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Chapter 1

In tro duction

Genetic Algorithms have beenusedbeforeto evolve transition rules for one dimensional
Cellular Automata (CA) to solve e.g. the majorit y problem and investigate communi-
cation processeswithin such CA [4]. In this thesis, the principle is extended to multi
dimensionalCA, and it is demonstratedhow the approach evolvestransition rules for the
two dimensional casewith a von Neumann neighborhood. In particular, the method is
applied to the binary AND and XOR problemsby using the GA to optimize the corre-
sponding rules.Moreover, it is shown how the approach can alsobe usedfor moregeneral
patterns, and thereforehow it can serve asa method for calibrating and designingCA for
real-world applications.

1.1 Cellular Automata

According to [8] Cellular Automata (CA) are mathematical idealisationsof physical sys-
tems in which spaceand time are discrete,and physical quantities take on a �nite set of
discretevalues.The simplest CA is one dimensionaland looks like an array of onesand
zerosof width N , where the �rst position of the array is linked to the last position. In
other words, de�ning a row of positionsC = f a1; a2; :::; aN g whereC is a CA of width N ,
aN is adjacent to a1 and ai 2 f 0; 1g.

The neighborhood si of ai is de�ned as the local set of positions with a distanceto ai

along the connectedchain which is no more than a certain radius (r ). This for instance
meansthat s2 = f a148; a149; a1; a2; a3; a4; a5g for r = 3 and N = 149.Pleasenote that for
onedimensionalCA the sizeof the neighborhood is always equal to 2r + 1.

The valuesin a CA can be altered all at the sametime (synchronous) or at di�erent
times (asynchronous). Only synchronous CA are consideredin this document. In the
synchronous approach at every timestep (t) every cell state in the CA is recalculated
accordingto the statesof the neighborhood usinga certain transition rule � : f 0; 1g2r +1 !
f 0; 1g; si ! �( si ). This rule basicallyis a one-to-onemappingthat de�nes an output value
for every possibleset of input values,the input valuesbeing the `state' of a neighborhood.
The state of ai at time t is written asat

i , the state of si at time t asst
i and the state of the

entire CA C at time t asC t sothat C0 is the initial state and 8n = 1; : : : ; N at+1
i = �( st

i ).
Given Ct = f at

1; :::; at
N g, Ct+1 can be de�ned as f �( st

1); :::; �( st
N )g.
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Figure 1.1: This �gure shows how the neighborhood relatesto r and cell position in a one
dimensionalCA.

Becauseai 2 f 0; 1g the number of possiblestatesof si equals22r +1 . Becauseall possible
binary representations of m with 0 � m < 22r +1 can be mapped to a unique state of the
neighborhood, � canbewritten asa row of onesand zerosR = f b1; b2; :::; b22r +1 g wherebm

is the output value of the rule for the input state that mapsto the binary representation
of m � 1. A rule thereforehas a length that equals22r +1 and so there are 222r +1

possible
rules for a binary one dimensionalCA. This is a huge number of possiblerules (if r = 3
this sumsup to about 3; 4 � 1028) each with a di�erent behaviour.

One of the interesting things about these and other CA is that certain rules tend
to exhibit organisational behaviour, independently of the initial state of the CA. This
behaviour alsodemonstratesthere is someform of communication goingon in the CA over
longerdistancesthan the neighborhood allows directly. In [4] the authors examineif these
simpleCA areable to perform tasksthat needpositionsin a CA to work togetherand use
someform of communication. One problem wheresuch a communication seemsrequired
in order to give a good answer is the Majorit y Problem (as described in section 2.1).
A genetic algorithm is used to evolve rules for one dimensional CA that do a rather
good job of solving the Majorit y Problem [4] and it is shown how these rules seemto
send\particles" and communicate by using theseparticles [5]. Theseresults imply that
even very simple cells in one dimensionalcellular automata can communicate and work
together to form more complexand powerful behavior.

It is not unthinkablethat the capabilitiesof theseonedimensionalCA arerestricted by
the number of directions in which information can \tra vel" through a CA and that using
multiple dimensionsmight remove theserestriction and therefore improve performance.
The possibilities of evolving two dimensional CA are explored in [3] on three di�erent
problems.It reports that the GA doesgive someCA rules that perform communicational
tasks, but it also reports that random searching the rule spaceyields almost the same
resultsand goeson to show that totalistic rules outperform all other rules, totalistic rules
being rules that trigger on the number of ones in the neighborhood and the state of
the center cell instead on the state of the entire neighborhood. Theserules have a much
smaller search space.Totalistic rules are de�ned by 18 bits [3] and that meansthere are
\only" 218 = 262144possiblerules. It looks feasibleto try every possibletotalistic rule
instead of using a GA.

Every totalistic rule canbe represented by a full rule table and can thereforein theory
be generatedby a GA. Taking that in mind, [3] shows surprisingly good results for total-
istic rules,but their claim that totalistic ruleshave a greaterpower than full rulesseemsa
bit premature. Totalistic rules in theory are very restricted and have limited possibilities.
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In this document only full rules will be considered.

Multiple dimensionalCA yield great possibilitiesin applicationssuch asParallel Com-
puting and modelling social and biological processes.The goal of this esearch is to �nd
a generalizationand report phenomenaobserved on a higher level, with the future goal
to use this research for identi�cation and calibration of higher-dimensionalCA applica-
tions to real world systemslike parallel computing and modelling social and biological
processes.The approach is described and results are reported on simple problems such
as the Majorit y Problem, AND, XOR, extending into how it can be applied to pattern
generationprocesses.

1.2 Genetic Algorithms

A problem in generaloften has a number of possibleanswers, sometimescalled a search
space.A problem then often consistof �nding the best answer or at least a pretty good
one. A trivial approach of �nding the best answer is of coursetrying every answer and
remembering the best one.But this can take a long time if the search spaceis very large
and is impossible if the search spaceis in�nite (for instance a real number). A lot of
problemscan be logically reducedto simpler problemsby having additional information
about the search space.For examplesearching the position of a number in an ordered
list is possiblein log2 N stepsusing a binary search algorithm, becauseevery step in the
algorithm half of the possiblepositions becomeimpossibledue to the fact that the list is
ordered.

But sometimesthere is no additional information about the search spaceavailable to
easily reducethe problem. When this coincideswith very large search spacesit is often
impossibleto de�ne an algorithm that always givesthe right answer and is also solvable
in polynomial time as opposedto exponential time. That is where Genetic Algorithms
(GAs) can be usedto explore the search spaceand comeup with a good answer. Note
that proving an answer is the best one is equal to proving that there is no better one in
the search spaceand that can only be doneafter having testedall the possibleanswersor
by having additional information about the search space.Thereforeif both are impossible
(as is usually the casewhen using a GA) it is quite impossibleto know what the best
answer is. GAs are quite capableof �nding a good answer, but they will not really help
much in proving that the best answer is found.

The processbehind GAs is quite similar to geneticprocessesthat are found in nature.
In nature a speciesevolves by giving its genesto its o�spring. Often a member of the
species(or individual) can only reproduceif it survivesuntil it matures.That meansthat
if it has bad genesit will probably not survive long enoughto reproduce and the genes
are lost. This is often called \surviv al of the �ttest" wherethe \�tness" of an individual
is determinedby how well he succeedsin producing o�spring.

To make this process
exible and able to withstand dramatic changesin the surround-
ingsof a species,the reproduction of the genesis never an exactcopy. Thesesmall \errors"
(or \m utations") that aremadein the reproduction processensurethat the o�spring looks
like its parents, but is no exact copy or merge.This processmakesit possiblefor a species
to develop longs over the courseof numerousgenerationsif the water gets too crowded
and a pair of wings if the samehappenswith the land.
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In a GA the rules are pretty much the sameas in nature. In the initial state there
exist a number of possibleanswers called individuals. This group of individuals is called
\p opulation" or \p ool". The individuals all have a certain \�tness" accordingto a pieceof
logic called \the �tness function". Someindividuals will have a higher �tness than others
but it is probable the best possibleanswer is not amongthem. As in nature individuals
arede�ned by there genes.This meansthat for every possibleanswer to the problemthere
exists an unique \genetic description" that de�nes that answer and every legal \genetic
description" maps on a unique possibleanswer to the problem. This relation between
\genetic description" and answer is alsocalled a \mapping".

To evolve better answers from the existing onesa GA repeatsa number of stepsover
and over again. Such a step is often called a generation.There are many di�erent GAs,
but onegenerationoften looks somethinglike this:

� The �rst phaseis calculating the �tness. This is doneby the �tness function which
calculatesthe �tness of an individual. This is often where the problem that needs
to be solved is de�ned, becausede�ning what is a good individual and what is not
is equal to de�ning what the caracteristicsare of the desiredanswer.

� Then comesthe selectionphase.This is usually the phasein which the good indi-
viduals are selectedto reproduceand bad individuals are removed.

� And after that comesthe reproduction phase.In this phasethe selectedindividuals
get copied,mergedand/or mutated to be placedinto the next generation.

Usually this processis repeateduntil a good answer is found or the user runs out of
patients. GAs can be stopped whenever this seemsnecessaryand the best individuals
so far can be viewed while the algorithm is running. This makes a GA very 
exible to
restrictions such astime or computation power. A problem with GAs though is that there
is no guarantee that the algorithm will �nd a good or better answer and it is not at all
obvious what needsto be changedif a GA performespoorly. Becausemost reproduction
schemesuserandom factors it is often di�cult to predict the results and successalways
dependson luck.

1.2.1 Fitness function

In a GA every individual has a �tness value, usually denotedby f . This value is usually
calculated using a �tness function. This function de�nes what the GA must solve in
order to be succesful,that is why designinga good �tness function is very important. An
important aspect of a good �tness function is that it ranks partial solutions higher than
no solution, meaningthat it shouldbe better to give a reasonableanswer insteadof a bad
one. If the �tness function is only able to reward very good answers, there might not be
any propagation towards thoseanswers and evolution might not even get started.
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1.2.2 Selection

A GA selectsthe individuals accordingto their �tness value, but that doesn't meanthat
having the highest �tness ensuressurvival. There are many di�erent selectionmethods
and they all have a very di�erent impact on the population.

A very common selectionmethod is proportional selection. In this selectionmethod
every individual has a chancethat it will survive proportional to its �tness. That means
that even the weakest in a population hasa chanceto survive.

In this document though only truncation selection is used.This selectionmethod just
lets a few best individuals survive. This is usualy a certain percentage of the total pool
size. Although this is not a very standard selectionmethod, it is necessaryin order to
compareour results with earlier �ndings and it seemsto be su�cien t to get results.

1.2.3 Mutation

As stated earlier mutation generatessmall \errors" in the copiedgenesof o�spring. These
changesgeneratediversity in the population and are the driving force behind evolution.
There are di�erent ways to mutate an individual, but when an individual is a binary
string there are two simple mutation typesthat are often usedin GAs.

� Probabilistic mutation where every bit in the individual is 
ipp ed with a certain
probability called the \m utation rate".

� Fixed bit mutation wherea �xed number of randomly chosenbits are 
ipp ed every
time an individual is mutated.

In this document both of thesemethods will be used.

1.2.4 Crossover

Crossover is a special way to generateo�spring. Instead of copying a selectedindividual
as is done when not using crossover, two individuals are mergedto form the o�spring.
Again there are a number of ways to do this all having very di�erent characteristics.The
best known are:

� Single-point crossoverwherea singleposition in the bit string is chosenat random,
both of the parents bitstrings are \cut" at that position and \glued" back together
so that an o�spring has a part of both its parents. Normaly only one o�spring is
generatedfrom two parents.

� N-point crossoverwheremultiple points in the bitstring arechosenat random,both
of the parents bit strings are \cut" at thosepositionsand the o�spring is generated
from the piecesby alternating the parent at every chosenposition.

� Uniform crossoverwhereevery bit in the o�springs bitstring is equal to the bit at
that sameposition in oneof the parents, chosenat random for every bit.

Crossover is often usedin combination with mutation to make it possiblefor a GA to
generatebitstrings that have parts that don't exist in the \gene-pool".
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1.2.5 Gene mapping

Becausenot everything in the world is represented by bitstrings, it is very important to
understandthat evolving bitstrings with a GA evolvesrepresentations of answers,not the
answersdirectly. Changingthe representation of an answer slightly might have a very big
impact on the answer it represents. That is why it is important to have a good mapping
and to choosethe right mutation operatorsand crossover methods to suite that mapping.
Section3.2.3elaboratesmore on what mapping to usein a two dimensionalCA.
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Chapter 2

Evolving one dimensional CA

As described in the introduction, a simple onedimensionalCellular Automata (CA) can
be described asa row of onesand zerosthat behave accordingto a rule. This rule changes
the values in the row according to the neighbors of these values. As described in the
introduction a rule can be de�ned by a row of onesand zeroswith a length equal to 22r +1

where r is the number of positions the neighborhood of a value extendsto the left and
right of that value.

Note that every possibleinput state of the neighborhood is represented by only one
output value in the bitstring and every output valuecanbe linked to only oneinput state
of the neighborhood, making this an e�cien t way to represent a rule.

In the caseof a synchronousCA the rule together with the initial state of a CA de�ne
the behaviour of that CA in time. Becausethere are a huge number of possiblerules
(being 222r +1

), it is quite impossibleto examineall behaviours of all the possiblerules if
r > 1. So if onewants to �nd a rule that exhibits certain behaviour, onehas to search in
a smart way. A geneticalgorithm (GA) seemsto do the trick.

By evolving rules represented by bitstrings with a GA the authors in [4, 5] tried to
�nd a rule that looksto solve a problem called \the Majorit y Problem". This chapter will
look into and elaborate on these�ndings.

2.1 Ma jorit y Problem

The Majorit y Problem can be de�ned as follows:

Given a set A = f a1; :::; ang with n odd and am 2 f 0; 1g for all 1 � m � n, answer
the question:`Are there more onesthan zeros in A?'.

The Majorit y Problem �rst does not seemto be a very di�cult problem to solve.
It seemsonly a matter of counting the onesin the set and then comparing them to the
number of zeros.Yet whenthis problemis converted to the dimensionsof a CA it becomes
a lot more di�cult. This is becausethe rule in a CA doesnot let a position look past its
neighborhood and that is why the cells all have to work together and usesomeform of
communication.

8



Time

Position

0

199

0 148

Time

Position

0

199

0 148

Figure 2.1: Theseare examplesof majorit y problem classi�cation by the Majorit y Rule.
The pictures show how the rule gets stuck on \thic k lines" in the time plot. Time t
proceedsfrom top to bottom and every row corresponds to C t .

Given that the relative number of onesin C0 is written as � , in a simple binary CA
the Majorit y Problem can be de�ned as:

Find a rule that, given an initial state of a CA with N odd and a �nite number of
iterations to run (I ), wil l result in an `all zero' state if � < 0:5 and an `all one' state
otherwise.The `all zero' state being the state in which every cell in the CA is zero and
the `all one' state being a the state in which every cell is one.

The �rst intuitiv e rule to come up with is the `majorit y rule'. This being the rule
where the calculated value is 1 if the number of onesin the neighborhood is more than
the number of zeros,and a zero otherwise. Surprising as it may seemthis does not at
all solve the problem (as is shown in Figure 2.1). The majorit y rule gets stuck on the
problem that on the boundary thick line in the time plot the cell can't \agree" on the
global answer. The cell just left of such a thick line is zeroand becauseall other cells left
of it in the neighborhood are alsozero, it \decides" to stay that way. Yet its neighbor to
the right is oneand seesonly oneson its right and thereforedecidesto stay one.This way
the information fails to propagatethrough the CA and classi�cation fails.

A lot of peoplehave comeup with di�erent rulesto solve this problem,onesuch rule is
the GKL rule after Gacs,Kurdyumov and Levin [2]. This rule is pretty good at classifying
the majorit y problem and does it for 81.6%of the test caseswith a width of 149 cells.
For 17 yearsthis was the best rule and then LawrenceDavis found a better one in 1995
which did 81.8%.In the sameyear Rajarshi Das found a rule that did 82.178%.Then in
1996David, Forrest and Koza found a rule by cleverly using geneticprogramming that
was able to classify 82.326%correctly [1]. In Table 2.1 a list of thesehistorical rules is
given.

Although theserulesarevery impressive it is believed that there is no de�nite solution
for the problem as long as the neighborhood is smaller than the sizeof the CA. If there
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Figure 2.2: Theseare examplesof majorit y problem classi�cation by the rule found by
David, Forrest and Koza [1]. Both are correct classi�cations (a) with 74 onesin the initial
state, (b) with 75.

Rule name Bit string
Majorit y rule 00000000 00000001 00000001 00010111 00000001 00010111 00010111 01111111

00000001 00010111 00010111 01111111 00010111 01111111 01111111 11111111
GKL 1978 00000000 01011111 00000000 01011111 00000000 01011111 00000000 01011111
human-written 00000000 01011111 11111111 01011111 00000000 01011111 11111111 01011111
Davis 1995 00000000 00101111 00000011 01011111 00000000 00011111 11001111 00011111
human-written 00000000 00101111 11111100 01011111 00000000 00011111 11111111 00011111
Das 1995 00000111 00000000 00000111 11111111 00001111 00000000 00001111 11111111
human-written 00001111 00000000 00000111 11111111 00001111 00110001 00001111 11111111
David 1996 00000101 00000000 01010101 00000101 00000101 00000000 01010101 00000101
geneticprogramming 01010101 11111111 01010101 11111111 01010101 11111111 01010101 11111111

Table 2.1: Bitstrings of someimportant rules.
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is, nobody hasfound it yet. It is alreadya big accomplishment for a CA to get 70 percent
of all random initial states correct, for this shows there is somekind of communication
going on; somekind of emergingbehaviour.

2.2 Exp erimen t Details

This section will brie
y introduce the work done in [4, 5] by Mitchell, Crutch�eld and
Hraber. The GA usedis fairly simple.

The approach de�nes the �tness (f ) of a rule asthe relative number of correct answers
to 100 randomly choseninitial states and de�nes `a correct answer' as an `all one' state
if there are more onesthan zerosin the initial state and an `all zero' state otherwise.To
make surethe number of onesis never equal to the number of zerosthe width of the CA
is always chosenodd. They useda one dimensionalCA with a width of 149 and linked
ends.

Rules with r = 3 were used to iterate the CA and therefore the bit strings are 128
bits in length. A pool of 100 rules was usedand theserules were evolved using a genetic
algorithm (GA). This algorithm usedcrossover and mutation to try to improve the �tness
of the rules. The maximum number of iterations (M ) was set to approximately 320,
which wasnot a �xed number, but wasrecalculatedevery time a rule wasevaluated. This
prevented the algorithm from specialisingon a �xed M asdescribed in [7]. The algorithm
was run for 100generationswhereonegenerationstep looked like this:

� Randomizeall the initial states.

� Recalculateall the �tness valuesof the individuals using thesestates.

� Selectthe top best 20 percent of the individuals as`elite rules' and copy theserules
unchangedto the next generation.

� Override the other 80 percent with crossovers of randomly chosen`elite rules' and
mutate 2 random bits in their bit strings (which is 128bit long).

To select the top 20 percent of the population the population was sorted on �tness
value and then took the best 20 percent. But becausethere often would be a lot of rules
with the same�tness value, rules with the same�tness were sorted at random.

Becausethe algorithm did not produceany good resultsat �rst, the distribution of the
number of onesin the initial stateswaschangedfrom normal to uniform. It wasbelieved
(rightly so) that in a normal distribution of onesin the initial statesthe probability that
the number of oneswould be near to the number of zeros is too high. The closer the
number of onesis to the number of zerosthe more di�cult the task of �nding a correct
answer is going to be and therefore is was believed the algorithm had problems �nding
anything at all. By using a uniform distribution in the number of ones the algorithm
had a lot more `obvious' initial states to start with and this increasedthe chance that
the algorithm would �nd `intelligent' solutions. However, the Majorit y Problem usesa
normal distribution over the number of onesin an initial state and therefore individuals
generatedusing a uniform distribution might solve a totally di�erent problem.
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Fitness for di�er ent widths
Rule name F149;104 F599;104 F999;104

Best block-expand algorithm 0.652 0.515 0.503
A particle-basedalgorithm 0.742 0.718 0.701
A particle-basedalgorithm 0.755 0.696 0.670
A particle-basedalgorithm 0.769 0.725 0.714

Table 2.2: Fitness valuesof rules found in [5].

All the rules were also initialised with this `uniform distribution in the number of
ones'.With other words, the number of ruleswith lessthan 10 onesin their bit string was
moreor lessequal to the number of rules with for examplebetween60 and 70 onesin the
bit string. The importance of this distribution will be discussedlater in the document.

2.3 Their results

The algorithm was run for 300 runs for 100 generationseach. Then the best rules were
tested on 10000initial states with a normal distribution over the number of ones.This
distribution has a high peak around initial states with � � 0:5. Theseinitial states are
the hardest to solve for a CA and thereforethe number of correct answersa rule givesin
this last test is a lot lower than whenusing the uniform distribution. The relative number
of correct answers to thesetests is denotedas Fn;m wheren is the width of the CA and
m is the number of tests conducted.

Most of the best rules reached f > 0:9 before 100 generationsand generatedtest
results with 0:6 < F149;m < 0:7. Theserules all seemedto have a comparablealgorithm
to solve the majorit y problem. They triggered on large blocks of onesor zerosand tried
to expand these.The probability of theseblocks occurring is fairly small in initial states
with � � 0:5, but a lot higher otherwise.When theseresults were tested on larger CA
this approach began to struggle and Fn;m would approach 0.5. If the width of the CA
increases,the chance that a large `gap' occurs increasesand therefore the number of
wrong classi�cations using this algorithm doestoo.

Someof the results did not reach a f above 0.9 and got stuck at F149;m � 0:5. These
rules ignored the initial state and always result in either the `all one' or the `all zero'
state. It wassuggestedthat theseruleswill eventually result in ruleswith f > 0:9 if given
enoughtime [4].

Out of the 300rules 7 useda more intelligent algorithm. Theserules reached f > 0:95
easily and 0:7 < F149;m < 0:76. The rules seemto use somekind of `communication
method' to `signal' the positions and sizesof `blocks' to other such `blocks'. This kind of
rule is called`particle based'[4] and a number of di�erent particlesareidenti�ed that seem
to `transport' information. Becausetheserules do not rely on the big blocks, performance
deteriorateslesson wider CA than the `block expanding' rules do.

The behaviour of di�erent rules with di�erent CA widths are documented in [4]. Ta-
ble 2.2 copiestheseresults. Note that the particle-basedalgorithms have a higher �tness
than the block-expandalgorithms. Also note that the �tness of the block-expandingrule
drops dramatically when the width of the CA is increased.
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Figure 2.3:This �gure displays the frequencywith which ruleshave a certain �tness value
in the one dimensionalexperiment. The �tness bins are 0.01 in width and 900 rules are
displayed.

2.4 Cop ying the exp erimen t

This sectiondescribeshow the experiment described in section2.2 was copiedand what
the results were. No variables of the algorithm were changedalthough there were some
things that might needmentioning. They are listed below:

� The two `elite' rules that are chosenfor the crossover are chosenrandomly with
replacement. This meansthat a `pair' can consist of two times the samerule. The
crossover then e�ectively is a copy.

� When mutating a rule, the two bits that areto bemutated arealsochosenrandomly
with replacement. This meansthat the samebit can be chosentwice and e�ectively
will not change.

Theseare interpretations of the experiment description [4, 5] and are no real changes.
Although earlier experiments suggestedthat without theseinterpretations the algorithm
performsworse.

The algorithm wasrun for 900runs. Note that this is three times asmany runs aswas
calculated in the original experiment. Afterwards F149;103 was calculated for every best
rule of a run. It was assumedthat the best rule of a run was the rule ranked the highest
at generation100.Note that there might be lower ranked `elite' rules in the rule pool at
generation100 that will get a higher overal �tness than this top ranked rule. This is due
to the fact that f (the �tness of a rule during evolution) is calculated with 100 initial
statesand is thereforeonly a rough estimate.
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In Figure 2.3 the �tness valuesof the 900runs are displayed in a frequencygraph. All
the �tness valuesare grouped into bins with a width of 0.01.The peak around F149;103 �
0:5 shows all the rules that did not make it further than an `always all ones'or an `always
all zeros'strategy. The biggestpeak is situated around F149;103 � 0:63 and correspondsto
the `block expanding' algorithms (as shown in Figure 2.4) and the `particle based' rules
are situated whereF149;103 > 0:71.

Out of 900runs 12 `particle based'ruleswerefound, that meansthat 1.3%of the total
runs had evolved to a `particle based'rule. This is lessthan the percentage M. Mitchell et
al. have found [4] which was7 out of 300or 2.3%.This could becontributed to chanceor a
di�erent de�nition of what a `particle based'rule exactly is. The 12rules that arecounted
as `particle based' rules in this document all have a F149;103 > 0:7 and are clearly doing
somethingmorethan just expandinglargeblocks. There seemto be a lot of di�erent ways
to send`particles' from one side of the CA to the other. The inner workings of one rule
and its di�erent `particles' are studied in [5], but it is not unthinkable that other rules
usea totally di�erent approach.

Fn;104 was calculated for di�erent n of the CA. As stated in [4] `particle based' rules
not only perform better than the `block expanding' rules, but their performancealso is
lessa�ected by an increaseof the width of the CA. Figure 2.6 shows that the `block
expanding' rules shift further to the left than the small amount of `particle based'rules.
This is all consistent with the experiments conductedin the original experiment.

The duration of a run is de�ned asthe number of interations neededin a CA to reach
a `all ones'or an `all zeros'state and is denotedby DN ;M whereN is the number of cells
in the CA and M is the number of runs used to calculate the average.If a rule does
not reach an `all ones'or an `all zeros'state the maximum duration is counted instead.
D149;103 wascalculatedfor all the 900rules that werefound. Figure 2.7 shows the average
duration of theserules against their �tness (F149;103 ).

Note that the di�erent types of rules can clearly be seen.There is a big group of
\alw ays all ones" and \alw ays all zeros" rules around a �tness of 0.5. Theserules don't
really careabout the initial state and don't have to communicate, that is why they have
a very low averageduration. Next to that group the block expanding rules are situated
around a �tness of 0.63with averagedurations ranging from 50 to 175.The particle based
rules are right next to the large group. This is a small group and can barely be seen,but
it is situated roughly around a �tness of 0.74and hasan averageduration of about 80.

These results suggestthat particle based rules all have roughly the same average
duration time, whereasblock expandingrules can have a lot of di�erent duration times.
The bigger complexity of particle basedrules might be the reasonfor the clustering of
duration times of particle basedrules, but there are not enoughof theserules to conclude
anything, it could still be attributed to chance.
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Figure 2.4: Theseare examplesof majorit y problem classi�cation by a typical block ex-
panding rule with N = 149and F149;104 � 6:5. Both (a) and (b) are correct classi�cations
(a) with 74 onesin the initial state, (b) with 75. Note that in (a) there emergesa block of
zerosright at the beginning.This block is then extendedthroughout the CA, if the block
is not found (as in (b)) the algorithm assumesit is an `all ones'classi�cation. The chance
a block of zerosoccurs is bigger with more zerosin the initial state and that is why this
approach works. In (c) and (d) the algorithm has incorrectly classi�ed initial stateswith
(c) 65 and (d) 85 ones.
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Figure 2.5: This �gure displays four correct classi�cation of the majorit y problem by four
di�erent particle basedrules. (a) and (c) both have F149;104 � 0:76, (b) hasF149;104 � 0:75
and (d) hasF149;104 � 0:73 with N = 149.
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Figure 2.7: This �gure displays the averageduration (DN ;M ) of runs for the one dimen-
sional algorithm. For this algorithm N = 149and M = 103 = 1000.
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Chapter 3

Evolving multi dimensional CA

The two dimensionalCA in this document aresimilar to the onedimensionalCA discussed
so far. Instead of a row of positions, C now consistof a grid of positions. The valuesare
still only binary (0 or 1) and there still is only one transition rule for all the cells. The
number of cells is still �nite and thereforeCA discussedherehave a width, a height and
borders.

In a one dimensionalCA the leftmost cell is connectedto the rightmost cell. In the
two dimensional CA this it is also common to link opposite borders. This meansthat
every leftmost cell in a row is connectedto the rightmost cell in the samerow and every
topmost cell in a column is connectedto the bottommost cell in the samecolumn. Note
that such a CA forms a torus structure.

The big di�erence betweenone dimensionaland two dimensionalCA is the rule def-
inition. The neighborhood of theserules is two dimensional,becausethere are not only
neighbors left and right of a cell, but also up and down. That meansthat if r = 1, si;j

mights consistsof 5 positions, for instancethe four directly adjacent to ai;j plus ai;j itself.
This neighborhood is often called \the von Neumann neighborhood" after its inventor.
The other well known neighborhood expandsthe von Neumann neighborhood with the
four positions diagonally adjacent to ai;j and is called \the Moore neighborhood" also
after its inventor. Figure 3.1 shows thesetwo neighborhoods.

A more formal de�nition of si;j for a two dimensionalvon Neumannneighborhood is
given by si;j = f ak;l j(jk � i j + jl � j j) � r g. Note that this de�nes a diamond shape of

ai;j

von Neumannneighborhood

ai;j

Moore neighborhood

Figure 3.1: Two often usedand well known neighborhoods.
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cells with a diameter of 2r + 1 and jsi;j j = 2r 2 + 2r + 1. This can be generalizedto a d
dimensionalvon Neumannneighborhood with:

sc1 ;c2 ;:::;cd = f ag1 ;g2 ;:::;gd j
dX

i =1

jgi � ci j � r g

Note that this only holds for in�nite CA or �nite CA with unlinked borders (see3.2.1).
If a CA has dimensionsf e1; e2; : : : ; edg and has linked borders the distancebetweentwo
cellsac1 ;c2 ;:::;cd and ag1 ;g2 ;:::;gd is

P d
i=1 min(jgi � ci j; ei � jgi � ci j). Therefor a d dimensional

von Neumannneighborhood with linked bordersin a CA with dimensionsf e1; e2; : : : ; edg
is de�ned as:

sc1 ;c2 ;:::;cd = f ag1 ;g2 ;:::;gd j
dX

i =1

min(jgi � ci j; ei � jgi � ci j) � r g

The Moore neighborhood of a two dimensionalCA can be de�ned as si;j = f ak;l jj k �
i j � r; jl � j j � r g. Note that this de�nes a squarearounda center cell ai;j with a width and
height of r 2+ 1 and jsi;j j = (2r + 1)2 = 4r 2 + 4r + 1. This is generalizedto d dimensional
with:

sc1 ;c2 ;:::;cd = f ag1 ;g2 ;:::;gd jj gi � ci j � r; 1 � i � dg

Note that this too doesnot hold for �nite CA with linked borders.The Moore neighbor-
hood of a CA with dimensionsf e1; e2; : : : ; edg and linked borders is de�ned as:

sc1 ;c2 ;:::;cd = f ag1 ;g2 ;:::;gd j min(jgi � ci j; ei � jgi � ci j) � r; 1 � i � dg

Rules can be de�ned in the samerows of bits (R) as de�ned in the one dimensional
case,but the number of bits is higher becausethe neighborhoods are bigger.The number
of cells in a neighborhood is de�ned as S(d; r ) whered equalsthe number of dimensions
in the CA and r is the radius of the neighborhood. SN (d; r ) de�nes the number of cells
in a von Neumannneighborhood, while SM (d; r ) de�nes the number of cells in a Moore
neighborhood.

In Moore neighborhood SM (d; r ) = (2r + 1)d through normal geometrycalculations,
but SN (d; r ) is lesstrivial to calculate.Note that a onedimensionalvon Neumannneigh-
borhood equalsthe neighborhood de�ned in section1.1 and has2r + 1 cells.Note that a
two dimensionalvon Neumannneighborhood can be de�ned asa set of r 2+ 1 onedimen-
sional von Neumannneighborhoods with sizes1; 3; 5; : : : ; 2r � 1; 2r + 1; 2r � 1; : : : ; 5; 3; 1.
That means:

SN (1; r ) = 2r + 1

SN (2; r ) = 2[
r � 1X

i =0

2i + 1] + 2r + 1

= 4[
r � 1X

i =1

i ] + 2r + 2r + 1

= 4
(r � 1) � r

2
+ 2r + 2r + 1

= 2(r 2 � r ) + 2r + 2r + 1

= 2r 2 + 2r + 1
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Note that SN (d; r ) can be de�ned as 2r + 1 von Neumannneighborhoods with d � 1
dimensionswith sizesSN (d � 1; 0); SN (d � 1; 1); : : : ; SN (d � 1; r � 1); SN (d � 1; r ); SN (d �
1; r � 1); : : : ; SN (d � 1; 1); SN (d � 1; 0). Therefor:

SN (d; r ) = 2[
r � 1X

i =0

SN (d � 1; i )] + SN (d � 1; r )

From this follows that:

SN (3; r ) = 2[
r � 1X

i =0

SN (2; i )] + SN (2; r )

= 2[
r � 1X

i =0

2i2 + 2i + 1] + 2r 2 + 2r + 1

= 2[
r � 1X

i =0

2i2] + 2[
r � 1X

i =0

2r ] + 2r + 2r 2 + 2r + 1

= 4[
r � 1X

i =1

i2] + 4[
r � 1X

i =1

r ] + 2r + 2r 2 + 2r + 1

= 4
(r � 1) � r � (2(r � 1) + 1)

6
+ 4

(r � 1) � r
2

+ 2r + 2r 2 + 2r + 1

=
2
3

(2r 3 � 3r 2 + r ) + 2(r 2 � r ) + 2r + 2r 2 + 2r + 1

=
4
3

r 3 � 2r 2 +
2
3

r + 2r 2 + 2r 2 + 2r + 1

=
4
3

r 3 + 2r 2 +
8
3

r + 1

and

SN (4; r ) = 2[
r � 1X

i =0

SN (3; i )] + SN (3; r )

= 2[
r � 1X

i =0

4
3

i3 + 2i2 +
8
3

i + 1] +
4
3

r 3 + 2r 2 +
8
3

r + 1

=
8
3

[
r � 1X

i =0

i3] +
12
3

[
r � 1X

i =0

i2] +
16
3

[
r � 1X

i =0

i ] + 2r +
4
3

r 3 + 2r 2 +
8
3

r + 1

=
8
3

(r � 1)2 � r 2

4
+

12
3

(r � 1) � r � (2(r � 1) + 1)
6

+
16
3

(r � 1) � r
2

+ 2r

+
4
3

r 3 + 2r 2 +
8
3

r + 1

=
2
3

(r 4 � 2r 3 + r 2) +
2
3

(2r 3 � 3r 2 + r ) +
8
3

(r 2 � r ) + 2r +
4
3

r 3 + 2r 2 +
8
3

r + 1

=
2
3

r 4 +
4
3

r 3 +
10
3

r 2 +
8
3

r + 1

In the sameway SN (r; 5); SN (r; 6); : : : can be calculated, but the functions get ugly
very fast. With the recursive function the valuesin Table 3.1 werecalculated.Notice that
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r
0 1 2 3 4 5 6

SN (1; r ) 1 3 5 7 9 11 13
SN (2; r ) 1 5 13 25 41 61 85
SN (3; r ) 1 7 25 63 129 231 377
SN (4; r ) 1 9 41 129 321 681 1289
SN (5; r ) 1 11 61 231 681 1683 3653
SN (6; r ) 1 13 85 377 1289 3653 8989
SM (1; r ) 1 3 5 7 9 11 13
SM (2; r ) 1 9 25 49 81 121 169
SM (3; r ) 1 27 125 343 729 1331 2197
SM (4; r ) 1 81 625 2401 6561 14641 28561
SM (5; r ) 1 243 3125 16807 59049 161051 371293
SM (6; r ) 1 729 15625 117649 531441 1771561 4826809

Table3.1:The number of cellsin neighborhoods in multi dimensionalCA. SN (d; r ) stands
for a d dimensionalvon Neumannneighborhood with a radius r and SM (d; r ) represents
a d dimensionalMoore neighborhood with radius r . Note that SN (d; r ) is a lot smaller
and symmetric.

SN (d; r ) = SN (r; d). Although this is surprising, it can be explained by rewriting the
generalfunction:

SN (d; r ) = 2[
r � 1X

i =0

SN (d � 1; i )] + SN (d � 1; r )

= 2[
r � 2X

i =0

SN (d � 1; i )] + 2SN (d � 1; r � 1) + SN (d � 1; r )

= [2[
r � 2X

i =0

SN (d � 1; i )] + SN (d � 1; r � 1)] + SN (d � 1; r � 1) + SN (d � 1; r )

= SN (d; r � 1) + SN (d � 1; r � 1) + SN (d � 1; r )

Given that SN (d;0) = 1 and SN (0; r ) = 1 (elseSN (1; r ) would not increment with two)
this generalrelation automatically implies that SN (d; r ) = SN (r; d).

The number of bits in R neededto de�ne a multi dimensionalrule is de�ned as2S(d;r ) .
That meansthat the length of R growsa lot faster than S(d; r ) and that neighborhoodsare
easily too big for realistic computations.The experiments in this document will focuson
two dimensionalCA to make them easyto interpret, but can easilybe scaledto multiple
dimensions.

3.1 Ma jorit y Problem

To solve the Majorit y Problem with two dimensionalCA the samegeneticalgorithm as
in the onedimensionalexperiment [4] was used,so that it might be possibleto compare
the onedimensionalwith the two dimensionalapproach.
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Figure 3.2:This �gure displays the number of rules that have a certain �tness value in the
two dimensionalexperiment and comparesthis to the one dimensionalexperiment. The
�tness bins are 0.01 in width and for both algorithm F169;103 is calculated for 300rules.

Preliminary experiments showed that it took much more time to evolve rules for the
Moore neighborhood than was the casewith the von Neumannneighborhood. The tests
that were done with the Moore neighborhood also did not result in any encouraging
results, which is consistent with [3]. That is why the von Neumann neighborhood was
chosenfor this experiment. Becausethis is a 5 bit neighborhood, the search spacefor CA
rules is a lot smaller than in the onedimensionalexperiment. Instead of the 27 = 128bits
in the rule, R now consist of 25 = 32 bits. This meansthat the search spacedecreased
from 2128 to 232 and is now 2(128� 32) = 296 times smaller!

A two dimensionalCA does not only have a width, but also a height. To make the
two dimensional experiment comparablewith the one dimensional version, a CA with
width = 13 and height = 13 was used.This meansthat theseCA have 13 � 13 = 169
cells (N ) and are 169� 149 = 20 cells larger than the one dimensionalCA used in the
original experiment. Note that increasingthe sizeof a CA decreasesthe �tness of a rule
in onedimensionalCA as is shown in section2.4 and it is reasonableto assumethat this
is no di�erent for two dimensionalCA.

In theory if `information' were to `travel' through the CA, it can do this only with
a maximum step sizeequal to the radius of the neighborhood. Becausethe borders are
linked, `information' could be sendin one direction and end up at the sameposition as
it started from after i iterations where i = min(width; height)=r. In the two dimensional
experiment this sums up to 13=1 = 13 iterations comparedto the 169=3 = 56:3 for a
comparableone dimensionalCA. This is a good indication that I doesn't needto be as
high as it was for the onedimensionalexperiment and that will speedup the algorithm,
thereforeI was set to 50.

No other variable of the geneticalgorithm as described section2.4 was changed.The
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Figure 3.3: This �gure displays the average duration of runs for the two dimensional
algorithm (DN ;M ). For this algorithm N = 13� 13 = 169and M = 103 = 1000.

algorithm did 300runs and testedall theserulesby calculating FN ;M . For this F169;103 was
used.The results of this test are shown in �gure 3.2. The striking di�erence betweenthis
�tness distribution and the �tness distribution of the onedimensionalrules is the absence
of the peak around FN ;M � 0:5. In the two dimensionalcasealmost all the evolved rules
have a �tness above 0.58. A �tness around 0.66 seemsto be averageand the best rules
have a �tness above 0.7.That is all very surprising taking into account that the Neumann
neighborhood only consistsof 5 cells.

To comparethe duration (number of iterations) of the two algorithms, the maximum
duration of the two dimensional algorithm was set to 320. This way there would be
no di�erence in duration between runs that would not reach a correct end state in the
di�erent algorithms. Figure 3.3 shows the duration times as a function of the �tness for
the two dimensionalalgorithm. Thesetimes are a lot di�erent from the duration times in
Figure 2.7.

In Figure 2.7 there are three groups, whereasin Figure 3.3 there is clearly only one
group. What is alsovery striking is that the duration time seemto increaseif the �tness
increasesin the onedimensionalexperiment, but it seemsto decreasein the two dimen-
sional experiment. This could mean that the two dimensionalspaceis more suitable to
solve the Majorit y Problem than the onedimensionalspaceis.

This is enforcedby �gure 3.4 where it is clearly displayed that the two dimensional
algorithm takes less computing time to process.Note that this is mainly due to the
decreasedmaximum duration and the distanceparticles travel through the CA.

The best rule found in this experiment wastestedwith larger CA. Table 3.2 compares
these results with the one dimensional experiment and shows how this rule does not
outperform a one dimensionalparticle basedrule, yet it doesa lot better than the best

24



0

10

20

30

40

50

60

70

0 10 20 30 40 50 60 70 80 90 100

C
om

pu
ta

tio
n 

tim
e 

pe
r 

ge
ne

ra
tio

n 
(in

 s
ec

.)

Generation

1D alg.
2D alg.

Figure 3.4: This �gure displays the di�erence in computing time betweenthe onedimen-
sional algorithm and the two dimensionalalgorithm with a Neumannrule. The two tests
were run on the samecomputer with similar loads.This di�erence is meanly due to the
maximum duration and the distanceparticles needto travel.

(a)

(b)

Figure 3.5: This �gure shows two correct classi�cations of the Majorit y Problem by a
two dimensionalCA with both width and height equalsto 13, � = 84=169 in (a) and
� = 85=169 in (b). The transition rule was one of the best tested in the experiment and
scoredF169;103 = 0:715.
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Fitness for di�er ent widths
Rule name F149;104 F599;104 F999;104

Best block-expandrule 0.652 0.515 0.503
A particle-basedrule 0.742 0.718 0.701
Two dimensionalrule 0.702� 0.665� 0.655�

Table3.2:This table showshow the two dimensionalrulescompareto the onedimensional
rules in terms of �tness. Note that the two dimensionalapproach is easilybetter than the
block-expandingapproach, but not asgood asa particle-basedrule. Also note how the two
dimensional rule performs very consistent with larger CA sizes.( � In order to compare
the two dimensional rule with the one dimensional rules, the width and height of the
two dimensionalCA was set to d

p
ne. This corresponds to 13� 13, 25� 25 and 33� 33

respectively. Note that the CA for the two dimensionalcaseare bigger.)

block expandingrule. It alsoseemsthat the two dimensionalrule still performswell with
biggerCA, just like the particle-basedrule does.This is quite remarkablebecausethe two
dimensionalrule only uses5 cells instead of 7 in the onedimensionalcase.

The Majorit y Problem is a good exampleof a problem that forcescells in a CA to
`communicate' with another.The communication `particles' canbe seenin the onedimen-
sional experiment, but are not easily spotted in the two dimensionalexperiment. That
does not mean there are no `particles' traveling in the two dimensionalCA, becauseit
might be very hard to identify theseparticles. In a two dimensionalCA `particles' are no
longerrestricted to travel in only onedirection, but cantravel to multiple directionsat the
sametime. Traveling particles in two dimensionalCA can therefore look like expanding
areaswith a distinct border. But there might be multiple particles traveling at the same
time, meeting each other and thereby creating new particles. This is why communica-
tion betweencells in a two dimensionalCA is not very visible in the Majorit y Problem,
although results show that this communication is present.

3.2 AND and X OR Problem

To show the communication betweencellsin a two dimensionalCA a di�erent experiment
wasconducted.A geneticalgorithm wasusedto evolve rules for two dimensionalCA that
could solve the simple binary operators AND and XOR. Theseoperators both have two
input valuesand oneoutput value which can only be determinedif both input valuesare
known. This is unlike the OR operator for examplewherethe output value is always one
if oneor moreof the input valuesis one,soif only oneinput value is known to be onethen
the value of the other input value is not needed.This may look very trivial, but it is very
important in order to force the CA to combine the two valuesand thereby communicate.

3.2.1 Exp erimen t details

To show the communications in a CA the information that needsto be combined must
be initialized as far apart as possible.The following problem de�nition takes this into
account:

26



a b OR AND XOR
0 0 0 0 0
0 1 1 0 1
1 0 1 0 1
1 1 1 1 0

Table 3.3: This �gure shows the three main binary operators.

Given a square CA with two `input cells', one top left and one bottom right: �nd a
rule that iterates the CA so that after I iterations the CA is in an `all one' state if both
the `input cells' were one in the initial state and in an `all zero' state otherwise.

Small two dimensionalCA wereusedwith a width and a height of 5 cellsand I wasset
to 10. The bordersof the CA wereunconnectedto allow a larger virtual distancebetween
the two cornercells.That meansthat the left most cell in a row wasnot connectedto the
rightmost cell in the samerow and the topmost cell wasnot connectedto the bottommost
cell as was donewith the Majorit y Problem experiment. Instead every cell in the border
of the CA was connectedto so called `zero-cells'.These `zero-cells'stay zero whatever
happens.

When using two input cells, there are four di�erent initial states. These states are
written as S(v1 ;v2 ) wherev1 and v2 are the two input values.All cells other than the two
input cellswere initialized with zero.

The �tness of a rule is de�ned asthe total number of cellsthat have the correct values
after I iterations. The number of onesin iteration t is written asOt

(v1 ;v2) . The total �tness
of the AND problem is de�ned as f = (N � OI

(0;0)) + (N � OI
(0;1)) + (N � OI

(1;0)) + OI
(1;1).

This makesthe maximum �tness equal to 4 � 5 � 5 = 100.

In this experiment another very simplegeneticalgorithm wasused.A generationstep
starts by sorting the rulesaccordingto their �tness. Then it selectsthe top ten percent of
the rules as `elite' rules and copiesthem without changesto the next generation.Every
`elite' rule is then copiednine times or is usedin single-point crossover to make the other
90 percent of the population. Both methods were tested and compared.The generated
rules are mutated and also moved to the next generation.Mutation is done by 
ipping
every bit in the rule with a probability pm . The algorithm stops if it found a rule with
f = 100or it reaches1000generations.In prelimenary experiments a number of di�erent
valuesof pm weretested.Setting pm to a rather high value of 0:05 seemedto be the most
e�ective choice.

The algorithm was run 100 runs with and without single-point crossover and using
both the von Neumannand the Moore neighborhoods. The resultsare shown in table 3.4.

Although rulesevolvedwith the von Neumannneighborhood werenot ableto solve the
problem perfectly, it is already surprising that it found rules which work for 93 percent,
for such a rule only misplaced7 cells in the �nal state, all the other 93 cells have the
correct value. This suggeststhat the information was combined, but the rule could not
�ll or empty the whole squareusing the samelogic.

Figure 3.6 (a) shows how a von Neumannrule tries to classify the AND problem. It
lookslike the approach hasthree stages.In the �rst stage(step 1 to 3) the two information
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Figure 3.6: This �gure displays the iterations of a CA solving the AND problem. Every
row shows the iteration of the rule using a di�erent initial state. Note that in the �rst
column (t = 0) the initial states are clearly visible and in the last column the coloring
matchesthe output of an AND port. In (a) the von Neumannrule is usedand in (b) Moore
rule is used.Note that (a) is not a perfect solution although is doesshow communication
betweenparticles.

Table 3.4: Fitness valuesfound in the AND problem.
Number of runs

Neumann Moore
Fitness with crossover without crossover with crossover without crossover

100 0 0 31 21
98-99 0 0 41 54
95-97 0 0 14 25
90-94 77 93 14 0
80-89 23 7 0 0
70-79 0 0 0 0
< 70 0 0 0 0
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Table 3.5: Fitness valuesfound in the XOR problem.
Number of runs

Neumann Moore
Fitness with crossover without crossover with crossover without crossover

100 0 0 0 1
98-99 0 0 4 4
95-97 0 0 7 6
90-94 2 1 19 21
80-89 76 96 69 66
70-79 18 3 1 2
< 70 4 0 0 0

particles travel to the topright corner, in step 4 the particles are combined (if present)
and in step 5 to 10 the area is �lled if needed.This approach just doesnot seemto be
able to completethe task in 10 steps.If the rule would be given two extra stepsit would
probably be able to �ll the bottomleft corner in the (1,1) case,but the rule doesnot seem
to have the power to get rid of the particles in the (0,1) and (1,0) case.

The Moore neighborhood is clearly more powerful and was able to solve the problem
perfectly. Figure 3.6 (b) shows how the Moore rule doesthis. The three stagesare clearly
visible hereas well, only now the information particles are combined a step earlier (step
3) and the rule is able to move the particles without leaving somekind of trail behind.

It is surprisingthat usingcrossover in combination with a Neumannneighborhood does
not outperform the samealgorithm without the crossover. This may be due to the order
of the bits in the transition rule and their meaning.This will be discussedin section3.2.3.

3.2.2 The X OR Problem

The XOR Problem is similar to the AND problem. The samegeneticalgorithm and the
sameCA setupwasused.The only di�erence wasthe �tness function. The XOR problem
is de�ned as follows:

Given a square CA with two `input cells', one top left and one bottom right: �nd a
rule that iterates the CA so that after I iterations the CA is in an `all one' state if only
one of the `input cells' was one in the initial state and in an `all zero' state otherwise.
This meansthat the total �tness of the XOR problem is de�ned as f = (N � OI

(0;0)) +
OI

(0;1) + OI
(1;0) + (N � OI

(1;1)).

The algorithm wasrun with pm = 0:05 for a maximum of 1000generationsfor 100runs
with both Neumannand Moore neighborhoods with and without single-point crossover.
The results are shown in table 3.5.

Theseresults support earlier �nding in suggestingthat single-point crossover doesn't
really improve the performancewhenusedin a two dimensionalCA. The resultsshow that
the algorithm using only mutation hasfound ways to solve this rather di�cult communi-
cational problem. The Neumannneighborhood seemedunable to perform perfectly, yet it
camerather closewith three rules classifyingthe problem for 92 percent. The algorithm
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Figure 3.7: This �gure displays the iterations of a CA solving the XOR problem using
both a von Neumann and a Moore neighborhood. Every row shows the iteration of the
rule using a di�erent initial state. Note that in the �rst column (t = 0) the initial states
are clearly visible and in the last column the coloring matches the output of an XOR
port. In (a) the von Neumannneighborhood is usedand in (b) the Moore neighborhood
is used.

found onetransition rule using the Moore neighborhood that is able to solve the problem
perfectly. Theserules depicted in �gure 3.7 show clear signsof \tra veling particles" and
are examplesof how a local rule can trigger global behaviour. Even in �gure 3.7 (b) it is
clear that the particles are communicating even though the von Neumannneighborhood
isn't able to solve the problem perfectly.

Note that the information particles are combined ias early as step 2 in the Moore
neighborhood ((b)). This is possiblebecausethe particles can travel diagonally.

The AND and XOR problemswere run on bigger CA with similar results. It seems
that most rules found for the 5 � 5 grid, also work on larger grids, becausethe process
canbe performedin the same3 stages,it only takesmore time. It wasa lot harder to �nd
Moore rules for a larger neighborhood though. This is probably due to the special way in
which theserules try to �ll the wholesquareat the end.With the von Neumannrules the
only possibleway to �ll the whole squareseemsto be from one corner to the opposite,
while with the Moore rules there are a lot more options. Theseoptions seemperfect for
onesizeof a grid, but do not work well for other sizes.
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3.2.3 Crossover and two dimensional mappings

As stated beforein this document, the choiceof GA was partly basedon earlier �ndings
with evolving CA [3, 4, 5]. Thesedocuments usesingle-point crossover together with mu-
tation and they state no reasonnot to do so. In above experiments single-point crossover
did not seemto contribute to better results, therefore it seemed�tting to elaborate on
what happenedin theseresults.

A CA rule is represented by a binary string so that a the GA can perform binary
operations on a rule and evolve the rules using mutation and crossover. Every bit in the
string represents a possiblestate in the CA and its value in the next iteration step.Single-
point crossover combines two parents and tries to copying the best properties of the two
parents by taking the left side of the string of one parent and combining it to the right
side of the string of the other parent (as described in section 1.2.4). This works best if
there existssomekind of local meaningin the bitstring sothat there canat onetime exist
two parents with similar �tness that can be glued to form a better child.

In a two dimensional CA the cells in a neighborhood need to be numbered to give
meaning to the corresponding bitstring. In experiments in this document all neighbor-
hoods are numbered from left to right and then from top to bottom. At �rst it seems
that this numbering is of no consequenceto the outcomeof the experiments, but when
using single-point crossover it is important. This mapping for instance meansthat the
�rst half of the bits in the string all represent states of the CA in which \the �rst" cell
in the neighborhood is zeroand in the other half of the bits this cell is one.This implies
that single-point crossover will always copy the behaviour of onesingleparent concerning
all the states of the CA where the �rst cell has a certain value. This could be explained
aslocal meaningand hencesingle-point crossover would seema good idea, yet the results
in the experiments above all show somethingelse.

In �gure 3.8 the di�erence betweenusing crossover together with mutation and using
only mutation becomesclear. When using crossover, the algorithm sometimesgetsstuck
at around a �tness of 65, whereasthe lowest �tness when using only mutation is about
78. The resultssuggestthat usingcrossover speedsup the beginningof the evolution, but
slows down the rest. Single point crossover also seemsto increasethe chance that the
algorithm getsstuck.

It is unclearwhy this happens,although single-point crossover doeshave somelimita-
tions:

� If a problem has more than one optimum and the algorithm is closing in on more
of them, then any form of crossover will create a lot of individuals somewherein
betweenthe optima. This causescreative new possibleanswers and can be a good
thing, but if that is not neededit slows down the algorithm.

� If a certain aspect of an individual is not de�ned in one position or area of the
binary string, it is impossibleto copy only that aspect from a parent to a child and
a lot of other aspects of the parent will be copied with it. This happens because
single-point crossover can only copy bits up until or from a certain position to the
child.
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Figure 3.8:This �gure showsthe e�ect of usingsingle-point crossover on the XOR problem
with a von Neumannneighborhood. In (a) crossover is usedtogether with mutation and
in (b) only mutation is used. All 100 runs are plotted here together with the average.
Note that using single-point crossover makes the algorithm lessreliable than using only
mutation.
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Especially the last limitation seemsvery important in two dimensionalCA. Behaviour
is not de�ned by one cell in the neighborhood, but by the state of all those cells. If for
instancethe behaviour should be simply to move a particle from left to right then more
than onestate would be e�ected and this behaviour would be positioned throughout the
entire binary string. Becausethe meaningin the rules is soscambled, it is desirableto be
able to combine the di�erent parts of the string of oneparent with parts of the other, but
that is impossiblein onestep with single-point crossover.

There are other forms of crossover that do not have this limitation. Uniform crossover
decidesfor every bit that is copied to a child which parent it will be copied from (sec-
tion 1.2.4).Someshort testing with this form of crossover did not result in better results,
but this might be due to the di�erent distribution of \the number of bits that are from
one parent". In single-point crossover this number is uniformly distributed, whereasin
uniform crossover this number is normally distributed. This meansthat the chancethat
an individual is changedonly a fewbits is very small. Further reseach into two dimensional
mappingsseemsneededaswell as more tests with di�erent typesof crossover.

Someexperiments werealsoconductedusing\Gra y code" mapping insteadof the nor-
mal binary representation. Gray code is a code wherein the encoding of of every adjecent
integer only di�ers by exactly onebit. When the statesof the CA are sorted in this way
in theory the distance between two states is a lot smaller. The results did not support
this theory and thus can not give a clear answer. It might be that although the states
are better sorted, single-point crossover is still too limited or that the logic of traveling
particles needsa totally di�erent ordering all together and that usingGray code doesnot
improve anything.

3.3 Evolving bitmaps

Now that it is shown that two dimensionalCA can communicate, it is time to increase
the challenge for the CA a bit. The aim of this experiment is to evolve rules for two
dimensionalCA that generatepatterns (or bitmaps). This is a rather big challangefor a
systembasedon local rules, but yields surprising results non the less.

The Bitmap Problem is de�ned as follows:

Given an initial state and a speci�c desired end state: can the geneticalgorithm �nd
a rule that iterates from the initial state to the desired state in lessthan I iterations.

Note it is not requestedthat the number of iteration betweenthe initial and desired
state is �xed. This number may beany number between1 and I . This multiplies the search
spaceof the problem by I , but that is not a problem in the computational sense,for all
iterations have to beprocessedanyway. There is no harm in checking them while iterating.
In preliminary experiments it wasfound that a �xed number of iterations sometimesmakes
it impossiblefor a CA to reach the desiredstate [7]. The CA is alsonot expectedto stay
at the desiredstate as previous experiments did expect. The neighborhood of a rule in
the CA is very small and thereforeit is already very di�cult to make a rule stop altering
the CA onesit hasreached the desiredstate, but for a rule to go from the initial state to
a desiredstate in the CA and then stay there seemsa bit to challenging.
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Figure 3.9: The bitmaps usedin the pattern generationexperiment.

Table 3.6: Number of successfulrules found per bitmap.
Successfulrules

Bitmap (out of a 100)
\square" 80

\hourglass" 77
\heart" 35
\smiley" 7
\letter" 9

The CA usedin this experiment is similar to the oneusedin the AND/X OR experiment
(section 3.2). In prelimenary experiments di�erent sizesof CA were tried, but it was
decided to concentrate on small square bitmap with a width and a height of 5 cells
(as done in section 3.2). To make the problem harder and to stay in line with earlier
experiments the CA has unconnectedborders like in section 3.2. To make the problem
even more challenging the von Neumannneighborhood was choseninstead of the Moore
neighborhood and therefore the sn consistof 5 cells (r = 1) and a rule can be described
with 25 = 32 bits. The search spacetherefore is 232 = 4294967296.A bitmap of 32
b/w pixels would have the samenumber of possibilities, thereforethis experiment is very
challengingto say the least.

After testing di�erent initial states,the `singleseed'statewaschosenandde�ned asthe
state in which all the positionsin the CA arezeroexceptthe position (bwidth=2c; bheight=2c)
which is one.The theory being that this `seed'should `grow to be' the desiredstate.

For the GA the samealgorithm wasusedasin the AND andXOR experiments, because
this experiment usesa Neumann neighborhood and the AND and XOR experiments
suggestedthat the combination betweenthe von Neumannneighborhood and single-point
crossover was not a good idea, this experiment usedonly mutation. Like in section 3.2
mutation is performed by 
ipping every bit in the rule with a probability pm . In this
experiment pm = 1=f number of bits in a ruleg = 1=32 = 0:03125.

In trying to be as diverseas possible�v e totally di�erent bitmaps were chosen,they
areshown in �gure 3.9.The algorithm wasrun 100times for every bitmap for a maximum
of 5000generationsand I = 10.Thealgorithm wasable to �nd a rule for all the bitmaps,
but somebitmaps seemeda bit more di�cult than others. Table 3.6 shows the number
of successfulrules for every bitmap. Note that symmetrical bitmaps seemto be easierto
generatethan asymmetric ones,although they are alsogeneratedby the CA.

Although this experiment is fairly simple, it does show that a GA can be used to
evolve transition rules for two dimensionalCA that are able to generatemany di�erent
pattern evenwith a simplevon Neumannneighborhood. Figure 3.10showsa fewsuccessful
transition rules generatedby the GA. Note that di�erent transition rules can end up in
the samedesiredstate and have totally di�erent iteration paths.
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Figure 3.10:This �gure shows someiteration paths of successfultransition rules.

Figure 3.11:This �gure shows the iteration of a two dimensionalCA with a width of 11
and a height of 5. A rule was iterated to display a bitmap representing the name 'RON'
with a von Neumann neighborhood with r = 1. States are ordered from top to bottom
and then from left to right. The rule is able to generatethe pattern with only three errors,
being the three bottom cells of the 'O'. A 5 � 11 bitmap has 255 di�erent states, while
there are `only' 232 two dimensionalvon Neumannrules with r = 1. That meansthis is a
surprising result and encouragesfurther research.
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When this is approach is used in larger CA it becomesinteresting to think about
direct applications in the real world. Onesuch application could be compression.Because
a bitmap could be de�ned by the von Neumannrule that succesfullygeneratesit from a
singleseedstate together with the duration this rule needsto iterate. With I = 10 this
means32 bits for the rule and 4 for the duration and that meanscompressionis possible
for all bitmaps exceeding36 cells.Note that it is impossibleto be able to compressevery
possiblebitmap de�ned by more then 36 pixels into lessbits, the compressionwill always
reducethe number of possibleoutcomes,but the hope is that the impossibleoutcomes
are lesslikely to occur. Somesmall compressionexperiments were conductedwith some
success.Bitmaps with a width and height equalsto 7 weregeneratedwithin 10stepsusing
the von Neumann neighborhood. It seemsthat especially symetrical featuresare easily
compressed.

Ongoingexperiments with even bigger CA suggestthat they do not di�er much from
the small ones,although the restrictions on what canbegeneratedfrom a single-seedstate
usingonly a von Neumannneighborhood seemto be biggerwhensizeof the CA increases.
Lossy image compressionseemsto be an option too, becauseeven when the algorithm
doesnot �nd the bitmap exactly, it seemsto �nd a lot of featuresand the bitmap might
still be recognizable.Also I can of coursebe increasedto 16 (which is still 16 bits) and
evenmuch higher than that. Further research must �nd out if this is a valuableapplication
or only works on small toy examples.
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Chapter 4

Summary and Outlo ok

This document shows how two dimensionalCA are able to solve the majorit y problem
with similar results comparedto one dimensionalCA usedin [4, 5]. Using the sameGA
asin [4, 5] a better average�tness wasachieved suggestingthat evolving two dimensional
CA is easierand more reliable.

The document shows that two dimensionalCA can show communicational behaviour
in the form of the AND and XOR problemsand that this behaviour can be evolved using
a GA. The document also shows that a more genericbehaviour can be evolved using a
GA by showing how di�erent patterns can be iterated from the sameinitial state.

Theseresults all suggestthat a multi dimensionalCA is a very powerful tool and in
combination with GAs they can be evolved to exhibit a speci�c desiredbehaviour. It is
thereforenot unthinkable that this combination canbe usedto solve all sortsof real world
problems.

With answers comenew questions.This research raisesa lot of questionsand a lot
of parameters in the documented experiments are not explored yet. Below is a list of
proposedfurther work on this subject:

� Try threedimensionalCA. Doesthe improvement from oneto two dimensionalspace
imply that more dimensionsis better?

� Investigatedi�erent mappingmethods in combination with di�erent crossover func-
tions. Try to �nd out what really happensduring the algorithm and why crossover
did not work as well as espected in two dimensionalexperiments.

� Explore the bitmap problem on larger grids and maybe with the Moore neighbor-
hood. Explore if this approach is able to compresslarge images.

� Investigate how bitmaps are iterated in the bitmap problem. Find out how many
bitmaps can be iterated and what featuresare most easyand which are hard.

� Maybe try somekind of hybrid neighborhood which is a crossingbetweenthe von
Neumannneighborhood and the Mooreneighborhood to explorefurther possibilities
of a two dimensionalsolution to the Majorit y Problem.
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