalistic rules are de ned by 18 bits [3] and that meansthere are
\only" 2% = 262144possiblerules. It looks feasibleto try every possibletotalistic rule
instead of using a GA.

Every totalistic rule canbe represeted by a full rule table and canthereforein theory
be generatedby a GA. Taking that in mind, [3] shows surprisingly good results for total-
istic rules, but their claim that totalistic ruleshave a greaterpower than full rulesseemsa
bit premature. Totalistic rulesin theory are very restricted and have limited possibilities.
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In this documert only full rules will be considered.

Multiple dimensionalCA yield great possibilitiesin applications sud asParallel Com-
puting and modelling sccial and biological processesThe goal of this esearb is to nd
a generalizationand report phenomenaobsened on a higher level, with the future goal
to usethis researt for identi cation and calibration of higher-dimensionalCA applica-
tions to real world systemslike parallel computing and modelling sccial and biological
processesThe approad is descriked and results are reported on simple problems suc
as the Majority Problem, AND, XOR, extendinginto how it can be applied to pattern
generationprocesses.

1.2 Genetic Algorithms

A problem in generaloften hasa number of possibleanswers, sometimescalled a seart
space.A problem then often consistof nding the best answer or at least a pretty good
one. A trivial approad of nding the best answer is of coursetrying every answer and
remenbering the best one.But this cantake a long time if the seart spaceis very large
and is impossibleif the seart spaceis in nite (for instance a real number). A lot of
problemscan be logically reducedto simpler problemsby having additional information
about the seart space.For example seartiing the position of a number in an ordered
list is possiblein log, N stepsusing a binary seart algorithm, becauseewery stepin the
algorithm half of the possiblepositions becomeimpossibledue to the fact that the list is
ordered.

But sometimesthere is no additional information about the seart spaceavailable to
easily reducethe problem. When this coincideswith very large seart spacesit is often
impossibleto de ne an algorithm that always givesthe right answer and is also sohable
in polynomial time as opposedto exponertial time. That is where Genetic Algorithms
(GAs) can be usedto explore the searty spaceand comeup with a good answer. Note
that proving an ansver is the best oneis equalto proving that there is no better onein
the sear® spaceand that canonly be doneafter having tested all the possibleanswersor
by having additional information about the sear® space.Thereforeif both areimpossible
(as is usually the casewhen using a GA) it is quite impossibleto know what the best
answver is. GAs are quite capableof nding a good answer, but they will not really help
much in proving that the best answer is found.

The processbehind GAs is quite similar to geneticprocesseshat are found in nature.
In nature a speciesewlves by giving its genesto its o spring. Often a memnber of the
species(or individual) canonly reproduceif it survivesuntil it matures. That meansthat
if it hasbad genesit will probably not survive long enoughto reproduce and the genes
are lost. This is often called \survival of the ttest” wherethe \tness" of an individual
is determinedby how well he succeedsn producing o spring.

To make this processexible and ableto withstand dramatic changesin the surround-
ings of a speciesthe reproduction of the geneds newer an exactcopy. Thesesmall\errors"
(or \m utations") that are madein the reproduction processensurethat the o spring looks
like its parerts, but is no exactcopy or merge.This processmakesit possiblefor a species
to dewelop longs over the courseof numerousgenerationsif the water getstoo crowded
and a pair of wingsif the samehappenswith the land.
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In a GA the rules are pretty much the sameas in nature. In the initial state there
exist a number of possibleanswers called individuals. This group of individuals is called
\p opulation” or \p ool". The individuals all have a certain\ tness" accordingto a pieceof
logic called\the tness function”. Someindividuals will have a higher tness than others
but it is probable the best possibleanswer is not amongthem. As in nature individuals
arede ned by there genes.This meansthat for every possibleanswer to the problemthere
exists an unique \genetic description” that de nes that answer and ewery legal \genetic
description” maps on a unique possibleanswer to the problem. This relation between
\genetic description" and answer is also called a \mapping".

To ewlve better answers from the existing onesa GA repeatsa number of stepsover
and over again. Sud a step is often called a generation. There are many di erent GAs,
but one generationoften looks somethinglike this:

The rst phaseis calculating the tness. This is doneby the tness function which
calculatesthe tness of an individual. This is often where the problem that needs
to be solved is de ned, becausede ning what is a good individual and what is not
is equalto de ning what the caracteristicsare of the desiredanswver.

Then comesthe selectionphase.This is usually the phasein which the good indi-
viduals are selectedto reproduce and bad individuals are removed.

And after that comesthe reproduction phase.In this phasethe selectedindividuals
get copied, mergedand/or mutated to be placedinto the next generation.

Usually this processis repeated until a good answer is found or the userruns out of
patients. GAs can be stopped wheneer this seemsnecessaryand the best individuals
so far can be viewed while the algorithm is running. This makesa GA very exible to
restrictions sudh astime or computation power. A problemwith GAs though is that there
is no guarartee that the algorithm will nd a good or better answer and it is not at all
obvious what needsto be changedif a GA performespoorly. Becausemost reproduction
sthemesuserandom factorsiit is often dicult to predict the results and successalways
dependson luck.

1.2.1 Fitness function

In a GA ewry individual hasa tness value, usually denotedby f . This value is usually
calculated using a tness function. This function de nes what the GA must sole in
order to be succesfulthat is why designinga good tness function is very important. An
important aspect of a good tness function is that it ranks partial solutions higher than
no solution, meaningthat it shouldbe better to give a reasonableanswer instead of a bad
one. If the tness function is only able to reward very good answers, there might not be
any propagation towards those answers and ewlution might not even get started.



1.2.2 Selection

A GA selectsthe individuals accordingto their tness value, but that doesn't meanthat
having the highest tness ensuressurvival. There are many di erent selectionmethods
and they all have a very di erent impact on the population.

A very common selectionmethod is proportional seletion. In this selection method
ewery individual hasa chancethat it will survive proportional to its tness. That means
that even the wealest in a population hasa chanceto survive.

In this documert though only truncation seletion is used.This selectionmethod just
lets a few best individuals survive. This is usualy a certain percenage of the total pool
size. Although this is not a very standard selectionmethod, it is necessaryin order to
compareour results with earlier ndings and it seemso be su cient to get results.

1.2.3 Mutation

As stated earlier mutation generatessmall\errors" in the copiedgenesof o spring. These
changesgeneratediversity in the population and are the driving force behind ewlution.
There are di erent ways to mutate an individual, but when an individual is a binary
string there are two simple mutation typesthat are often usedin GAs.

Prohkabilistic mutation where every bit in the individual is ipp ed with a certain
probability calledthe \m utation rate".

Fixed bit mutation wherea xed number of randomly chosenbits are ipp ed every
time an individual is mutated.

In this documert both of thesemethods will be used.

1.2.4 Crossover

Crosswer is a special way to generateo spring. Instead of copying a selectedindividual
as is done when not using crosseer, two individuals are mergedto form the o spring.
Again there are a number of ways to do this all having very di erent characteristics. The
bestknown are:

Single-mwint crossoverwherea single position in the bit string is chosenat random,
both of the parerts bitstrings are \cut" at that position and \glued" bad together
sothat an o spring hasa part of both its parerts. Normaly only one o spring is
generatedfrom two parerts.

N-point crossoverwheremultiple points in the bitstring are chosenat random, both
of the parerts bit strings are\cut" at thosepositionsand the o spring is generated
from the piecesby alternating the parert at every chosenposition.

Uniform crossoverwhereewery bit in the o springs bitstring is equalto the bit at
that sameposition in one of the parerts, chosenat random for ewery bit.

Crosswer is often usedin conbination with mutation to make it possiblefor a GA to
generatebitstrings that have parts that don't exist in the \gene-pool".
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1.2.5 Gene mapping

Becausenot ewerything in the world is represetted by bitstrings, it is very important to
understandthat ewlving bitstrings with a GA ewlvesrepresetations of answers, not the
answersdirectly. Changingthe represetation of an answer slightly might have a very big
impact on the answer it represets. That is why it is important to have a good mapping
and to choosethe right mutation operatorsand cross@er methods to suite that mapping.
Section3.2.3 elaborates more on what mapping to usein a two dimensional CA.



Chapter 2

Evolving one dimensional CA

As descriked in the introduction, a simple one dimensionalCellular Automata (CA) can
be described asa row of onesand zerosthat behase accordingto a rule. This rule changes
the valuesin the row accordingto the neighbors of these values. As descriked in the
introduction a rule can be de ned by a row of onesand zeroswith a length equalto 22 *1

wherer is the number of positions the neighborhood of a value extendsto the left and
right of that value.

Note that ewvery possibleinput state of the neighborhood is represeted by only one
output value in the bitstring and every output value canbe linked to only oneinput state
of the neighborhood, making this an e cient way to represen a rule.

In the caseof a syndironousCA the rule togetherwith the initial state of a CA de ne
the behaviour of that CA in time. Becausethere are a huge number of possiblerules
(being 22 ™), it is quite impossibleto examineall behaviours of all the possiblerules if
r > 1. Soif onewants to nd arule that exhibits certain behaviour, onehasto seart in
a smart way. A geneticalgorithm (GA) seemdo do the trick.

By ewlving rules represeted by bitstrings with a GA the authors in [4, 5] tried to
nd arule that looksto solwe a problem called\the Majority Problem". This chapter will
look into and elaborate on these ndings.

2.1 Majorit y Problem

The Majority Problem can be de ned asfollows:

Givena setA = fag;:i;a,gwithn oddanda,, 2 fO;1gforall1 m n, answer
the question: Are there more onesthan zersin A?".

The Majority Problem rst does not seemto be a very dicult problem to sole.
It seemsonly a matter of courting the onesin the set and then comparingthem to the
number of zeros.Yet whenthis problemis converted to the dimensionsof a CA it becomes
alot moredicult. This is becausehe rule in a CA doesnot let a position look past its
neighborhood and that is why the cells all have to work together and use someform of
communication.
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Figure 2.1: Theseare examplesof majority problem classi cation by the Majority Rule.
The pictures shov how the rule gets stuck on \thic k lines" in the time plot. Time t
proceedsfrom top to bottom and every row correspndsto C!.

Given that the relative number of onesin C° is written as , in a simple binary CA
the Majority Problem canbe de ned as:

Find a rule that, given an initial state of a CA with N odd and a nite numtler of
iterations to run (1), will resultin an "all zew' stateif < 0:5 and an "all one' state
otherwise. The "all zew' state being the state in which every cell in the CA is zew and
the "all one' state being a the state in which everycell is one.

The rst intuitiv e rule to come up with is the ‘majority rule'. This being the rule
wherethe calculatedvalue is 1 if the number of onesin the neighborhood is more than
the number of zeros,and a zero otherwise. Surprising as it may seemthis does not at
all solve the problem (as is shovn in Figure 2.1). The majority rule gets stuck on the
problem that on the boundary thick line in the time plot the cell can't \agree" on the
global answer. The cell just left of sud a thick line is zeroand becauseall other cellsleft
of it in the neighborhood are also zero, it \decides" to stay that way. Yet its neighbor to
the right is oneand seesonly oneson its right and thereforedecidesto stay one. This way
the information fails to propagatethrough the CA and classi cation fails.

A lot of peoplehave comeup with di erent rulesto solwe this problem, onesud rule is
the GKL rule after Gacs,Kurdyumov and Levin [2]. This rule is pretty good at classifying
the majority problem and doesit for 81.6% of the test caseswith a width of 149 cells.
For 17 yearsthis was the best rule and then LawrenceDavis found a better onein 1995
which did 81.8%.In the sameyear Rajarshi Das found a rule that did 82.178%.Then in
1996 David, Forrest and Koza found a rule by clewerly using genetic programming that
was able to classify 82.326%correctly [1]. In Table 2.1 a list of these historical rules is
given.

Although theserulesare very impressiwe it is believed that thereis no de nite solution
for the problem aslong asthe neighborhood is smaller than the sizeof the CA. If there



Time

199

Time

199

Position 148 0 Position 148

() (b)

Figure 2.2: These are examplesof majority problem classi cation by the rule found by
David, Forrestand Koza [1]. Both are correct classi cations (a) with 74 onesin the initial

state, (b) with 75.

Rule name

Bit string

Majority rule

00000000 00000001 00000001 00010111 00000001 00010111 00010111 01111111
00000001 00010111 0001011101111111000101110111111101111111 11111111

GKL 1978
human-written

0000000001011111 0000000001011111 0000000001011111 00000000 01011111
00000000010111111112111110101111100000000010111111111111101011111

Davis 1995
human-written

0000000000101111 00000011 01011111 000000000001111111001111 00011111
00000000001011111111110001011111 00000000000111111111111100011111

Das 1995
human-written

00000111 000000000000011111111111 00001111 000000000000111111111111
00001111 000000000000011111111111 00001111 00110001 00001111 11111111

David 1996
genetic programming

00000101 00000000 01010101 00000101 00000101 00000000 01010101 00000101
01010101111111110101010111111111010101011111111101010101 11111111

Table 2.1: Bitstrings of someimportant rules.
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is, nobody hasfound it yet. It is already a big accomplishmet for a CA to get 70 percen
of all random initial states correct, for this shows there is somekind of comnunication
going on; somekind of emergingbehaviour.

2.2 Experiment Details

This sectionwill briey introduce the work donein [4, 5] by Mitchell, Crutch eld and
Hraber. The GA usedis fairly simple.

The approad de nesthe tness (f ) of arule asthe relative number of correctanswers
to 100 randomly choseninitial statesand de nes "a correct answer' as an "all one' state
if there are more onesthan zerosin the initial state and an “all zero' state otherwise.To
make surethe number of onesis newer equalto the number of zerosthe width of the CA
is always chosenodd. They useda one dimensional CA with a width of 149 and linked
ends.

Ruleswith r = 3 were usedto iterate the CA and therefore the bit strings are 128
bits in length. A pool of 100rules was usedand theserules were ewlved using a genetic
algorithm (GA). This algorithm usedcrosseer and mutation to try to improve the tness
of the rules. The maximum number of iterations (M) was set to appraximately 320,
which wasnot a xed number, but wasrecalculatedevery time a rule was evaluated. This
preverted the algorithm from specialisingon a xed M asdescriked in [7]. The algorithm
was run for 100 generationswhere one generationstep looked like this:

Randomizeall the initial states.
Recalculateall the tness valuesof the individuals using thesestates.

Selectthe top best 20 percent of the individuals as "elite rules' and copy theserules
unchangedto the next generation.

Override the other 80 percent with crosseers of randomly chosen elite rules' and
mutate 2 random bits in their bit strings (which is 128 bit long).

To selectthe top 20 percen of the population the population was sorted on tness
value and then took the best 20 percen. But becausehere often would be a lot of rules
with the same tness value, rules with the same tness were sorted at random.

Becausehe algorithm did not produceany good resultsat rst, the distribution of the
number of onesin the initial stateswas changedfrom normal to uniform. It was believed
(rightly so)that in a normal distribution of onesin the initial statesthe probability that
the number of oneswould be near to the number of zerosis too high. The closerthe
number of onesis to the number of zerosthe more di cult the task of nding a correct
answver is going to be and thereforeis was believed the algorithm had problems nding
anything at all. By using a uniform distribution in the number of onesthe algorithm
had a lot more "obvious' initial statesto start with and this increasedthe chance that
the algorithm would nd ‘intelligent' solutions. Howewer, the Majority Problem usesa
normal distribution over the number of onesin an initial state and therefore individuals
generatedusing a uniform distribution might solwe a totally di erent problem.
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FIitness 1or di er ent widtns
Rule name F149100 ‘ Fsog,100 ‘ Fogg 100
Best block-expand algorithm || 0.652 | 0.515 | 0.503
A patrticle-basedalgorithm 0.742 | 0.718 | 0.701
A patrticle-basedalgorithm 0.755 | 0.696 | 0.670
A patrticle-basedalgorithm 0.769 | 0.725 | 0.714

Table 2.2: Fitness valuesof rules found in [5].

All the rules were also initialised with this “uniform distribution in the number of
ones'.With other words, the number of ruleswith lessthan 10 onesin their bit string was
more or lessequalto the number of rules with for examplebetween60 and 70 onesin the
bit string. The importance of this distribution will be discussedater in the documer.

2.3 Their results

The algorithm was run for 300 runs for 100 generationsead. Then the best rules were
tested on 10000initial stateswith a normal distribution over the number of ones.This
distribution has a high peak around initial states with 0:5. Theseinitial statesare
the hardestto solve for a CA and thereforethe number of correct answersa rule givesin
this last test is a lot lower than when usingthe uniform distribution. The relative number
of correct answersto thesetests is denotedas F,., wheren is the width of the CA and
m is the number of tests conducted.

Most of the best rules reached f > 0:9 before 100 generationsand generatedtest
results with 0:6 < Fi49m < 0:7. Theserules all seemedio have a comparablealgorithm
to solwe the majority problem. They triggered on large blocks of onesor zerosand tried
to expandthese.The probability of theseblocks occurring is fairly small in initial states
with 0:5, but a lot higher otherwise. When these results were tested on larger CA
this approat beganto struggle and F,.,, would approat 0.5. If the width of the CA
increases,the chancethat a large "gap' occurs increasesand therefore the number of
wrong classi cations using this algorithm doestoo.

Someof the results did not reach af above 0.9 and got stuck at Fi149m  0:5. These
rules ignored the initial state and always result in either the “all one' or the "all zero'
state. It wassuggestedhat theseruleswill evertually resultin ruleswith f > 0:9if given
enoughtime [4].

Out of the 300rules 7 useda more intelligent algorithm. Theserulesreadhedf > 0:95
easily and 0:7 < Fysgm < 0:76. The rules seemto use somekind of ‘communication
method' to “signal’ the positions and sizesof "blocks' to other sud “blocks'. This kind of
rule is called "particle based'[4] and a number of di erent particlesareiderti ed that seem
to “transport' information. Becausetheserules do not rely on the big blocks, performance
deteriorateslesson wider CA than the "block expanding' rules do.

The behaviour of di erent rules with di erent CA widths are documeried in [4]. Ta-
ble 2.2 copiestheseresults. Note that the particle-basedalgorithms have a higher tness
than the block-expand algorithms. Also note that the tness of the block-expandingrule
drops dramatically whenthe width of the CA is increased.
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Figure 2.3: This gure displays the frequencywith which ruleshave a certain tness value
in the one dimensionalexperimert. The tness bins are 0.01in width and 900rules are
displayed.

2.4 Copying the experiment

This sectiondescrikeshow the experiment descriked in section2.2 was copied and what
the results were. No variables of the algorithm were changedalthough there were some
things that might needmerntioning. They are listed below:

The two “elite’ rules that are chosenfor the crosseer are chosenrandomly with
replacemehn This meansthat a “pair' can consistof two times the samerule. The
crosswoer then e ectively is a copy.

When mutating arule, the two bits that areto be mutated are alsochosenrandomly
with replacemen This meansthat the samebit canbe chosentwice and e ectively
will not change.

Theseare interpretations of the experimert description[4, 5] and are no real changes.
Although earlier experimerts suggestedhat without theseinterpretations the algorithm
performsworse.

The algorithm wasrun for 900runs. Note that this is three times asmarny runs aswas
calculated in the original experimert. Afterwards Fi4610: Was calculated for every best
rule of a run. It was assumedhat the bestrule of a run wasthe rule ranked the highest
at generation100. Note that there might be lower ranked “elite' rulesin the rule pool at
generation100that will get a higher overal tness than this top ranked rule. This is due
to the fact that f (the tness of a rule during ewlution) is calculated with 100 initial
statesand is therefore only a rough estimate.
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In Figure 2.3the tness valuesof the 900runs are displayed in a frequencygraph. All
the tness valuesare grouped into bins with a width of 0.01. The peakaround F49.10:
0:5 shawvs all the rulesthat did not make it further than an "always all ones'or an “always
all zeros'strategy. The biggestpeakis situated around F14910:  0:63 and correspndsto
the “block expanding' algorithms (as shawvn in Figure 2.4) and the “particle based'rules
are situated whereFy4910: > 0:71.

Out of 900runs 12 “particle based'rules werefound, that meansthat 1.3%of the total
runs had ewlved to a “particle based'rule. This is lessthan the percertage M. Mitc hell et
al. have found [4] which was 7 out of 3000r 2.3%. This could be cortributed to chanceor a
di erent de nition of what a “particle based'rule exactly is. The 12rulesthat are courted
as particle based'rules in this documert all have a F14910: > 0:7 and are clearly doing
somethingmorethan just expandinglarge blocks. There seemto be a lot of di erent ways
to send particles' from one side of the CA to the other. The inner workings of one rule
and its di erent “particles' are studied in [5], but it is not unthinkable that other rules
usea totally dierent approad.

Fn.10¢ Was calculatedfor di erent n of the CA. As stated in [4] "particle based'rules
not only perform better than the “block expanding' rules, but their performancealsois
lessa ected by an increaseof the width of the CA. Figure 2.6 shaws that the “block
expanding' rules shift further to the left than the small amourt of “particle based'rules.
This is all consisten with the experimerts conductedin the original experimert.

The duration of arun is de ned asthe number of interations neededin a CA to react
a all ones'or an "all zeros'state and is denotedby Dy. WhereN is the number of cells
in the CA and M is the number of runs usedto calculate the average.If a rule does
not reach an "all ones'or an “all zeros'state the maximum duration is courted instead.
D 14910 Was calculatedfor all the 900rulesthat werefound. Figure 2.7 shavs the average
duration of theserules againsttheir tness (Fi4g.102)-

Note that the dierent types of rules can clearly be seen.There is a big group of
\alw ays all ones" and \always all zeros"rules around a tness of 0.5. Theserules don't
really care about the initial state and don't have to communicate, that is why they have
a very low averageduration. Next to that group the block expandingrules are situated
arounda tness of 0.63with averagedurations rangingfrom 50to 175.The particle based
rules are right next to the large group. This is a small group and can barely be seen,but
it is situated roughly around a tness of 0.74and has an averageduration of about 80.

These results suggestthat particle basedrules all have roughly the same average
duration time, whereasblock expandingrules can have a lot of di erent duration times.
The bigger complexity of particle basedrules might be the reasonfor the clustering of
duration times of particle basedrules, but there are not enoughof theserulesto conclude
anything, it could still be attributed to chance.

14



Time Time
199 199
0 Position 148 0 Position 148
(& (b
0 — 0
Time Time
199 199
0 Position 148 0 Position 148
(© (d)

Figure 2.4: Theseare examplesof majority problem classi cation by a typical block ex-
panding rule with N = 149and Fy49:1+  6:5. Both (a) and (b) are correct classi cations
(a) with 74 onesin the initial state, (b) with 75. Note that in (a) there emergesa block of
zerosright at the beginning. This block is then extendedthroughout the CA, if the block
is not found (asin (b)) the algorithm assumest is an "all ones'classi cation. The chance
a block of zerosoccursis biggerwith more zerosin the initial state and that is why this
approad works. In (¢) and (d) the algorithm hasincorrectly classi ed initial stateswith
(c) 65 and (d) 85 ones.
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Figure 2.5: This gure displays four correct classi cation of the majority problem by four
di erent particle basedrules. (a) and (c) both have Fi4g10+  0:76, (b) hasFi4g10¢  0:75
and (d) hasFis910¢  0:73with N = 149.
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Figure 2.6: This gure shawsthe e ect of increasingthe width of the CA (N) in the one
dimensionalexperimert. The tness bins are 0.01in width and 900rules are displayed.
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Figure 2.7: This gure displays the averageduration (Dy.v ) of runs for the one dimen-
sional algorithm. For this algorithm N = 149and M = 10° = 1000.
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Figure 2.8: An exampleof a run endingin a particle-basedrule
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Chapter 3

Evolving multi dimensional CA

The two dimensionalCA in this documert are similar to the onedimensionalCA discussed
sofar. Instead of a row of positions, C now consistof a grid of positions. The valuesare

still only binary (0 or 1) and there still is only one transition rule for all the cells. The

number of cellsis still nite and therefore CA discussecdhere have a width, a height and

borders.

In a one dimensional CA the leftmost cell is connectedto the rightmost cell. In the
two dimensional CA this it is also commonto link opposite borders. This meansthat
ewery leftmost cell in a row is connectedto the rightmost cell in the samerow and ewvery
topmost cell in a column is connectedto the bottommost cell in the samecolumn. Note
that sud a CA forms a torus structure.

The big di erence betweenone dimensionaland two dimensional CA is the rule def-
inition. The neighborhood of theserules is two dimensional, becausethere are not only
neighoors left and right of a cell, but alsoup and down. That meansthat if r = 1, s;;
mights consistsof 5 positions, for instancethe four directly adjacert to a;; plus a;; itself.
This neighborhood is often called \the von Neumann neighborhood” after its invertor.
The other well known neighborhood expandsthe von Neumann neighborhood with the
four positions diagonally adjacert to a;; and is called \the Moore neighborhood" also
after its invertor. Figure 3.1 shavs thesetwo neighborhoods.

A more formal de nition of s;; for a two dimensionalvon Neumannneighoorhood is
givenby s;; = fagj(k ij+jl jj) rg. Note that this de nes a diamond shape of

von Neumannneighborhood Moore neighborhood

Figure 3.1: Two often usedand well known neighborhoods.
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cellswith a diameter of 2r + 1 and js;jj = 2r?+ 2r + 1. This can be generalizedto a d
dimensionalvon Neumannneighborhood with:

xd

Scricoicy = fagl;gz;:::;gdj g G rg

i=1
Note that this only holds for in nite  CA or nite CA with unlinked borders (see3.2.1).
If a CA hasdimensionsfe; & 1 €d and haslinked bordersthe distance betweentwo
cellsac, c,;:::.c, and ag,.g,:::::g4 IS ?:1 min(jg Gj;e Jg Gj). Thereforad dimensional
von Neumannneighborhood with linked bordersin a CA with dimensionsfe;;e,;:::; €40
is de ned as:

xd
Seyicaiiiea = T Agyigoiinigg) min(jg  cj;e jg Gj) rg

i=1

The Moore neighborhood of a two dimensionalCA can be de ned ass;; = fayjjk
ij r;jl jj rog.Notethat this de nesasquarearounda certer cella;; with awidth and
height of r2+ 1andjs;jj = (2r + 1)> = 4r2+ 4r + 1. This is generalizedto d dimensional
with:
Scricoiicy = fagl;gz;:::;gdjj g G 1l i dg
Note that this too doesnot hold for nite CA with linked borders. The Moore neighbor-
hood of a CA with dimensionsfe;;e;;:::;esg and linked bordersis de ned as:

Sciicoinica = T 8ggrge MIN(G  Cjse jg Gj) 1 i dg

Rules can be de ned in the samerows of bits (R) as de ned in the one dimensional
case,but the number of bits is higher becausehe neighborhoods are bigger. The number
of cellsin a neighborhood is de ned as S(d;r) whered equalsthe number of dimensions
in the CA and r is the radius of the neighborhood. SN (d;r) de nes the number of cells
in a von Neumann neighborhood, while SM (d;r) de nes the number of cellsin a Moore
neighborhood.

In Moore neighborhood SM (d;r) = (2r + 1)? through normal geometry calculations,
but SN (d;r) is lesstrivial to calculate.Note that a onedimensionalvon Neumannneigh-
borhood equalsthe neighborhood de ned in section1.1and has2r + 1 cells. Note that a
two dimensionalvon Neumannneighborhood can be de ned asa setof r2+ 1 onedimen-
sionalvon Neumannneighborhoods with sizesl; 3;5;:::;2r 1;2r+ 1;2r 1;:::;5;3; 1.
That means:

sN(L;ry=2r+1
X 1
SN@2;r)=2[ 2i+1]+2r+1
i=0
X 1
4J ij+2r+2r+1
i=1
_
=4 >
=202 nN+2r+2r+1
=22+ 2r+1

+2r+2r+1
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Note that SN(d;r) canbe de ned as2r + 1 von Neumannneigtborhoods with d 1
dimensionswith sizesSN(d  1;0);SN(d  1;1);:::;SN(d  1;r  1);SN(d  1;r);SN(d

X 1
sNiry=2[ sV 1)+ SN 1)

i=0

From this follows that:
1
s"@n=2[ sY@il+st@rn)
i=0
1
=2[ 2%+2i+1)+2%+2r+1
i=0
X1 X 1
=2[ 2%+2[ 2]+2r+2%+2r+1
i=0 i=0
X1 X1
=4 iF+ 4] r]l+2r+ 2+ 2r+1
i=1 i=1
4(r 1) r (é(r 1)+ 1) N 4(r 21) r

= Z@2r® 3r2+r)+20% nN+2r+ 22+ 2r+1

+2r+ 2%+ 2r+ 1
—_ 3 2 2 2 2
= —r 2r +§r+2r+2r +2r+1

and
Xl
st =2[ S"@Ei+SN@Ein)
i=0
Xtyq 8 4 8
=2[ =i+ 2%+ —i+ 1+ =r3+2r%2+ _r+ 1
[i:03| i 3| ] 3r r 3r
1

X1 12 X 16 X1 4
:§[ i*1+ [ i+ —6[ i+ 2r+ _r3+ 24 41

3i:O 3 i=0 3 i=0 3 3

2 2

_ §(r 1) r +1_2(r )r 2(r 1)+ 1)+1_6(r 1) r+2r

3 4 3 6 3 2

4
+§r3+2r2+§r+1

2 4 3 2 2 3 2 8 2 43 2 8
= _ 2r° + + —(2 +r)+ = +2r+ —r°+2r°+ —r+1

3(r r°+r°) 3( r= 3rc+r) 3(r r) r 3r r 3r

2 4

10 8
- =4 3 —e2 =
—3r+3r+3r+3r+1

In the sameway SN (r;5); SN(r;6);::: can be calculated, but the functions get ugly
very fast. With the recursiwe function the valuesin Table 3.1 were calculated. Notice that
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r
0] 1 [ 2 3 Z 5 6

SN(L;r) [1] 3 ] 5 7 9 11 13
sN@;r) 1] 5 | 13 25 41 61 85
sN@n 1] 7] 25 63 129 231 377
SNy |1 9 | 41 | 129 | 321 681 1289
SNG;r) 1] 11| 61 | 231 | 681 | 1683 | 3653
SN@;r) | 1| 13| 85 | 377 | 1289 | 3653 | 8989
sv@r)y[[1] 3| 5 7 9 11 13
sM@r)yll1] 9 | 25 49 81 121 169
SM@3;r) 1] 27| 125 | 343 | 729 | 1331 | 2197
SM@:r)| 1| 81| 625 | 2401 | 6561 | 14641 | 28561
SM(5:r) | 1|243| 3125 | 16807 | 59049 | 161051 | 371293
SM(6;r) || 1| 729| 15625| 117649| 531441 1771561| 4826809

Table 3.1: The number of cellsin neighborhoodsin multi dimensionalCA. SN(d;r) stands
for a d dimensionalvon Neumannneighborhood with a radiusr and SM (d;r) represets
a d dimensional Moore neighborhood with radius r. Note that SN(d;r) is a lot smaller
and symmetric.

SN(d;r) = SN(r;d). Although this is surprising, it can be explained by rewriting the
generalfunction:

Xl
SN@:ry=2[ SN 1]+ SN ZLr)
X?
2[ SN LiD]+2sNd Lr
|>=(02
[2[
i=0

sN(d;r

1)+sSNd Lr)

sNd Li]+SNd 1;r 1)]+SNd 1;r 1)+ SN L)

D+ SNd Lr 1)+SN@d 1;r)

Giventhat SN(d;0) = 1 and SN (0;r) = 1 (elseSN (1;r) would not incremert with two)
this generalrelation automatically implies that SN (d;r) = SN(r; d).

The number of bits in R neededto de ne a multi dimensionalrule is de ned as 25(¢"),
That meansthat the length of R growsa lot fasterthan S(d;r) andthat neighborhoodsare
easilytoo big for realistic computations. The experimerts in this documen will focuson
two dimensionalCA to make them easyto interpret, but can easily be scaledto multiple
dimensions.

3.1 Majorit y Problem

To solve the Majority Problem with two dimensional CA the samegeneticalgorithm as
in the one dimensionalexperimert [4] was used,sothat it might be possibleto compare
the one dimensionalwith the two dimensionalapproad.
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Figure 3.2: This gure displays the number of rulesthat have a certain tness valuein the
two dimensionalexperimert and comparesthis to the one dimensionalexperimert. The
tness bins are 0.01in width and for both algorithm Figg1¢: is calculatedfor 300rules.

Preliminary experimerts shaved that it took much more time to ewlve rules for the
Moore neighborhood than was the casewith the von Neumannneighborhood. The tests
that were done with the Moore neighborhood also did not result in any encouraging
results, which is consistem with [3]. That is why the von Neumann neighborhood was
chosenfor this experimert. Becausehis is a 5 bit neighborhood, the seart spacefor CA
rulesis a lot smallerthan in the onedimensionalexperimert. Instead of the 27 = 128bits
in the rule, R now consistof 2° = 32 bits. This meansthat the seart spacedecreased
from 2128 to 2%2 and is now 2(3?8 32 = 2% times smaller!

A two dimensional CA doesnot only have a width, but also a heigh. To make the
two dimensional experimert comparablewith the one dimensional version, a CA with
width = 13 and height = 13 was used. This meansthat these CA have 13 13 = 169
cells(N) and are 169 149= 20 cellslarger than the one dimensional CA usedin the
original experimert. Note that increasingthe sizeof a CA decreaseshe tness of a rule
in onedimensionalCA asis showvn in section2.4 and it is reasonableto assumethat this
is no di erent for two dimensional CA.

In theory if “information' were to “travel' through the CA, it can do this only with
a maximum step size equal to the radius of the neighborhood. Becausethe borders are
linked, “information' could be sendin one direction and end up at the sameposition as
it started from after i iterations wherei = min(width; height)=r. In the two dimensional
experimert this sumsup to 13=1 = 13 iterations comparedto the 169=3 = 56:3 for a
comparableone dimensional CA. This is a good indication that | doesn't needto be as
high asit was for the one dimensionalexperimert and that will speedup the algorithm,
thereforel wassetto 50.

No other variable of the geneticalgorithm as descriked section2.4 was changed.The
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Figure 3.3: This gure displays the average duration of runs for the two dimensional
algorithm (Dy.v ). For this algorithm N = 13 13= 169and M = 10° = 1000.

algorithm did 300runs and tested all theserulesby calculating Fy.v . For this Figg10: Was
used.The results of this test are shavn in gure 3.2. The striking di erence betweenthis

tness distribution andthe tness distribution of the onedimensionalrulesis the absence
of the peakaround Fy.q  0:5. In the two dimensionalcasealmost all the ewlved rules
have a tness above 0.58. A tness around 0.66 seemsto be averageand the best rules

have a tness above 0.7. That is all very surprisingtaking into accour that the Neumann
neighborhood only consistsof 5 cells.

To comparethe duration (number of iterations) of the two algorithms, the maximum
duration of the two dimensional algorithm was set to 320. This way there would be
no di erence in duration betweenruns that would not read a correct end state in the
di erent algorithms. Figure 3.3 shows the duration times as a function of the tness for
the two dimensionalalgorithm. Thesetimes are a lot di erent from the duration times in
Figure 2.7.

In Figure 2.7 there are three groups, whereasin Figure 3.3 there is clearly only one
group. What is alsovery striking is that the duration time seemto increaseif the tness
increasedn the one dimensionalexperimert, but it seemso decreasan the two dimen-
sional experimert. This could meanthat the two dimensionalspaceis more suitable to
solve the Majority Problem than the one dimensionalspaceis.

This is enforcedby gure 3.4 whereit is clearly displayed that the two dimensional
algorithm takes less computing time to process.Note that this is mainly due to the
decreasednaximum duration and the distanceparticles travel through the CA.

The bestrule found in this experimert wastestedwith larger CA. Table 3.2 compares
these results with the one dimensional experimert and shovs how this rule does not
outperform a one dimensionalparticle basedrule, yet it doesa lot better than the best
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Figure 3.4: This gure displays the di erence in computing time betweenthe onedimen-
sional algorithm and the two dimensionalalgorithm with a Neumannrule. The two tests
were run on the samecomputer with similar loads. This di erence is meanly due to the
maximum duration and the distance particles needto travel.
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Figure 3.5: This gure shows two correct classi cations of the Majority Problem by a
two dimensional CA with both width and height equalsto 13, = 84=169in (a) and

= 85=169in (b). The transition rule was one of the besttested in the experimert and
scoredF 6910 = 0:715.
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Fitness1or di er ent widtns
Rule name Fiag10¢ | Fseg10¢ | Foogioe
Best block-expandrule | 0.652 | 0.515 | 0.503
A patrticle-basedrule 0.742 | 0.718 | 0.701
Two dimensionalrule 0.702 | 0.665 | 0.655

Table 3.2: This table showvs how the two dimensionalrulescompareto the onedimensional
rulesin terms of tness. Note that the two dimensionalapproad is easily better than the
block-expandingapproad, but not asgood asa particle-basedrule. Also note how the two
dimensionalrule performsvery consistet with larger CA sizes.( In order to compare
the two dimensional rule with trbe one dimensionalrules, the width and height of the
two dimensional CA was setto d ne. This correspndsto 13 13,25 25and33 33
respectively. Note that the CA for the two dimensionalcaseare bigger.)

block expandingrule. It alsoseemghat the two dimensionalrule still performswell with
biggerCA, just like the particle-basedrule does.This is quite remarkable becausehe two
dimensionalrule only uses5 cellsinstead of 7 in the one dimensionalcase.

The Majority Problem is a good exampleof a problem that forcescellsin a CA to
‘comnunicate' with another. The commnunication “particles' canbe seenin the onedimen-
sional experimert, but are not easily spotted in the two dimensional experimert. That
does not mean there are no “particles’ traveling in the two dimensional CA, becauseit
might be very hard to idertify theseparticles. In a two dimensionalCA “particles' are no
longerrestricted to travel in only onedirection, but cantravel to multiple directionsat the
sametime. Traveling particles in two dimensional CA can therefore look like expanding
areaswith a distinct border. But there might be multiple particles traveling at the same
time, meeting eah other and thereby creating new particles. This is why communica-
tion betweencellsin a two dimensional CA is not very visible in the Majority Problem,
although results show that this comnunication is preser.

3.2 AND and XOR Problem

To shown the commnunication betweencellsin atwo dimensionalCA a di erent experimert
was conducted.A geneticalgorithm wasusedto ewlve rulesfor two dimensionalCA that
could solwe the simple binary operators AND and XOR. Theseoperators both have two
input valuesand oneoutput value which can only be determinedif both input valuesare
known. This is unlike the OR operator for examplewherethe output value is always one
if oneor more of the input valuesis one,soif only oneinput valueis known to be onethen
the value of the other input value is not needed.This may look very trivial, but it is very
important in order to forcethe CA to combine the two valuesand thereby comrmunicate.

3.2.1 Experiment details
To shov the comnunications in a CA the information that needsto be combined must

be initialized as far apart as possible.The following problem de nition takes this into
accourt:
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|| b Ok | AND | AOR |

00 O 0 0
o1 1 0 1
110 1 0 1
111 1 1 0

Table 3.3: This gure shaws the three main binary operators.

Given a squae CA with two “input cells', one top left and one bottom right: nd a
rule that iteratesthe CA so that after | iterations the CA is in an "all one' state if both
the “input cells' were onein the initial stateandin an "all zew' state otherwise.

Smalltwo dimensionalCA wereusedwith awidth and a heigh of 5 cellsand | wasset
to 10. The bordersof the CA wereunconnectedto allow a larger virtual distancebetween
the two cornercells. That meansthat the left most cellin a row was not connectedto the
rightmost cell in the samerow and the topmost cell wasnot connectedto the bottommost
cell aswas donewith the Majority Problem experimert. Instead every cell in the border
of the CA was connectedto so called "zero-cells'.These "zero-cells'stay zero whatever
happens.

When using two input cells, there are four di erent initial states. These states are
written as Sy, .,,) wherev; and v, are the two input values.All cells other than the two
input cellswereinitialized with zero.

The tness of arule is de ned asthe total number of cellsthat have the correct values
after | iterations. The number of onesin iteration t is written asOy, .., The total tness

of the AND problemis de ned asf = (N Ojg) + (N Ojg.p)) + (N Ojy.q) + Ofy.yy-
This makesthe maximum tness equalto 4 5 5= 100.

In this experimert another very simple geneticalgorithm wasused.A generationstep
starts by sorting the rulesaccordingto their tness. Then it selectsthe top ten percen of
the rules as “elite’ rules and copiesthem without changesto the next generation.Every
“elite’ rule is then copiednine times or is usedin single-mint crosseer to make the other
90 percen of the population. Both methods were tested and compared. The generated
rules are mutated and also moved to the next generation. Mutation is done by ipping
ewery bit in the rule with a probability p,. The algorithm stopsif it found a rule with
f = 100o0r it readhes1000generations.In prelimenary experimerts a number of di erent
valuesof p,, weretested. Setting p,, to a rather high value of 0:05 seemedo be the most
e ectiv e choice.

The algorithm was run 100 runs with and without single-pint crosseer and using
both the von Neumannand the Moore neighborhoods. The resultsare shavn in table 3.4.

Although rulesewlved with the von Neumannneighborhood werenot ableto solwethe
problem perfectly, it is already surprising that it found rules which work for 93 percen,
for sudh a rule only misplaced7 cellsin the nal state, all the other 93 cells have the
correct value. This suggeststhat the information was combined, but the rule could not
Il or empty the whole squareusing the samelogic.

Figure 3.6 (a) showvs how a von Neumannrule tries to classifythe AND problem. It
lookslike the approat hasthree stages.in the rst stage(step 1 to 3) the two information
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betweenparticles.

Table 3.4: Fitness valuesfound in the AND problem.

“HIERLE

Figure 3.6: This gure displays the iterations of a CA solving the AND problem. Every
row shaws the iteration of the rule using a di erent initial state. Note that in the rst
column (t = 0) the initial states are clearly visible and in the last column the coloring
matchesthe output of an AND port. In (a) the von Neumannrule is usedandin (b) Moore
rule is used.Note that (@) is not a perfect solution although is doesshov comnunication

Number of runs
Neumann Moore

Fitness || with crossover\ without crossover\ with crossover\ without crossover

100 0 0 31 21

98-99 0 0 41 54

95-97 0 0 14 25

90-94 77 93 14 0

80-89 23 7 0 0

70-79 0 0 0 0

< 70 0 0 0 0
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Table 3.5: Fitness valuesfound in the XOR problem.

Number of runs
Neumann Moore
Fitness | with crossover| without crossover| with crossover| without crossover
100 0 0 0 1
98-99 0 0 4 4
95-97 0 0 7 6
90-94 2 1 19 21
80-89 76 96 69 66
70-79 18 3 1 2
< 70 4 0 0 0

particles travel to the topright corner, in step 4 the particles are conbined (if presen)

and in step 5 to 10 the areais lled if needed.This approad just doesnot seemto be
ableto completethe task in 10 steps.If the rule would be given two extra stepsit would
probably be ableto Il the bottomleft cornerin the (1,1) case,but the rule doesnot seem
to have the power to getrid of the particlesin the (0,1) and (1,0) case.

The Moore neighborhood is clearly more powerful and was able to solve the problem
perfectly. Figure 3.6 (b showvs how the Moore rule doesthis. The three stagesare clearly
visible hereas well, only now the information particles are conmbined a step earlier (step
3) and the rule is able to move the particles without leaving somekind of trail behind.

It is surprisingthat usingcrosseerin combination with a Neumannneighborhood does
not outperform the samealgorithm without the crossweer. This may be due to the order
of the bits in the transition rule and their meaning.This will be discussedn section3.2.3.

3.2.2 The XOR Problem

The XOR Problem is similar to the AND problem. The samegeneticalgorithm and the
sameCA setupwasused.The only di erence wasthe tness function. The XOR problem
is de ned asfollows:

Given a squae CA with two “input cells', one top left and one bottom right: nd a
rule that iteratesthe CA so that after | iterations the CA is in an "all one' state if only
one of the “input cells’ wasone in the initial state and in an "all zew' state otherwise.
This meansthat the total tness of the XOR problemis de ned asf = (N OEO;O)) +

OEO;l) + Oh;o) + (N Oél;l))'
The algorithm wasrun with p,, = 0:05for a maximum of 1000generationsfor 100runs

with both Neumannand Moore neighborhoods with and without single-pint crosseer.
The results are shown in table 3.5.

Theseresults support earlier nding in suggestingthat single-pint crosseer doesn't
really improve the performancewhenusedin atwo dimensionalCA. The resultsshaw that
the algorithm using only mutation hasfound ways to solwe this rather di cult communi-
cational problem. The Neumannneighborhood seemedunableto perform perfectly, yet it
camerather closewith three rules classifyingthe problem for 92 percen. The algorithm
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Figure 3.7: This gure displays the iterations of a CA solving the XOR problem using
both a von Neumannand a Moore neighborhood. Every row shows the iteration of the
rule using a di erent initial state. Note that in the rst column (t = 0) the initial states
are clearly visible and in the last column the coloring matchesthe output of an XOR
port. In (a) the von Neumannneighborhood is usedand in (b) the Moore neighborhood
IS used.

Siujlll 2

found onetransition rule usingthe Moore neighborhood that is able to solve the problem
perfectly. Theserules depictedin gure 3.7 shaw clear signsof \tra veling particles" and
are examplesof how a local rule can trigger global behaviour. Evenin gure 3.7 (b) it is
clearthat the particles are comnunicating even though the von Neumann neighborhood
isn't able to solwe the problem perfectly.

Note that the information particles are combined ias early as step 2 in the Moore
neighborhood ((b)). This is possiblebecausehe particles can travel diagonally.

The AND and XOR problemswere run on bigger CA with similar results. It seems
that most rules found for the 5 5 grid, alsowork on larger grids, becausethe process
canbe performedin the same3 stages,t only takesmoretime. It wasa lot harderto nd
Moore rulesfor a larger neighborhood though. This is probably due to the specialway in
which theserulestry to Il the whole squareat the end. With the von Neumannrulesthe
only possibleway to Il the whole squareseemsto be from one cornerto the opposite,
while with the Moore rules there are a lot more options. These options seemperfect for
onesizeof a grid, but do not work well for other sizes.
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3.2.3 Crossover and two dimensional mappings

As stated beforein this documert, the choice of GA was partly basedon earlier ndings
with ewlving CA [3, 4, 5]. Thesedocumernts usesingle-point crosseer together with mu-
tation and they state no reasonnot to do so.In above experimerts single-pint crosseer
did not seemto cortribute to better results, thereforeit seemedtting to elaborate on
what happenedin theseresults.

A CA rule is represeted by a binary string so that a the GA can perform binary
operations on a rule and ewlve the rules using mutation and cross@er. Every bit in the
string represets a possiblestate in the CA and its valuein the next iteration step. Single-
point crosseer combinestwo parerts and tries to copying the best properties of the two
parerts by taking the left side of the string of one parert and combining it to the right
side of the string of the other parent (as descriked in section 1.2.4). This works best if
there existssomekind of local meaningin the bitstring sothat there canat onetime exist
two parerts with similar tness that can be gluedto form a better child.

In a two dimensional CA the cellsin a neighborhood needto be numberedto give
meaningto the correspnding bitstring. In experimerts in this documert all neighbor-
hoods are numbered from left to right and then from top to bottom. At rst it seems
that this numbering is of no consequenceéo the outcome of the experimerts, but when
using single-mpint crosseer it is important. This mapping for instance meansthat the
rst half of the bits in the string all represen states of the CA in which \the rst* cell
in the neighborhood is zeroand in the other half of the bits this cell is one. This implies
that single-pint crossweer will always copy the behaviour of onesingleparert concerning
all the states of the CA wherethe rst cell hasa certain value. This could be explained
aslocal meaningand hencesingle-pint crosswer would seema good idea, yet the results
in the experimerts above all shav somethingelse.

In gure 3.8the di erence betweenusing crosseer together with mutation and using
only mutation becomesclear. When using crosseer, the algorithm sometimesgets stuck
at around a tness of 65, whereasthe lowest tness when using only mutation is about
78. The results suggestthat using cross@er speedsup the beginning of the ewlution, but
slows down the rest. Single point crosseer also seemsto increasethe chancethat the
algorithm gets stuck.

It is unclearwhy this happens,although single-point crosseer doeshave somelimita-
tions:

If a problem has more than one optimum and the algorithm is closingin on more
of them, then any form of crosseer will create a lot of individuals somewheren
betweenthe optima. This causescreative new possibleanswers and can be a good
thing, but if that is not neededit slows down the algorithm.

If a certain aspect of an individual is not de ned in one position or area of the

binary string, it is impossibleto copy only that aspect from a parernt to a child and

a lot of other aspects of the parernt will be copiedwith it. This happens because
single-mint cross@er canonly copy bits up until or from a certain position to the

child.
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Figure 3.8: This gure showsthe e ect of usingsingle-mint crosseer onthe XOR problem
with a von Neumannneighborhood. In (a) crosseer is usedtogether with mutation and
in (b) only mutation is used. All 100 runs are plotted here together with the average.
Note that using single-mint cross@er makesthe algorithm lessreliable than using only
mutation.
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Especially the last limitation seemsvery important in two dimensionalCA. Behaviour
is not de ned by one cell in the neighborhood, but by the state of all those cells. If for
instancethe behaviour should be simply to move a particle from left to right then more
than one state would be e ected and this behaviour would be positioned throughout the
ertire binary string. Becausethe meaningin the rulesis soscanbled, it is desirableto be
ableto conbine the di erent parts of the string of oneparert with parts of the other, but
that is impossiblein one step with single-mint crosseer.

There are other forms of cross@er that do not have this limitation. Uniform crosseer
decidesfor ewvery bit that is copiedto a child which parert it will be copiedfrom (sec-
tion 1.2.4). Someshort testing with this form of cross@er did not result in better results,
but this might be due to the di erent distribution of \the number of bits that are from
one parent”. In single-mint crosseer this number is uniformly distributed, whereasin
uniform crosseer this number is normally distributed. This meansthat the chancethat
anindividual is changedonly a few bits is very small. Further reseab into two dimensional
mappingsseemaeededas well as more tests with di erent typesof crosswer.

Someexperimerts werealsoconductedusing\Gray code" mapping instead of the nor-
mal binary represetation. Gray code is a code whereinthe encaling of of every adjecent
integer only di ers by exactly one bit. When the statesof the CA are sorted in this way
in theory the distance betweentwo statesis a lot smaller. The results did not support
this theory and thus can not give a clear answer. It might be that although the states
are better sorted, single-point crosseer is still too limited or that the logic of traveling
particles needsa totally di erent ordering all together and that using Gray code doesnot
improve anything.

3.3 Evolving bitmaps

Now that it is shovn that two dimensional CA can comnunicate, it is time to increase
the challengefor the CA a bit. The aim of this experimert is to ewlve rules for two
dimensional CA that generatepatterns (or bitmaps). This is a rather big challangefor a
systembasedon local rules, but yields surprising results non the less.

The Bitmap Problem is de ned asfollows:

Given an initial state and a speci ¢ desired end state: can the geneticalgorithm nd
a rule that iteratesfrom the initial state to the desired state in lessthan | iterations.

Note it is not requestedthat the number of iteration betweenthe initial and desired
stateis xed. This number may beany number betweenland! . This multiplies the seart
spaceof the problem by |, but that is not a problem in the computational sense for all
iterations haveto be processednyway. Thereis no harm in chedking them while iterating.
In preliminary experimerts it wasfoundthat a xed number of iterations sometimesmakes
it impossiblefor a CA to read the desiredstate [7]. The CA is alsonot expectedto stay
at the desiredstate as previous experimerts did expect. The neighborhood of a rule in
the CA is very small and thereforeit is already very di cult to make a rule stop altering
the CA onesit hasreaded the desiredstate, but for a rule to go from the initial state to
a desiredstate in the CA and then stay there seemsa bit to challenging.
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Figure 3.9: The bitmaps usedin the pattern generationexperimert.

Table 3.6: Number of successfuftules found per bitmap.

Suaessfulrules
Bitmap (out of a 100)
\square" 80
\hourglass" 77
\heart" 35
\smiley" 7
\letter" 9

The CA usedin this experimert is similar to the oneusedin the AND/X OR experimert
(section 3.2). In prelimenary experimerts di erent sizesof CA were tried, but it was
decidedto concetrate on small square bitmap with a width and a height of 5 cells
(as donein section 3.2). To make the problem harder and to stay in line with earlier
experimerts the CA has unconnectedborderslike in section 3.2. To make the problem
even more challenging the von Neumann neighborhood was choseninstead of the Moore
neighborhood and thereforethe s, consistof 5 cells(r = 1) and a rule can be descrited
with 2° = 32 bits. The seart spacethereforeis 2%2 = 4294967296A bitmap of 32
b/w pixels would have the samenumber of possibilities, thereforethis experimert is very
challengingto say the least.

After testing di erent initial states,the “singleseed'state waschosenand de ned asthe
state in which all the positionsin the CA arezeroexceptthe position (bwidth=2c; bheight=2c)
which is one. The theory being that this "seed'should "grow to be' the desiredstate.

For the GA the samealgorithm wasusedasin the AND and XOR experimerts, because
this experimert usesa Neumann neighborhood and the AND and XOR experimerts
suggestedhat the conbination betweenthe von Neumannneighborhood and single-point
crosse@er was not a good idea, this experimert usedonly mutation. Like in section 3.2
mutation is performed by ipping ewery bit in the rule with a probability p,,. In this
experiment p,, = 1=f number of bits in a ruleg = 1=32= 0:03125.

In trying to be asdiverseas possible v e totally di erent bitmaps were chosen,they
areshovn in gure 3.9.The algorithm wasrun 100times for every bitmap for a maximum
of 5000generationsand | = 10.The algorithm wasableto nd arule for all the bitmaps,
but somebitmaps seemeda bit more di cult than others. Table 3.6 showvs the number
of successfutules for every bitmap. Note that symmetrical bitmaps seemto be easierto
generatethan asymmetric ones,although they are also generatedby the CA.

Although this experimert is fairly simple, it does shov that a GA can be usedto
ewlve transition rules for two dimensional CA that are able to generatemany di erent
pattern evenwith a simplevon Neumannneighborhood. Figure 3.10shows a few successful
transition rules generatedby the GA. Note that di erent transition rules canend up in
the samedesiredstate and have totally di erent iteration paths.
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Figure 3.10: This gure shows someiteration paths of successfutransition rules.
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Figure 3.11: This gure shows the iteration of a two dimensionalCA with a width of 11
and a height of 5. A rule was iterated to display a bitmap represeting the name'RON'
with a von Neumann neighborhood with r = 1. States are ordered from top to bottom
and then from left to right. The rule is ableto generatethe pattern with only three errors,
being the three bottom cells of the 'O'. A’ 5 11 bitmap has 2% di erent states, while
there are “only' 222 two dimensionalvon Neumannruleswith r = 1. That meansthis is a
surprising result and encouragedurther researt.
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When this is approad is usedin larger CA it becomesinteresting to think about
direct applicationsin the real world. One sud application could be compressionBecause
a bitmap could be de ned by the von Neumannrule that succesfullygeneratest from a
single seedstate together with the duration this rule needsto iterate. With | = 10 this
means32 bits for the rule and 4 for the duration and that meanscompressions possible
for all bitmaps exceeding36 cells. Note that it is impossibleto be ableto compressewery
possiblebitmap de ned by more then 36 pixelsinto lessbits, the compressiorwill always
reducethe number of possibleoutcomes,but the hope is that the impossibleoutcomes
are lesslikely to occur. Somesmall compressionexperimerts were conductedwith some
successBitmaps with awidth and height equalsto 7 weregeneratedwithin 10 stepsusing
the von Neumann neighborhood. It seemsthat especially symetrical featuresare easily
compressed.

Ongoing experimerts with even bigger CA suggestthat they do not di er much from
the small ones,although the restrictions on what can be generatedfrom a single-seedtate
usingonly a von Neumannneighborhood seemto be biggerwhensizeof the CA increases.
Lossy image compressionseemsto be an option too, becauseeven when the algorithm
doesnot nd the bitmap exactly, it seemgo nd alot of featuresand the bitmap might
still be recognizable.Also | can of coursebe increasedto 16 (which is still 16 bits) and
even much higherthan that. Further researt must nd out if this is a valuableapplication
or only works on small toy examples.
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Chapter 4

Summary and Outlo ok

This documert shavs how two dimensional CA are able to solve the majority problem
with similar results comparedto one dimensionalCA usedin [4, 5]. Using the sameGA
asin [4, 5] a better average tness was achieved suggestingthat ewlving two dimensional
CA is easierand more reliable.

The documert shaws that two dimensional CA can shov commnunicational behaviour
in the form of the AND and XOR problemsand that this behaviour can be ewlved using
a GA. The documert also shaws that a more genericbehaviour can be ewlved using a
GA by shawing how di erent patterns can be iterated from the sameinitial state.

Theseresults all suggestthat a multi dimensional CA is a very powerful tool and in
combination with GAs they can be ewlved to exhibit a speci ¢ desiredbehaviour. It is
thereforenot unthinkable that this conbination canbe usedto solwe all sorts of real world
problems.

With answers comenew questions.This researt raisesa lot of questionsand a lot
of parametersin the documeried experimerts are not explored yet. Below is a list of
proposedfurther work on this subject:

Try three dimensionalCA. Doesthe improvemert from oneto two dimensionalspace
imply that more dimensionsis better?

Investigatedi erent mapping methodsin combination with di erent crosseer func-
tions. Try to nd out what really happensduring the algorithm and why crossweer
did not work aswell asespectedin two dimensionalexperimerts.

Explore the bitmap problem on larger grids and maybe with the Moore neighbor-
hood. Explore if this approad is able to compresdarge images.

Investigate how bitmaps are iterated in the bitmap problem. Find out how many
bitmaps can be iterated and what featuresare most easyand which are hard.

Maybe try somekind of hybrid neighborhood which is a crossingbetweenthe von
Neumannneighborhood and the Moore neighborhood to explorefurther possibilities
of a two dimensionalsolution to the Majority Problem.
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