Modal Logics from Coalgebras over Topological Spaces

Marcello Bonsangue^∗ Alexander Kurz^†

1st May 2003

Abstract This paper takes coalgebras for a functor as the principal models of modal logic. Varying the functor one obtains different categories of models. Using topological dualities and building on ideas of Johnstone and Abramsky, we show that a number of different modal logics can be derived in uniform way from their corresponding category of coalgebras.

Extended Abstract The historical development of modal logic proceeded from axiomatisations via algebraic semantics to Kripke semantics (frames and later (descriptive) general frames). This note shows that from a coalgebraic perspective, the logical order of the subject is the converse of the historical order.

Assume a concrete duality between categories C ≃ D^{op} and a functor T : C → C. The category Coalg(T ) of T -coalgebras is the category of the semantic structures we are interested in. The corresponding algebraic semantics is obtained by dualising T -coalgebras to T^{op}-algebras. Writing K : C → D, H : D → C for the contravariant functors witnessing the dual equivalence C ≃ D^{op}, we can define the dual of T on D as KT H. The very definition of coalgebras as the dual of algebras implies the duality Alg(KT H) ∼= Coalg(T )^{op}.

To obtain from this duality the language and axiomatisation of a modal logic, we describe the functor KT H by means of generators and relations. More precisely, we assume that D is a category of algebras and that free algebras exist. We then find T̂ : D → D such that T̂ ∼= KT H and, moreover, T̂ (A) is a free algebra with respect to a set of generators G and equations E (see Table 1 for examples).

The generators give rise to a functor L : Set → Set which, intuitively, takes a set of formulas of rank (or depth) α and builds formulas of rank α + 1. More precisely, L assigns to a set A the carrier of the free D-object over the generators G. We can now generate the formulas of a modal logic by the so-called initial algebra sequence of L: Starting with the carrier |D_0| of the initial object D_0 in D, we consider the sequence ⟨L^α(|D_0|)⟩_α for ordinals α and call elements of L^α(|D_0|) formulas of rank n.

Similarly, we consider the initial algebra sequence of T̂ and the final coalgebra sequence of T . This gives the following picture where C_1 is the final object in C, (X, ξ) is a T -coalgebra, and P denotes powerset.

X ξ_α T^α(C_1) P(T^α(C_1))

[[−]]^

T^α(D_0) [−]_≡ L^α(|D_0|)

ξ_α is the canonical projection assigning to each state in X its α-step behaviour, [[−]] is the function given by the duality C ≃ D^{op} which assigns to an element of the algebra T̂^α(D_0) a subset of T^α(C_1).^1

∗Leiden Institute of Advanced Computer Science, Leiden University, The Netherlands, marcello@liacs.nl †Department of Mathematics and Computer Science, University of Leicester, UK, kurz@mcs.le.ac.uk 1Here we assume that, as in all of our examples, the duality C ≃ D^{op} is induced by a schizophrenic object of cardinality 2.

We can thus define the semantics of the modal logic generated by L as follows. For a formula φ of rank α and a state x ∈ X in a T -coalgebra (X, ξ) we put

x |= φ ⇔ ξ_α(x) ∈ [[[φ]_≡]]

Soundness and completeness are straight forward consequences of the duality. Building on works of [Joh85] we apply the above framework to the category of T -coalgebras for T the Vietoris functor on topological spaces, using a duality result for T_0-topological spaces [BJK95, BK99]. Table 1 shows some restrictions of this duality giving rise to well known soundness a completenss result of various modal logics.

Related Work [Joh82, Joh85] gives algebraic descriptions of the Vietoris space. The equations in the rightmost column of Table 1, for example, appear in [Joh85], 1.8.

[Abr91b, Abr91a] uses Stone duality to show that similar such equations axiomatise a sound and complete modal logic for certain kinds of transition systems. See also [Vic88]. Compared to their work, which is very much the foundation of ours, we use topological spaces like Stone spaces/spectral spaces instead of domains and coalgebras instead of solutions of recursive domain equations.^2 The move to coalgebras is motivated by recent results showing that coalgebras for the Vietoris functor on Stone spaces are descriptive general frames [KKV03] and coalgebras for the Vietoris functor on Priestley spaces are K^+-spaces [Pal03].

Future Work Two lines of research suggests themselves, namely to extend the present work to different base categories and to different functors. Concerning different base categories, we want to include in our uniform treatment of modal logics also intuitionistic modal logics. Concerning different functors, the first example that comes to mind is the (non-finitary) powerspace. In the case of the duality Set ≃ CABA^{op} this yields as coalgebras the Kripke frames, as modal algebras the complete atomic modal algebras of [Tho75] and as modal logic infinitary propositional modal logic. More generally, ongoing work will show how to extend our approach to functors T in general, using predicate liftings to generate modal operators [Pat01].

References

[Abr91a] Samson Abramsky. A domain equation for bisimulation. Information and Computation, 92(2):161–218, 1991.

[Abr91b] Samson Abramsky. Domain theory in logical form. Annals of Pure and Applied Logic, 51:1–77, 1991.

[BJK95] M.M. Bonsangue, B. Jacobs, and J.N. Kok. Duality beyond sober spaces: Topological spaces and observation frames. Theoretical Computer Science, 151(1):79–124, 1995.

[BK99] M.M. Bonsangue and J.N. Kok. Towards an infinitary logic of domains: Abramsky logic for transition systems. Information and Computation, 155:170–201, 1999.

[CJ99] S. Celani and R. Jansana. Priestley duality, a sahlqvist theorem and a goldblatt-thomason theorem for positive modal logic. Logic Journal of the IGPL, 7:683–715, 1999.

[Dun95] J. Micheal Dunn. Positive modal logic. Studia Logica, 55(2):301–317, 1995.

[Joh82] Peter Johnstone. Stone Spaces. Cambridge University Press, 1982.

[Joh85] Peter Johnstone. Vietoris locales and localic semilattices. In R.-E. Hoffmann and K.H. Hofmann, editors, Continuous Lattices and their Applications, volume 101 of Lecture Notes in Pure and Applied Mathematics, pages 155–180. Marcel Dekker, 1985.

2But recall that the domains of [Abr91b, Abr91a, Vic88] are particular spectral spaces. Moreover, the solution of a recursive domain equation X ∼= T X is a final coalgebra.

[KKV03] C. Kupke, A. Kurz, and Y. Venema. Stone coalgebras. In H.-P. Gumm, editor, Coalgebraic Methods in Computer Science (CMCS’03), Electronic Notes in Theoretical Computer Science, 2003.

[Pal03] Alessandra Palmigiano. A coalgebraic semantics for positive modal logic. In H.-P. Gumm, editor, Coalgebraic Methods in Computer Science (CMCS’03), Electronic Notes in Theoretical Computer Science, 2003.

[Pat01] Dirk Pattinson. Semantical principles in the modal logic of coalgebras. In Proceedings 18th International Symposium on Theoretical Aspects of Computer Science (STACS 2001), volume 2010 of LNCS, Berlin, 2001. Springer.

[Tho75] S.K. Thomason. Categories of frames for modal logics. Journal of Symbolic Logic, 37:439–442, 1975.

[Vic88] Steven J. Vickers. Topology Via Logic. Cambridge University Press, 1988.

Table of Examples We write Set, PoSet, Pri and Stone for the categories of sets, of partially ordered sets (isomorphic to the full subcategories of topological space with discrete and Alexandrov topology, respectively), of Priestley spaces (isomorphic to the category of spectral spaces) and of Stone spaces, respectively. Furthermore, we write CABA, CDL, BA, and DL for the categories of complete atomic boolean algebras, complete distributive lattices, Boolean algebras, and bounded distributive lattices, respectively.

For the functor T : C → C we are considering in this table the Vietoris space [Joh85]. For example, it correspond in Set to the finitary powerset. In the case of Stone spaces, the derived modal logic is the classical modal logic. In the case of Priestley spaces, the derived modal logic is positive modal logic [Dun95]. K^+-spaces are due to [CJ99].

C PoSet Set Stone Pri

Coalg(T ) image-finite frames descriptive general frames K^+-spaces

D CDL CABA Stone DL

Generators □a, a ∈ A ◇a, a ∈ A □a, a ∈ A □a, a ∈ A □a, a ∈ A ◇a, a ∈ A

Equations

□ ⋀ i∈I ai = ⋀ i∈I □ai □ ⋁ i∈I ai = ⋁ J⊆fin I □ ⋁ j∈J aj ◇ ⋁ i∈I ai = ⋁ i∈I ◇ai ◇ ⋀ i∈I ai = ⋀ J⊆fin I ◇ ⋀ j∈J aj □a ∧ ◇b ≤ ◇(a ∧ b) □(a ∨ b) ≤ □a ∨ ◇b

□ ⋀ i∈I ai = ⋀ i∈I □ai □ ⋁ i∈I ai = ⋁ J⊆fin I □ ⋁ j∈J aj □(a ∧ b) = □a ∧ □b □⊤ = ⊤

□(a ∧ b) = □a ∧ □b □⊤ = ⊤ ◇(a ∨ b) = ◇a ∨ ◇b ◇⊥ = ⊥ □a ∧ ◇b ≤ ◇(a ∧ b) □(a ∨ b) ≤ □a ∨ ◇b

Table 1: Table of Examples