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Abstract. The automata-theoretic approach to linear temporal logic uses the
theory of automata as a unifying paradigm for program specification, verification,
and synthesis. Both programs and specifications are in essence descriptions of
computations. These computations can be viewed as words over some alphabet.
Thus, programs and specifications can be viewed as descriptions of languages over
some alphabet. The automata-theoretic perspective considers the relationships
between programs and their specifications as relationships between languages. By
translating programs and specifications to automata, questions about programs and
their specifications can be reduced to questions about automata. More specifically,
questions such as satisfiability of specifications and correctness of programs with
respect to their specifications can be reduced to questions such as nonemptiness
and containment of automata.

Unlike classical automata theory, which focused on automata on finite words, the
applications to program specification, verification, and synthesis, use automata
on infinite words, since the computations in which we are interested are typically
infinite. This paper provides an introduction to the theory of automata on infinite
words and demonstrates its applications to program specification, verification,
and synthesis.

1 Introduction

While program verification was always a desirable, but never an easy task, the advent of
concurrent programming has made it significantly more necessary and difficult. Indeed,
the conceptual complexity of concurrency increases the likelihood of the program con-
taining errors. To quote from [OL82]: “There is a rather large body of sad experience to
indicate that a concurrent program can withstand very careful scrutiny without revealing
its errors.”

The first step in program verification is to come up with a formal specification of the
program. One of the more widely used specification languages for concurrent programs
is temporal logic [Pnu77, MP92]. Temporal logic comes in two varieties: linear time and
branching time (([EH86, Lam80]); we concentrate here on linear time. A linear temporal
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specification describes the computations of the program, so a program satisfies the
specification (is correct) if all its computations satisfy the specification. Of course, a
specification is of interest only if it is satisfiable. An unsatisfiable specification cannot
be satisfied by any program. An often advocated approach to program development is to
avoid the verification step altogether by using the specification to synthesize a program
that is guaranteed to be correct.

Our approach to specification, verification, and synthesis is based on an intimate
connection between linear temporal logic and automata theory, which was discussed
explicitly first in [WVS83] (see also [LPZ85, Pei85, Sis83, SVW87, VW94]). This
connection is based on the fact that a computation is essentially an infinite sequence
of states. In the applications that we consider here, every state is described by a finite
set of atomic propositions, so a computation can be viewed as an infinite word over
the alphabet of truth assignments to the atomic propositions. The basic result in this
area is the fact that temporal logic formulas can be viewed as finite-state acceptors.
More precisely, given any propositional temporal formula, one can construct a finite
automaton on infinite words that accepts precisely the computations satisfied by the
formula [VW94]. We will describe the applications of this basic result to satisfiability
testing, verification, and synthesis. (For an extensive treatment of the automata-theoretic
approach to verification see [Kur94]).

Unlike classical automata theory, which focused on automata on finite words, the
applications to specification, verification, and synthesis, use automata on infinite words,
since the computations in which we are interested are typically infinite. Before going
into the applications, we give a basic introduction to the theory of automata on infinite
words. To help the readers build their intuition, we review the theory of automata on
finite words and contrast it with the theory of automata on infinite words. For a more
advanced introduction to the theory of automata on infinite objects, the readers are
referred to [Tho90].

2 Automata Theory

We are given a finite nonempty alphabet 3. A finite word is an element of ™, i.e., a
finite sequence ay, . . ., a, of symbols from Y. An infinite word is an element of 2*,
i.e., an w-sequence’ ag, ay, ... of symbols from . Automata on finite words define
(finitary) languages, i.e., sets of finite words, while automata on infinite words define
infinitary languages, i.e., sets of infinite words.

2.1 Automata on Finite Words — Closure

A (nondeterministic finite) automaton A is a tuple (X, S, S°, p, F'), where ¥ is a finite
nonempty alphabet, S is a finite nonempty set of states, S° C S is a nonempty set of
initial states, ' C S is the set of accepting states, and p : S x X — 2° is a transition
Sunction. Intuitively, p(s, a) is the set of states that A can move into when it is in state
s and it reads the symbol a. Note that the automaton may be nondeterministic, since
it may have many initial states and the transition function may specify many possible
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transitions for each state and symbol. The automaton A is deterministic if | S°] = 1 and
|p(s,a)| < 1 for all states s € S and symbols @ € X. An automaton is essentially an
edge-labeled directed graph: the states of the automaton are the nodes, the edges are
labeled by symbols in X, a certain set of nodes is designated as initial, and a certain set
of nodes is designated as accepting. Thus, ¢ € p(s, a) means that that there is edge from
s to t labeled with a. When A is deterministic, the transition function p can be viewed
as a partial mapping from S x X to .S, and can then be extended to a partial mapping
from S x X* to S as follows: p(s,¢) = s and p(s, zw) = p(p(s, z), w) for # € X and
we X,

A run r of A on a finite word w = ay,...,a,—1 € L™ is a sequence sy, . .., s, of
n + 1 states in S such that s € S°, and Si+1 € p(si,a;) for 0 < i < n. Note that a
nondeterministic automaton can have many runs on a given input word. In contrast, a
deterministic automaton can have at most one run on a given input word. The run r is
accepting if s, € F'. One could picture the automaton as having a green light that is
switched on whenever the automaton is in an accepting state and switched off whenever
the automaton is in a non-accepting state. Thus, the run is accepting if the green light
is on at the end of the run. The word w is accepted by A if A has an accepting run on
w. When A is deterministic, w € L(A) if and only if p(s°, w) € F, where S° = {s}.
The (finitary) language of A, denoted L(A), is the set of finite words accepted by A.

An important property of automata is their closure under Boolean operations. We
start by considering closure under union and intersection.

Proposition 1. [RS59] Ler Ay, A, be automata. Then there is an automaton A such that
L(A) = L(A1) U L(A).

Proof: Let A = (X, 51,59, p1, F1) and Ay = (X,5,,59, pa, Fy). Without loss of
generality, we assume that S} and .S, are disjoint. Intuitively, the automaton A nonde-
terministically chooses A or A, and runs it on the input word.

Let A= (5,5, S p, F),where S = 51U S, S®=SVUSY, F=F UPF,,and

- {pl(s,a) ifs €5

pls,a) = pa(s,a)ifs € .5,

It is easy to see that L(A) = L(A;) U L(A4,).1

We call A in the proof above the union of A; and A,, denoted A; U A,.

Proposition2. [RS59] Let A, A, be automata. Then there is an automaton A such that
L(A) = L(A1) N L(Ap).

Proof: Let A; = (X,51,5Y,p1, F1) and Ay = (X,5,,59, po, F»). Intuitively, the
automaton A runs both A; and A, on the input word.

Let A= (X,5,8%p, F),where S = S| x S5, 8% = S x 89, F = F| x F,, and
p((s,1),a) = p1(s,a) x pa(t,a). Itis easy to see that L(A) = L(A;) N L(Ay). 1

We call A in the proof above the product of A; and A,, denoted A; x A,.
Note that both the union and the product constructions are effective and polynomial
in the size of the constituent automata.



Let us consider now the issue of complementation. Consider first deterministic
automata.

Proposition3. [RS59] Let A = (X, S, S p, ') be a deterministic automaton, and let
A=(X,55%p,S—F), then L(A) = X* — L(A).

That is, it is easy to complement deterministic automata; we just have to complement
the acceptance condition. This will not work for nondeterministic automata, since a
nondeterministic automaton can have many runs on a given input word; it is not enough
that some of these runs reject (i.e., not accept) the input word, all runs should reject
the input word. Thus, it seems that to complement nondeterministic automaton we first
have to determinize it.

Proposition4. [RS59] Let A be a nondeterministic automaton. Then there is a deter-
ministic automaton Aq such that L(Aq) = L(A).

Proof: Let A = (X,5,5% p, F). Then A; = (¥,2%,15°}, pa, Fi7). The state set of
Ay consists of all sets of states in S and it has a single initial state. The set Fly =
{T|T N F # (} is the collection of sets of states that intersect F' nontrivially. Finally,
pa(T,a) = {t|t € p(s,a) forsome s € T'}.1

Intuitively, A4 collapses all possible runs of A on a given input word into one run
over a larger state set. This construction is called the subset construction. By combining
Propositions 4 and 3 we can complement a nondeterministic automata. The construction
is effective, but it involves an exponential blow-up, since determinization involves an
exponential blow-up (i.e., if A has n states, then A4 has 2” states). As shown in [MF71],
this exponential blow-up for determinization and complementation is unavoidable.

For example, fix some n > 1. The set of all finite words over the alphabet X' =
{a, b} that have an a at the nth position from the right is accepted by the automaton
A= (2,{0,1,2,...,n},{0}, p,{n}), where p(0,a) = {0, 1}, p(0,b) = {0}, and
pliya) = p(i,b) = {i+ 1} for 0 < ¢ < n. Intuitively, A guesses a position in the input
word, checks that it contains a, and then checks that it is at distance n from the right
end of the input.

Suppose that we have a deterministic automaton A; = (¥, S, {s°}, pg, F') with
fewer than 2” states that accepts this same language. Recall that p; can be viewed as a
partial mapping from S x L* to S. Since |S| < 2", there must be two words uav; and
ubv, of length n for which pg(s®, uavy) = pa(s®, ubvy). But then we would have that
pa(s% uaviu) = pa(s°, ubvou); that is, either both uaviu and ubvou are members of
L(Ay) or neither are, contradicting the assumption that L(A,;) consists of exactly the
words with an a at the nth position from the right, since |aviu| = |[bvou| = n.

2.2 Automata on Infinite Words — Closure

Suppose now that an automaton A = (¥, S, S° p, F') is given as input an infinite word
w = ag, aj,...over X. A runr of A on w is a sequence sq, 51, . . ., where 5o € S° and
Sit1 € p(s;,a;), for all i > 0. Since the run is infinite, we cannot define acceptance by
the type of the final state of the run. Instead we have to consider the /imit behavior of



the run. We define lim(7) to be the set {s | s = s, for infinitely many i’s}, i.e., the set of
states that occur in r infinitely often. Since S is finite, lim(r) is necessarily nonempty.
The run r is accepting if there is some accepting state that repeats in » infinitely often,
i.e., lim(r) N F # 0. If we picture the automaton as having a green light that is switched
on precisely when the automaton is in an accepting state, then the run is accepting if the
green light is switched on infinitely many times. The infinite word w is accepted by A
if there is an accepting run of A on w. The infinitary language of A, denoted L, (A), is
the set of infinite words accepted by A.

Thus, 4 can be viewed both as an automaton on finite words and as an automaton
on infinite words. When viewed as an automaton on infinite words it is called a Biichi
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