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1 Preface

The aim of the course Theory of Concurrency 1 is to present an introduction into
fundamental notions concerning concurrent systems, on the basis of a specific
theoretical model (the so-called Petri Net). These lecture notes are meant to
accompany the lectures. They contain a, mostly concise, overview of the treated
material. The lectures are important for the associated intuitions, motivations,
and proof techniques. The exercise class is meant to acquire the necessary tech-
nical skills.

These lecture notes contain several parts that are only meant for the more
interested reader. Such parts start with an x and end at the first O following it.
These parts do not have to be known for the exam.

Acknowledgements. We wish to thank IJsbrand Jan Aalbersberg, George
Leih, Tko Keesmaat, and Peter Hoogers for their contributions to these lecture
notes. We thank Hendrik Jan Hoogeboom, Jetty Kleijn, and P.S.Thiagarajan for
valuable comments throughout the years. We are especially grateful to Maurice
ter Beek for his excellent job of translating the original text into English, and to
Jurriaan Hage and Nike van Vugt for their nice work of drawing all the figures.

2 Introduction

The area of Petri Nets was initiated by C.A.Petri in the early sixties ([Pet62]).
Since then this area has been developed tremendously in both the theory and the
applications. Although many other models of concurrent and distributed systems
have been developed in the meantime, the Petri net model is still a central model
for such systems. It is also often used as a yardstick for other models.

One of the main attractions of Petri nets is the way in which the basic aspects
of concurrent systems are identified both conceptually and mathematically. The
ease of conceptual modelling (based also on a natural graphical notation) makes
Petri nets the model of choice in many applications. The natural way in which
Petri nets allow to formally capture many of the basic notions and issues of
concurrent systems contributed greatly to the development of a rich theory of
concurrent systems based on Petri nets.

Petri nets is actually a generic name for a whole class of net-based models
which can be divided into three main layers. The first layer is the most funda-
mental and is especially well suited for a thorough investigation of foundational
issues of concurrent systems. The basic model here is that of Elementary Net
Systems, or EN systems (introduced in [RozThi86, Thi87, Roz87]). This model
is not suitable for practical applications because the size of the model explodes
even for simple but nontrivial applications. The second layer is an “interme-
diate” model where one folds some repetitive features of EN systems in order
to get more compact representations. The basic model here is Place/Transition
Systems, or P/T systems (see for example [Pet81, Rei82]). An EN system can
also be viewed as a special case of a P/T system. Finally, the third layer is that



of high-level nets, where one uses essentially algebraic and logical tools to yield
“compact nets” that are suited to real-life applications. Predicate/Transition
Nets (see, e.g., [Gen87]) and Coloured Petri Nets (see, e.g., [Jen92]) are the best
known high-level models.

In these lecture notes, which are partly based on [Rei82, RozThi86, Thi87,
Roz87], we present a comprehensive introduction to the theory of EN systems
and P /T systems, covering both their structure and behaviour.

initial state initial state
O, O,
read z, y read z, y
z >0 z=0 z >0 z=0
z:=x—1] [ writey | (y=y+1] [ writey |
final state final state

Fig. 1. Sequential addition programs.

Let us start with some very simple examples of concurrency. Figure 1 shows
two sequential programs that compute the sum of two nonnegative integers.
During execution of each program, the current point in the program (i.e., the
current state of the program) can be indicated by marking the corresponding
circle with a “token”. Execution starts in the initial state, as shown in Fig. 1.
After execution (with the program in the final state), the value of y is the sum
of the two values that were read for z and y, and = has value 0. Obviously,
the order of execution of the two assignments z := z — 1 and y := y + 1 is
irrelevant, and thus they may as well be executed concurrently. A program in
which they are indeed executed concurrently is shown in Fig. 2. The effect of
the fork instruction is that the pre-states of both assignments are activated,
i.e., both program points are currently executed, independent of each other. As
soon as execution arrives in the post-states of the assignments, and thus both
assignments have been executed, the join instruction activates the program point
where z is tested on 0. Note that during execution of the assignments there were



two tokens in the program, but now there is just one again.

initial state

O

read z, y
z>0 z=0

| fork ][ writey |

final state

y=y+1] [z:=2—1]

Fig. 2. A concurrent addition program.

Obviously, the main advantage of concurrent programs is that, in general,
they are faster than their sequential counterparts. To illustrate this, consider
the concurrent program in Fig. 3. If A and B are two given disjoint sets of
integers (both finite and nonempty), then the program divides A U B into two
disjoint subsets A’ and B’ of the same cardinality as A and B, respectively,
such that max(A’) < min(B'). It does this by repeatedly computing max(A)
and min(B), and interchanging them when they do not satisfy the requirement.
Since operations on sets (such as finding the maximum) are slow in comparison to
operations on integers, they should be executed concurrently as often as possible.

3 Preliminaries

In this section we recall some well-known concepts and notation concerning sets
and words.



‘A := (A — {max}) U {min} ‘ ‘ B := (B — {min}) U {max}‘
° initial state °
max’ := max(A) ‘ min’ := min(B) ‘

max > min

max := max’

min := min’

jom max < min

prind
O

final state

Fig. 3. Concurrent operations on sets.

The set of integers is denoted by Z = {...,—-2,-1,0,1,2,...}. The sets of
non-negative and positive integers are denoted by N = {0,1,2,...} and N} =
{1,2,3,...}, respectively.

For a set A, P(A) is the set of all subsets of A, and #A denotes the number of
elements of A. For B C A, Cp : A — {0,1} denotes the characteristic function
of B, ie., Cp(a) =1if a € B and Cg(a) = 0 if a ¢ B. We consider total
functions only, i.e., if f : A — A', then f(a) is defined (and in A') for every
ac A Iff: A— A" and B C A, then f | B denotes the restriction of f to B,
i.e., the function B — A’ defined by (f | B)(b) = f(b). A function f: A —» A’ is
injective if f(a1) # f(a2) whenever a; # ao, f is surjective if for every a’' € A’



there exists an a € A such that f(a) = d/, and f is a bijection (between A and
A") if f is injective and surjective.

For a binary relation R C A x A, the transitive (and reflexive) closure of R is
denoted by Rt (R*, respectively). Hence, (a,b) € R iff there exist a4, ..., a, €
A, with n > 1, such that a; = a,a,, = b and (a;,a;41) € Rforall 1 <i<n—1,
and (a,b) € R* iff (a,b) € RT or a = b.

For an alphabet X, X* is the set of all words over X, and A is the empty
word. The length of a word z € X* is denoted by |z|; thus, |A\| = 0. A word y is
a prefix of a word =z if there exists a word z such that x = yz. A language over
2’ is a subset of X*. We note that any finite set can be viewed as an alphabet.

Let ¥ and A be alphabets and let h : X — A. We extend h to a function
from X* to A* in the following way: h(A) = X and, for a word z = o1 -+ 0oy,
with n > 0 and o; € X for all 1 < i < n, h(x) = h(o1) - -- h(oy,). Furthermore,
for a language L C X* we define h(L) = {h(z) | € L}. In formal language
theory, h is called a letter-to-letter homomorphism.

4 EN Systems

4.1 Informal Introduction

Elementary net systems form the most fundamental class of Petri nets. Like
most of the models that fall under the generic name Petri nets, elementary net
systems are a net-based model. The basic intuition behind net-based models is
that such a model consists of a net, and of the rules of a token game played on
the net. The net describes the static structure of a concurrent system, and the
rules describe the dynamic behaviour of the concurrent system. Different classes
of Petri nets differ by the sort of underlying nets and/or rules of the dynamic
token game.

In this section we introduce the notion of a net for elementary net systems
and the rules for playing the token game on such a net. These rules tell us how
to get from one global state of the (elementary net) system to another global
state. They give thus a potential state space of the system. In order to get the
actual state space one has to specify the initial global state of the system: the
actual state space is then obtained by starting from this initial global state and
using the rules of the game. Hence a specific elementary net system is given by
a net and an initial global state. The rules of the token game are the same for
all elementary net systems.

A characteristic property of Petri nets is that the global state is a set (or
multiset) of local states and that the transition from a global state to another
global state is given by one or more local transitions, where local transitions act
on local states. More precisely, a local transition replaces a subset of the local
states of a global state by another such subset. Thus, Petri nets can be viewed
as set transition systems or set replacement systems (as opposed to the string
rewriting systems of formal language theory).

The local states of an elementary net system are also called places, and the
local transitions are just called transitions. The net is a finite directed graph;



its nodes are the potential places and transitions of the system, and its edges
assign input and output places to each transition. Thus the net defines for each
transition which local states are replaced by which other local states. The actual
global state is indicated by putting tokens on the places that are the actual local
states, and the token game is played by moving the tokens around, according to
the transitions that are executed.

Thus, in elementary net systems there are only finitely many potential local
states, and a global state is a finite set of local states. An important consequence
of this setup is that the state space of an elementary net system is finite. This
means that elementary net systems are a model of finite-state concurrent systems
(just as finite automata model finite-state sequential systems).

This section discusses the basic notions of a net, the token game played on the
net, and the state space of an elementary net system. However, before turning
to the formal definitions, we wish to give the reader some intuitive feeling for
the net-based approach to concurrent systems, through two easy and well-known
examples.

Very often, a concurrent system consists of several communicating concur-
rent components, each of which is sequential (i.e., executes its actions one after
the other). Concurrency of the components means that one component can per-
form (some of) its actions independently of (and thus simultaneously with) the
actions of another component. From time to time the components communicate
with each other, which means that they have to wait for each other and inter-
act by synchronizing their actions. In modelling such a concurrent system by
an elementary net system, a local state is a state of a component, and a local
transition is either an action of one component that is independent of the other
components, or consists of a synchronized action shared by several communicat-
ing components.

The producer/consumer problem Figure 4 shows an elementary net sys-
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Fig. 4. The producer/consumer problem.



tem that models the well-known producer/consumer problem. Places (i.e., local
states) are indicated by circles, and transitions by rectangles. For each transition,
the local states with an edge to the transition (the input places) are replaced by
the local states with an edge from the transition (the output places).

The system can be viewed as consisting of three components: the producer,
the consumer, and the buffer. The producer puts “production units” in the buffer
(which can contain only one such unit), and the consumer takes units from the
buffer.

The producer is always in exactly one of its local states p; or ps. If it is in
state p1, it can execute transition p (i.e., produce a unit) and go into state po
(which means that the token is moved from p; to ps). Then it can synchronize
with the buffer component through the execution of the shared transition f
(i-e., fill the buffer). The producer then returns to state p;, and the buffer place
b now also contains a token, to indicate that the buffer is full. The buffer can
be emptied again by the shared transition e (i.e., empty the buffer) in which
the consumer and the buffer synchronize, and the consumer moves to its local
state cz2. Then the consumer can execute transition ¢ (i.e., consume the unit) and
return to its local state c¢;. In the meantime the producer may have executed
transition p independently, and may have executed transition f as soon as the
buffer was empty.

Note that the producer and the consumer never communicate directly, i.e.,
never perform shared actions. However, they cooperate asynchronously via the
buffer.

The mutual exclusion problem Figure 5 shows an elementary net system
that models the well-known mutual exclusion problem. The system consists of
three components: component 1, component 2, and the “permission” component.
Components 1 and 2 compete for access to the same shared resource (such as
a printer). At any moment of time at most one of these components can use
the resource. It is the task of the permission component to schedule access to
the resource. The availability of the resource is represented by a “permission” in
place p; this permission is indicated by the presence of a token in place p.

A “critical section” is a part of a component which uses the shared resource
and hence needs protection against a possible “disturbance” by the other com-
ponent. The critical section of component 1 is represented by place ¢; and that
of component 2 by place cz. The noncritical part of component 7 (for 1 = 1,2) is
represented by places r; (the remainder) and w; (wait). Thus, component ¢ has
local states c¢;, 7;, and w;. Component ¢ can perform the actions in;, out;, and d;
(entering the critical section, exiting the critical section, and an action outside
the critical section). To enter or exit the critical section it has to synchronize
with the permission component, which has local states p (the resource is not
used), ¢ (the resource is used by component 1), and ¢z (the resource is used by
component 1), and can perform the actions in; and out;, i = 1, 2.

In the global state given in Fig. 5, components 1 and 2 compete for permis-
sion. Clearly, only one of the transitions ¢n; or ¢ns can be executed, permitting
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Fig. 5. The mutual exclusion problem.

either component 1 or component 2 (respectively) to access the resource. When
component ¢ has obtained permission and has finished using the resource, it re-
turns the permission to place p through transition out;. Note that components 1
and 2 never communicate directly, i.e., never perform shared actions. However,
they solve their conflict by communicating with the permission component. Note
also that the permission component has places in common with the other two
components. Thus, place ¢; represents both a local state of component 1 and a
local state of the permission component.

4.2 Nets
The main part of an elementary net system is its net, which is defined as follows.

Definition 1. A netis a triple N = (P, T, F), where:
(1) P and T are finite sets with PNT = &,

(2) FC(PxT)U(T x P),
(3) for every t € T there exist p,q € P such that (p,t),(t,q) € F, and
(4) for every t € T and p,q € P, if (p,t),(t,q) € F, then p # q.

Elements of P are called places, elements of T are called transitions, elements
of X = PUT are called elements (of N), and F' is called the flow relation (of



N). We will also use the notations Py, T, Xn, and Fy for P, T, X, and F,
respectively. Note that N can be the empty net, i.e., N = (2, 2, @).

For each z € X, *z = {y € X | (y,x) € F} is the input-set (or pre-set)
of z and z* = {y € X | (z,y) € F} is the output-set (or post-set) of z; the
set *z U z® is called the neighbourhood of x, denoted by nbh(z). Whenever we
want to indicate the net under consideration, the notations (*z)n, (z°®)n, and
nbhy(z) will be used. For Y C X, we write *Y = (J,cy *2, Y* = U,y 2%,
and nbh(Y) = *Y UY"* and the terminology is carried over correspondingly.
Note that the flow relation F' is completely determined if *¢ and ¢* are known
for every transition ¢t € T'.

Conditions (3) and (4) of Definition 1 can now also be formulated as follows.
For each transition t: *t # &, t* # &, and *t Nt* = &. These requirements do
not always appear in the literature, but we use them for two reasons. Firstly
because they are quite natural, and secondly because they allow us to avoid
many unnecessary technicalities. In the sequel, we will now and then indicate
where these conditions are used.

It is clear that a net N = (P,T,F) can in fact be seen as a directed graph
Gn: the nodes of Gy are the elements of X and there is an edge from z to y
iff (z,y) € F. Thus, the reflexive and transitive closure F* and the transitive
closure F'* indicate the paths in Gn: (z,y) € F* iff there is a (possibly empty)
directed path from z to y, and (z,y) € F* iff there is a nonempty directed path
from z to y.

Note that in fact Gy is a bipartite graph since {P, T} is a partition of X and
an edge leads either from P to T or from T to P. A difference between a net and
an arbitrary bipartite graph is that the partition is explicitly given and that an
explicit distinction is made between the two sets P and T of the partition, by
the order in which they appear in the tuple (P, T, F).

Since nets are graphs, the standard conventions for drawing graphs can be
applied to nets. In a drawing of a net, places are represented by circles and
transitions by rectangles.

Ezample 1. Let N = (P,T, F) be the net with P = {p1,p2,ps}, T = {t1,t2,13},

and F' = {(Pl;t2); (pl;t3); (P23t2): (p2;t3); (PS;tl); (tlapl)a (t2;p3)5 (t3ap3)}' N is
drawn in Fig. 6.

Since every net N corresponds in a natural way to a graph Gy, one can
classify nets by “structural”, i.e., graph-theoretic properties. In particular, the
following notions will be used in the sequel.

Definition2. A net N = (P, T, F)
(1) is acyclic if, for every z € X, (z,z) ¢ FT,

(2) is P-simple if, for all p,q € P, (°*p = *q and p*® = ¢*) implies p = ¢,
(3) is T-simple if, for all s,t € T, (*s = *t and s* = ¢*) implies s = ¢, and
(4) has no isolated places if, for all p € P, nbh(p) # @.

Note that, due to condition (3) in Definition 1, transitions are never isolated.

10



th F to ts

Fig. 6. A net.

Ezample 2. The net N from Example 1 (Fig. 6) is cyclic since, e.g., (p1,p1) € FT.
N is P-simple, but not T-simple because ®ts = ®t3 and t2* = ¢3*. N has no
isolated places. The net in Fig. 7 is P-simple and T-simple. It has an isolated
place and is cyclic.

Y

f
5

Fig. 7. A net that is P-simple and T-simple.

In considerations concerning the structure of a net, the concrete elements
of the net are not important. To express this, we use the following notion of
isomorphism. Note that, in the definition, the order of P and T in the tuple
(P,T,F) is taken into account; this is the way in which places and transitions
are distinguished formally (cf. Example 3(1)).

Definition 3. Two nets N = (P,T,F) and N' = (P',T',F') are isomorphic,
denoted by N = N’ if there exist two bijections & : P - P' and 8 : T — T,
such that for every pe P and t € T,

(p,t) € F iff (a(p), B(t)) € F' and

(t,p) € F iff (B(t),a(p)) € F'.



If we want to be more specific, we can say in the above situation that N and
N' are (a, B)-isomorphic, denoted by N =5 N '. The ordered pair (a, () is called
an isomorphism between N and N'.

The conditions for a and 3 in Definition 3 can also be formulated as follows:
for every t € T, *B(t) = a(*t) and B(t)* = a(t*), where, clearly, *3(¢) stands for
(*B(t))nr, *t stands for (*t)n, and likewise for the output-sets.

Ezample 3. (1) Let N and N’ be the two nets in Figs. 8 and 9, respectively. It is
clear that N = N’ does not hold; in fact, in N the output-set of every transition
is a singleton but in N’ there are transitions with an output-set of cardinality
2. However, the graphs Gy and G+ are isomorphic graphs: there is a graph
isomorphism « between G and Gnr, viz. v defined by v(t1) = p2, y(t2) = p1,
~v(t3) = ps3, 7(p1) = t3, Y(p2) = t1 and y(p3) = t2). This isomorphism does not
preserve the two sorts of the bipartition of the nets because it maps transitions
into places, and places into transitions!

D3

Fig.8. A net N.

Fig.9. A net N, not isomorphic with the net N of Fig. 8.

(2) Let N" be the net in Fig. 10. Let o and 8 be the bijections from Py
to Py and from T to T+ defined by a(p1) = ps, a(p2) = ps, a(ps) = p1,

12



B(t1) = ts, B(t2) = t3, and B(t3) = t4. Now N and N are («, 3)-isomorphic, and
soN =g N ". The isomorphism («, 3) does preserve the sorts: it maps transitions
into transitions, and places into places.

Ds

t5
Ds

D1

Fig. 10. A net N"”, isomorphic with the net N of Fig. 8.

4.3 The Firing of Transitions

A global state of a concurrent system consists of (is a set of) local states, where
a local state can often be viewed as the state of a component of the system. A
global state transition consists of local transitions. During a local transition a
“small” number of local states change, for instance as the result of a commu-
nication between some components of the system. Thus, the global states are
“distributed”, and so are the global state transitions.

When modelling a concurrent system by a net, the local states of the system
are represented by the places of the net and its local transitions are represented
by the transitions of the net, together with the flow relation. A global state of
the system is thus represented by a set of places; such a set of places will be
called a configuration.

Definition 4. A configuration of a net N = (P, T, F) is a subset of P.

Graphically, a configuration C' C P is represented by placing a “token” (i.e., a
fat dot, or a thumbtack when we use transparencies) in every circle corresponding
to a place in C'. Hence a single token represents a local state of the system, often
corresponding to the state of a component of the system. Since we mark the net
with tokens, a configuration is also called a marking of the net.

We are now ready to define the most fundamental Petri Net model, the
“elementary net system”. It is a net together with the initial configuration of
the system.

Definition 5. An elementary net system, EN system for short, is a quadruple
M = (P,T,F,C;,), where:

13



(1) (P,T,F) is a net and
(2) Cip, C P is the initial configuration.

For an EN system M = (P,T,F,C;,), we denote by und(M), P, T,
Fuyry and (Cin) p the net (P, T, F), P, T, F, and Cj,, respectively. Furthermore,
we will call und(M) the underlying net of M, the places will also be called
conditions, and the transitions will also be called events (in the literature, when
places are called conditions, a configuration is often called a case). Finally, the
terminology and notations concerning nets carry over to EN systems through
their underlying nets. Note that M can be the empty EN system, i.e., M =
(@7 g7 g7 g)'

We represent an EN system M graphically by representing und(M) graphi-
cally and marking the initial configuration (C;, ) by tokens.

Example . Let N = (P,T,F) be the net in Fig. 11. Then M = (P, T, F,C;,),
with Cy, = {p1,b, 1}, is an EN system with underlying net N. The EN system

M is drawn in Fig. 12. Note that M is the producer/consumer system of Fig. 4,
with a full buffer.

@pl C1
L Ip

L o

D2 C2

f c

Fig.11. The underlying net of the EN system of Fig. 12.

Until now we have considered nets and EN systems only as static objects.
We now turn to the definition of the dynamic behaviour of EN systems. This,
however, is not as easy as it is for sequential systems (such as finite-state au-
tomata). In fact, it is hard to express in a mathematical, convincing way that
certain events, such as the local state transitions of a concurrent system, occur
independently, “at the same time”. For this reason we will consider several de-
finitions of the behaviour of an EN system, in which the concurrency of events
is captured in different ways (without going into philosophical discussions about
the concept of time). We start with the simplest case, where we consider how a
configuration of an EN system is transformed by the execution of one transition

14
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Fig.12. An EN system.

of the system. Hence, in this case we do not yet consider concurrent events. In
other words, we start by defining the sequential behaviour of the EN system.

A local transition of a concurrent system replaces a subset of the local states
of a global state by another such subset. In the corresponding EN system, when
the input-set of the transition is a subset of the current configuration, execution
of the transition consists of replacing the input-set by the output-set of the
transition. This is also called a firing of the transition.

Definition 6. Let M = (P, T, F,C;,) be an EN system and let t € T
(1) Let C C P be a configuration. Then t has concession in C (or t can be
fired in C, or t is enabled in C) if *t C C and t* N C = @, written as t con C.
(2) Let C,D C P. Then t fires from C to D if t con C and D = (C —*t) Ut®,
written as C[t)D; t is also called a sequential step from C to D.

When it is necessary to indicate the EN system M under consideration, the
index M is used: we then write ¢t conys C and C[t) D instead of t con C and
C[t)D. In the literature C[t) is often written instead of ¢t con C.

Note that a transition ¢ can only be fired if it has both input-concession (i.e.,
*t C C) and output-concession (i.e., t* N C = &). Note also that, though we
write C[t)D, the new configuration D is uniquely determined by C and ¢, i.e., if
C[t)Dl and C[t)D27 then D1 = Dg.

The firing of a transition ¢ is also called the occurrence of transition ¢, or
the occurrence of event ¢. To represent the firing of a transition graphically, we
play the so-called “token game” as follows. If, in a given configuration (token
marking) C, there exists a transition (rectangle) ¢ such that every circle that
corresponds to an element of the input-set of ¢ contains a token, and every circle
that corresponds to an element of the output-set of ¢ does not contain o token,
then ¢ can be fired (i.e., t has concession). The firing of ¢ consists of removing
a token from every circle that corresponds to an element of the input-set of ¢
and placing a token in every circle that corresponds to an element of the output-
set of t, cf. Fig. 13. In this way, the token marking that corresponds to the
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before after

Fig. 13. Firing of transition ¢.

configuration (C' — *t) U t® is obtained. Note that this configuration can also be
written as (C'Ut®) — °t, since for arbitrary sets A, B and C the following holds
if A and B are disjoint: (C — A)UB = (CUB) — A (and *tNt* = & due to
Definition 1(4)).

Ezample 5. Let M be the EN system from Example 4 (Fig. 12). Then transitions
p and e have concession in Cyy,, i.e., p con C;, and e con Cj,; transitions f and
¢ do not have concession in Cj,. Both Cin[p){p2,b,c1} and Ciple){p1,c2} hold.
The configuration {p;,cs} is drawn in Fig. 14. Also, e.g., {p2,b, c1 }[e){p2, c2},
{p27 CZ}[f){pb b7 62}7 and {p17 b7 02}[C)C’i" hold.

@Pl C1
L Ip

L o

D2 C2(e®

f c

Fig. 14. The EN system of Fig. 12 after firing transition e.

We can also view the occurrence of event ¢ as a change of the values of certain
conditions (= places). The idea behind the definition of concession (Definition 6)
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is that the result of the occurrence of an event must be observable in each
component of the system that is involved in this event. Hence the event ¢ can only
occur if all pre-conditions hold (i.e., *t C C) and all post-conditions do not hold
(i.e., t*NC = @). After the event has occurred, the post-conditions hold and the
pre-conditions no longer hold. Hence, viewing places as booleans, the occurrence
of ¢t can be intuitively described by the execution of the following conditional
statement, in which all booleans in *t = {p1,...,pn} and t* = {q1,-..,4qn}
change their value:

if py and --- and p,, and ( not ¢;) and --- and ( not g,)
then begin p; := false;...; p,, := false;
q1 := true;...; gp:= true

end.

It must be observed that the execution of this statement is an atomic, indi-
visible, action and that the execution only takes place if the boolean condition
(between the if and the then) is satisfied. Also note that the order of the as-
signments is irrelevant.

The next result shows that there is an alternative, symmetric, way of defining
the firing of a transition.

Lemma7. Let M = (P, T, F,C;,) be an EN system. Lett € T and let C,D C P.
Then C[t)D iff C — D =*t and D — C = t°.

Proof. For arbitrary sets A, B, C, D, the following two statements are equivalent:
(1)ACC,BNC=@,and D=(C-A)UB,(2)C-D=Aand D-C=B. O

Let M = (P, T, F,C;,) be an EN system. Assume that an event ¢ takes place
in a configuration C and leads to configuration D (C[t)D in our notation). Then
the amount of change of the configuration that is caused by ¢, can be given by the
pair (C — D, D — C): the conditions in C'— D stop being valid and the conditions
in D —(C start being valid. From Lemma 7 now follows that the amount of change
caused by an occurrence of an event is determined only by the event itself, i.e.,
it is independent of the configuration in which it takes place. Thus we have:

(Vt S T)(VCl,Dl,C2,D2 g P) s if Cl [t)Dl and Cg[t>D2, then

Cl_D1:C2_D2 anle—Cl ZDQ—CQ.

This holds because, according to Lemma 7, Cy — D; = *t = Cy — D> and
Dy — Cy = t* = Dy — C5. Thus, each event ¢t determines unambiguously the
amount of change it causes (when it occurs); this amount of change is given
by its characteristic pair cp(t) = (°t,t*). However, there can be two distinct
events t; and ¢, that cause the same amount of change, i.e., they have the same
characteristic pair: *t; = ®t; and #;* = ¢2°*. This cannot happen in a T-simple
EN system, because in such a system a transition ¢ is completely determined by
its characteristic pair. Consequently, a T-simple EN system satisfies the following
principle of extensionality:
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(th,tQ c T)(VCl,Dl, 02,D2 g P) :if Cl[tl)Dl and Cg[tQ)DQ, then

tl :tz 1ffC’1 —D1 :Cz—Dz and D1 —01 :DQ—CZ.

This means that, in a T-simple EN system, distinct transitions cause different
amounts of change in all configurations.

For a given EN system we are only interested in those configurations that can
be reached from the initial configuration by the repeated firing of transitions,
and in the (sequences of) transitions that lead to these configurations. Knowing
the effect of firing a single transition allows us to define the effect of several
transitions that fire one after the other. Such a sequence of transitions can also
be considered as an observation of the system by a sequential observer (i.e., an
observer that can observe only one event at a time). Formally, a sequence of
transitions is a word over the alphabet T, i.e., an element of T*.

Definition 8. Let M = (P, T, F, C;,) be an EN system.

(1) Let t--+t, € T*, with n > 0 and #1,...,t, € T. Let C,D C P. Then
t1-- -ty fires from C to D if there exist configurations Cy,C4,...,C, C P with
Co=0C, C, =D and C;_1[t;)C; for all 1 < i < n, written as C[t; - - - t,)D.

(2) Let € T* and C C P. Then z has concession in C (or x can be fired
in C, or z is enabled in C) if there exists a D C P such that C[z)D, written as
z con C.

(3) z € T* is a firing sequence of M if x con Cj,. The set of all firing
sequences of M is denoted by FS(M).

(4) C C P is a reachable configuration of M if there exists an z € FS(M)
with Cip[z)C. The set of all reachable configurations of M is denoted by Cas.

(5) t € T is a useful transition of M if there exists a reachable configuration
C of M such that t con C. The set of useful transitions of M is denoted by
use(T), or just use(T) when M is clear from the context.

(6) t € T is a live transition of M if for each C' € Cy; there exists an x € T*
with 2t con C.

Note that a configuration C is reachable (i.e., C € Cyy) if there exist tran-
sitions t1,...,t, € T (with n > 0) and configurations C,...,C),, such that
Cpn = C and Cip[t1)Ci[t2)Cs - - - [tn)Cpn. Hence, Cpr can also be defined as the
smallest set of configurations for which the following holds: (1) C;, € Cpr and
(2) if C € Cpr and C[t)D for some t € T', then D € Cy. Properties of reachable
configurations can thus be proved by induction in the following way. Let P(C)
be a property of (reachable) configurations C' of M. Assume that it has been
proved that (1) P(Cjiy,) and (2) if C[¢t)D and P(C), then P(D). Then P(C)
holds for all C' € Cy;. We call this a proof by induction on C of the statement
VC € Cy : P(C).

Intuitively, a transition is useful when it can eventually be fired starting from
the initial configuration, and it is live when it can eventually be fired starting
from any reachable configuration. Thus every live transition is useful.

Ezample 6. Let M = (P,T,F,C;,) be the EN system of Example 4 (Fig. 12).
From the discussion in Example 5 it follows that the sequence of transitions

18



pef € T* fires from {p1,b,c1} to {p1,b,c2}, and so {p1,b, c1 }[pef){p1,b, c2}. Con-
sequently, pef has concession in Cj, = {p1,b,c1}, written as pef con {p1,b,c1},
and pef is a firing sequence of M, written as pef € FS(M). The configura-
tions {p1,b,c1}, {p2,b,c1}, {p2, 2}, and {p1,b,ca} that are “encountered” dur-
ing the firing of pef are thus reachable configurations of M, written as {p;,b, ¢ },
{p2,b,c1}, {p2, 2}, {p1,b,c2} € Cpr. Since ¢ con {py,b, 2}, all transitions of M
are useful. In the comments following Example 7 we observe that all transitions
of M are even live. The transitions of the EN system of Fig. 15 are all useful,
but none is live: from the (reachable) configuration {ps} no other configuration
can be reached, and so no transition can be fired anymore.

yai

D4 Ds

Fig.15. An EN system of which all transitions are useful, but none is live.

When analyzing the (sequential) behaviour of an EN system M, its (sequen-
tial) configuration graph is often useful. It directly represents the way in which
the set Cps is constructed from Cj, by firing transitions.
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Before presenting its formal definition, we first recall the notion of a (di-
rected) edge-labelled graph. Here we want such a graph to be “initialized”, i.e.,
to have an “initial node”. Also, we allow an edge to have a set of labels rather
than a single label, because this will be needed when we consider concurrent
configuration graphs. In the literature, initialized edge-labelled graphs are also
known as transition systems.

Definition 9. An (initialized) edge-labelled graph is a quadruple (V, I, X, v;y,),
where V is a finite set of nodes, v;, € V is the initial node, X is a finite set of
(edge-) labels, and I' CV x P(X) x V is a set of (labelled) edges.

For an edge e = (v,U,w) € I' of such a graph G = (V, I, X, v;,), U C X' is
the set of labels of e. If U is a singleton, U = {o}, then we also write the edge e
as (v,o,w) rather than (v, {c},w).

Isomorphism of edge-labelled graphs is defined in the following way. Note
that this notion of isomorphism also allows the labels to change.

Definition 10. Let G4 = (V4,[1, X1,v1) and Go = (Va, 2, X2, v2) be two edge-
labelled graphs. Then G and G2 are isomorphic, denoted by G1 = Go, if there
exist two bijections a: V3 = V5 and 8 : X1 — X5 such that a(v) = ve and, for
all v,w e V] and all U C X4, (v,U,w) € I iff (a(v), 8(U),a(w)) € I5.

Here, as usual, S(U) = {B(0) | 0 € U}. If we want to be more specific, then
we say that G1 and G are («, 8)-isomorphic, written as Gy =3 Gy.

The (sequential) configuration graph of an EN system is now formally defined
as follows; here each edge has exactly one label, i.e., ' C V x X' x V. In the
literature it is often called the sequential case graph, or the transition system of
the EN system.

Definition11. Let M be an EN system. The sequential configuration graph of
M, denoted by SCG(M), is the edge-labelled graph (V, I, X, v;,), where V =
Cu, vin = (Cin)m, X = use(Ty), and I' = {(C,t,D) | C,D € Cpy, t €

Ezample 7. For the EN system M from Example 4 (Fig. 12), SCG(M) is given
in Fig. 16. The “wriggly” arrow indicates its initial node (i.e., the initial configu-
ration of M). To simplify notation, we use ajaz - - - a,, for the set {a;,az,...,a,}.

Note that the useful transitions of an EN system M are precisely the labels
that actually occur on the edges of the sequential configuration graph of M.
Also the liveness of a transition ¢ of an EN system M can easily be decided by
analyzing the sequential configuration graph of M: from each node of SCG(M)
there must exist a path to a node with an outgoing edge labelled by ¢. Thus, for
the EN system M of Fig. 12, SCG(M) of Fig. 16 shows that all transitions of
M are live.
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p2bes

Fig.16. A sequential configuration graph.

The class of transition systems corresponding to EN systems (i.e., the class
of all sequential configuration graphs SCG(M)) is characterized and studied in
[EhrRoz90, NieRozThi92a, NieRozThi92b, NieRozThi95].

The sequential configuration graph SCG(M) can be considered as the (se-
quential) “state space” of the EN system M. Since M has only finitely many
configurations, its state space is finite. Thus, an elementary net system M is a
model of a finite-state concurrent system, and SCG(M) models its sequential
behaviour. Since finite automata model finite-state sequential systems, there is
a clear relationship between elementary net systems and finite automata. In
fact, to the reader familiar with formal language theory (see, e.g., [HopUl79])
it should be clear that the sequential configuration graph SCG(M) can be seen
as a finite automaton with initial state Cj, (and all states being final states). A
firing sequence of M is a word in T'j; that forms the concatenation of the labels
of a path in SCG(M) that starts in Cj,. Hence, the firing sequences of M are
precisely the words that are accepted by the finite automaton SCG(M). This
gives the following result.

Theorem 12. For every EN system M, FS(M) is a regular language.

Proof. Let M = (P,T,F,Cy,). Consider the (deterministic) finite automaton
A with input alphabet use(T"), set of states Cps, initial state Cjy, set of final
states Cps (thus each state is a final state), and set of state transitions {(C, ¢, D) |
Clt)muD}. Then FS(M) is the language accepted by A. O

Note that the language FS(M) is prefix-closed, i.e., if a word z is contained
in FS(M), then also each prefix of z is contained in FS(M). This follows directly
from the definition of a firing sequence (Definition 8) and explains why all states
of the automaton A are taken as final states in the above proof. Hence not
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every regular language is the set of firing sequences of an EN system (e.g., the
language {ab}, with a,b € X, is regular but not prefix-closed). Also, not every
prefix-closed regular language is the set of firing sequences of an EN system;
e.g., {\,t,tt} with ¢ € X is such a language, because no transition can fire twice
consecutively (if C[t)D, then *t N D = &, and hence ¢ does not have concession
in D).

4.4 Concurrency

Intuitively it is not so difficult to get an idea of a “run” of an EN system in
which transitions can fire concurrently, i.e., independently of each other. In fact,
in everyday life, people can be viewed as communicating concurrent components
of a large system. However, to formalize this intuition is not so easy. We will now
give a first attempt to capture the concurrent firing of transitions in a formal
definition. The second, more sophisticated, attempt is presented in Section 6. In
this first attempt, we still view the behaviour of an EN system in terms of global
state transitions that are made in a step-wise fashion. However, as opposed to
Definition 6(2), we now allow several transitions to fire in one such step.

Intuitively, two transitions such that each of them has concession in a given
configuration, can be fired concurrently provided they are disjoint, i.e., have no
common places. Also, it is intuitively clear how the configuration is transformed
by firing both transitions. We will now formalize these intuitions; we do this
right away for an arbitrary number of transitions (rather than two).

Definition 13. Let M = (P, T, F,C;,) be an EN system.

(1) Let U C T. U is a disjoint set of transitions if U # & and for every
two distinct transitions t1,t2 € U: nbh(¢;) N nbh(t,) = &; this is denoted by
disj(U).

(2) Let U C T and let C C P. Then U has concession in C (or U can be fired
in C, or U is enabled in C) if disj(U), *U C C, and U®* N C = @; this is denoted
by U con C.

(3) Let U C T and let C,D C P. Then U fires from C to D, written as
ClU)D, it U con C and D = (C —°*U)UU®. If #U > 2, then we also say that
U is a concurrent step from C to D.

The firing of a disjoint set of transitions U can be seen as a global state
transition of the system M, consisting of local state transitions (namely the
transitions in U). Thus, states and state transitions are now treated in a similar
way: global states (configurations) are sets of local states (places) and global
state transitions (concurrent steps) are sets of local state transitions (sequential
steps).

Analogous to Lemma 7 we obtain the following lemma.

Lemma14. Let M = (P, T, F,Cy,) be an EN system. Let U C T and let C,D C
P. Then C[U)D holds iff disj(U), C — D =*U, and D — C = U".
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The amount of change caused by a set of transitions is thus cumulative, i.e., it
equals the sum of the changes caused by the separate transitions. As in the case of
single transitions this means that the amount of change caused by the occurrence
of several disjoint events is determined only by these events themselves, not by
the configuration in which they occur. However, in a T-simple EN system the
principle of extensionality does not necessarily hold for concurrent steps. For
example, it is easy to construct an EN system with three transitions ¢y, to, t3 for
which .t3 = .{tl,tz} and t3. = {tl,tz}..

Ezample 8. Let M be once again the EN system of Example 4 (Fig. 12). Then
{p,e} is a disjoint set of transitions (thus disj({p,e})), but {f,e} is not. The
only disjoint sets U with #U > 2 are {p, e}, {p,c} and {f,c}. The set {p, e} has
concession in Cy, (thus {p,e} con {p1,b,c1}), and {p1, b, c1}[{p, e}}{p2, c2}.

The concession of a set U of transitions (in a given configuration) can be ex-
pressed through the concessions of the transitions in U, together with a simplified
disjointness condition, as follows.

Lemma15. Let M = (P,T, F,C;,) be an EN system. Let C C P and letU CT
with U # @. Then U con C iff

(1) t con C for allt € U, and

(2} fOT all t1,ts € U with t, 75 to, *t1 Ny = and t1° Nt* = .

Proof. Obviously, *U C C and U*NC = @ if and only if ¢ con C for all t € U.
Moreover, if t; con C and t2 con C, then *t; Ntx* = F and tL° N =@. O

For a concurrent step U from configuration C to configuration D, each split-
ting of U into nonempty sets U; and U, yields two (concurrent or sequential)
steps Uy, Us which, when executed sequentially in arbitrary order (first U; then
Us, or first Uy then Uy), lead to the same configuration, i.e., fire from C to D.
This is formally expressed as follows.

Lemma16. Let M = (P,T,F,C;,) be an EN system, let C,D C P, and let
U CT. Let {Uy,Us} be a partition of U, i.e., U =U UUz, Uy NUz = & and
Ui,Us # @. If C[U)D, then there exists a configuration E C P such that C[U,)E
and E[Us)D.

Proof. It is intuitively clear that E is the configuration that is obtained by firing
U, ie., E=(C —*U;) UU;°*. The formal proof is as follows.

To begin with, disj(U;) and disj(Us) follow from disj(U). From Lemma 14 it
follows that CN D, *U, and U*® are mutually disjoint sets with C = (CND)U*U
and D = (CND)UU®. From disj(U) and the fact that {U;, Uz} is a partition of
U it then follows that CN D, *Uy, *Us, U;®, and Uy® are mutually disjoint sets,
with *U =*U; U*U; and U® = U;* UU>*. Hence C = (CND)U°*U; U*U, and
D = (CnD)UU,*UUy*. Now consider the configuration £ = (CND)UU,*U°*U,
(iie., E=(C—*U1)UU;*). Then C — E = *U; and E — C = U;*, and thus
C[U1)E according to Lemma 14. Likewise E — D = *Uy and D — E = U,*, and
thus E[U2)D according to Lemma 14. O
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This lemma expresses a so-called diamond property: if C[U)D and {U;,Us}
is a partition of U, then there exist two configurations E; and Fs such that
ClUL)E 1 [U2)D and C[Us)E»[Ur)D. A drawing (in Fig. 17) of the four steps
C[U1)E,, E1[Us)D, C[U2)E,, and Es[Up) D gives a “diamond”; the step C[U)D
is then a diagonal of this diamond. More general diamond properties are studied
in [HooRoz91].

Fig.17. A diamond.

It follows directly from Lemma 16 that a concurrent step can be realized by
the firing of its elements in an arbitrary order. Such a realization of a concurrent
step intuitively corresponds to a possible way in which a sequential observer
sees the step as a sequence of sequential steps. This is expressed by the following
lemma.

Lemmal7. Let M = (P,T, F,C;,) be an EN system, let C,D C P and let U C
T. If ClU)D, then C[ty---t,)D for each ordering (t1,...,t,) of the elements of
U.

Proof. By induction on #U. The induction step follows directly from Lemma, 16.
O

This thus means that by allowing concurrent steps no new reachable config-
urations are obtained (and no new useful transitions). Adding all steps (C, U, D)
with #U > 2 to the sequential configuration graph leads only to new edges
labelled by sets of transitions.
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Definition 18. Let M be an EN system. The configuration graph of M, denoted
by CG(M), is the edge-labelled graph (V, I, X, v;,), where V. = Cyr, vi, =
(Czn)M; Y= use(TM), and I' = {(C, U,D) | C,D S (CM, UC TM, C[U)MD}

Note that if C[U)yD and C € Cy, then U C use(Tys), according to
Lemma 15.

Ezample 9. Let M be the EN system from Example 4 (Fig. 12). The configura-
tion graph CG(M) is drawn in Fig. 18. Compare CG(M) with the sequential
configuration graph SCG(M) of Fig. 16. Also note that CG(M) contains sev-
eral “diamonds” (see Fig. 17) such as, e.g., the diamond at the concurrent step

{Pl, ba 01}[{1), e}){p% 02}'

Fig. 18. A configuration graph.

Rather surprisingly, Lemma 17 also holds the other way around. To prove
this (in Theorem 20) we use the following diamond property, which shows that
a diamond exists whenever three of its sides are given, cf. [HooRoz91].

Lemma19. Let M = (P,T, F,C;,) be an EN system, let C C P and lets,t € T'.
If st con C and t con C, then {s,t} con C.

Proof. Since st con C, s con C certainly holds. Since ¢ con C also holds, it
suffices according to Lemma 15 to show that *s N *t = @ and s* Nt* = &. Let
C[s)D. Then *sND = @& and s* C D. Sincet con D, *t C D and t*ND = @.
Hence *sN®*t =@ and s*Nt* = a. O

Now we prove the so-called sequentialization property.
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Theorem 20. Let M = (P,T,F,C;,) be an EN system, let C,D C P and let
UCT withU # @. Then

(1)U con C iffty ---t, con C for every ordering (t1,...,t,) of the elements
of U, and

(2) CIUYD iff C[t1 - - - tn) D for every ordering (t1,...,tn) of the elements of
U.

Proof. (Only-if) The only-if-part of (2) is Lemma 17. From this the only-if-part
of (1) directly follows.

(If) We first prove the if-part of (1). For each t € U there exists an or-
dering (t1,...,t,) of U with #; = t. This implies that ¢t con C for all t € U.
What remains to be proved (see Lemma 15), is disj({s,t}) for every two dis-
tinct elements s and ¢ of U. To this aim, we use Lemma 19. We already know
that ¢ con C. If we now consider an ordering of U of the form (s,t,t3,...,t,),
then, by assumption, stts---t, con C. Hence st con C, and so, by Lemma 19,
{s,t} con C. Thus disj({s,t}).

The if-part of (2) can now easily be deduced from the if-part of (1) and the
only-if-part of (2). O

According to this theorem, the concession and the effect of a concurrent
step are completely determined by the concession and the effect of sequences of
sequential steps. Hence we can use the properties of firing sequences of transitions
when reasoning about concurrent steps. In particular, it follows from Theorem 20
that we can construct the configuration graph CG(M) of an EN system M from
its sequential configuration graph SCG(M), even if we do not know M itself
(see Section 4 of [HooRo0z91]). Thus, the sequential configuration graph contains
already all the information about concurrency! This is formally expressed in the
next theorem.

Theorem 21. For EN systems M and M’,
SCG(M) = SCG(M") iff CG(M) = CG(M").

Proof. (If) It follows directly from the definitions that if CG(M) =5 CG(M'),
then SCG(M) =3 SCG(M').

(Only-if) Assume that SCG(M) =3 SCG(M'). This means that for all C, D €
Cuyr and t € use(Ty), Clt)u D iff a(C)[B(t))sr (D). It is now easy to prove,
by induction on |z|, that for all C,D € Cy and z € use(Ty)*, Clz)y D iff
a(0)[B(z)) pmr a(D); note that, for x =1 ---t,,, B(z) = B(t1) - - - B(t,) according
to Section 3. From this and Theorem 20 it follows that for all C, D € Cy; and
U C use(Ty), ClU)mD iff a(C)[B(U))mr (D). Thus CG(M) =5 CG(M'). O

It is shown in [HooRoz91] that this result (and in particular its If direction)
is still true if the isomorphism between the configuration graphs disregards the
fact that the edges are labelled by sets, viewing them as abstract symbols (i.e., if
in Definition 10, § is taken as a partial injective function from P(X;) to P(X2)).
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4.5 Fundamental Situations

An attractive feature of Petri Net models is that important notions concerning
concurrent systems can be formulated in terms of, e.g., EN systems in a very nat-
ural way. To illustrate this aspect of EN systems, we discuss several fundamental
situations that may occur in the dynamic behaviour of (concurrent systems that
can be modelled by) EN systems. In what follows, we assume that an EN system
M = (P,T,F,C;,) is given.

There are three fundamental relationships that may hold between two events
t1 and t9 in a given configuration C': causality, concurrency, and conflict.

(1) Causality (of events ¢; and ¢, in configuration C).

This notion is illustrated in Figs. 19 and 20: ¢z con C' does not hold, but
t1ta con C does hold. Thus, t; needs to occur to grant concession to o (input-
concession in Fig. 19, and output-concession in Fig. 20). In other words, #; is
one of the causes of 5. An equivalent formal definition is: t;¢5 con C holds, but
t1° Nty 75 @ or *t; Ntx*® 75 z (Verify this).

o
P

Fig. 19. Causality: t1°* N *t2 # 2.

S
P

Fig. 20. Causality: *t; Nt2* # .
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(2) Concurrency (of events ¢; and t, in configuration C).

This notion is illustrated in Fig. 21: {¢1,t2} con C. Figure 22 shows a more
complete picture of the situation: it gives a representation of C' and P — C, and
it shows how ®t1, °ts and t;°,t5° fit into C' and P — C, respectively.

7 %
\

Fig. 21. Concurrency.

Fig. 22. Concurrency, the complete picture.

Hence if t1t2 has concession in C, then ¢; and t; are related by either causality
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or concurrency: if to con C' does not hold, then there is causality, and if 2 con C'
does hold, then (by Lemma 19) there is concurrency.

(3) Conflict (between events t; and t, in configuration C).

This notion is illustrated in Figs. 23 and 24: both #; con C and t; con C
hold, but {¢1,t2} con C does not hold. Consequently, by Lemma 15, *¢; N *ty #
g or t1° Ntx®* # @. If the former holds, then we have an input-conflict (rep-
resented in Fig. 23), and if the latter holds, then we have an output-conflict
(represented in Fig. 24). Obviously, input-conflict and output-conflict can also
both be present.

“t, S T e Nt
e

/’ w.u.gs,é\
f.{/) X ‘\\}\

Fig. 23. Input-conflict.

Hence if ¢; and ¢2 both have concession in configuration C, then there is either
conflict or concurrency. In the case of concurrency ¢; and ¢, are independent,
whereas in the case of a conflict they are not independent. That is why a conflict
intuitively leads to a nondeterministic choice between the transitions (either
t1 occurs, or to occurs). Clearly there is no need for choice if ¢; and ty are
concurrent. EN systems in which no choice is made are particularly easy to
understand; they are the concurrent equivalent of deterministic finite automata
in the sequential case.

Definition 22. An EN system M = (P, T, F, C;y,) is conflict-free if for every C €
Car and all transitions t1,t2 € T:if t; con C and t5 con C, then {t1,t2} con C.
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Fig. 24. Output-conflict.

Since in a conflict-free EN system choices are never made, it has only one
run. The EN system of Fig. 4 is conflict-free, for “structural reasons”: both
p® and °®p contain at most one transition, for every p € P; such systems are
clearly conflict-free: {t1,t2} con C follows from *t; N*ts = @ and t;* Nt2* = &,
by Lemma 15. In the literature (see, e.g., [LanRob78]) conflict-free systems are
usually called persistent, in which case the term ‘conflict-free’ is reserved for a
structural subclass such as the one above.

The interplay between concurrency and conflict may be quite intricate, and in
particular it can lead to confusion - a phenomenon that seems to be fundamen-
tally present in nature and appears in various disguises, depending on the chosen
level and way of description of a concurrent system. Here we discuss confusion
in the framework of EN systems.

(4) Confusion.

Consider the EN system in Fig. 25, hence C;, = {p1,p2,p3}. Let C =
{p4,ps}; thus Cin[{t1,t2})C. Different sequential realizations (¢1t2 and tat1) of
this concurrent step have drastically different properties. Since sequential real-
izations of a concurrent step correspond to observations of the step by sequential
observers, assume that we have two honest sequential observers O; (correspond-
ing to t1t2) and Oy (corresponding to tot;). They will report their observations
as follows:

O;: “t; occurred first without having been in conflict with another event; then
to occurred”, and

Os3: “ty occurred first; this resulted in a conflict between ¢; and ¢3 which was
resolved in favour of ¢;, and so ¢; occurred”.
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Fig. 25. A conflict-increasing confusion.

This is therefore a confusing situation, which resulted from the interplay be-
tween concurrency (between t; and t3) and conflict (between ¢; and ¢3). Systems
where confusion occurs are in general difficult to analyze. This is due to the fact
that the intermediate configurations determined by the different sequential re-
alizations of a concurrent step can differ drastically from each other, as we have
seen in the example above. Consequently, in general one may have to analyze all
possible sequentializations of the step rather than just one. The theory of Petri
Nets suggests that it is not the combination of concurrency and conflict as such
that causes difficulties. Only those combinations of concurrency and conflict that
result in confusion create problems. Unfortunately it is not always possible to
avoid confusion. Even the rather simple “mutual exclusion problem” discussed
in Section 4.1 contains confusion (in configuration {wq,p,ra2}).

We now turn to a formal discussion of confusion.

Definition 23. Let M = (P,T, F,C},) be an EN system, let C € Cys, and let
t € T be such that ¢ con C. The conflict set of t in C, denoted by cfi(¢,C), is
the set {t' € T | t' con C and - {¢,t'} con C}.

Hence the conflict set of an event ¢ in a configuration C' is the set of all events
that are in conflict with ¢ in C'. Note that ¢ is in conflict in C' only if ¢ itself has
concession in C.

Definition 24. Let M = (P,T,F,C;,) be an EN system, let C € Cp, and
let ¢1,t3 € T. The triple (C,t1,t2) is called a confusion (in C) if t; # to,
{t1,t2} con C, and cfi(t;,C) # cfl(t1, D), where C[t2)D. Then M is confused
in C' if there is a confusion in C.

Hence a triple (C,t1,t2) is a confusion if {t;,t2} is a step in C and the
occurrence of t5 in C' changes the conflict set of ¢;.
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Example 10. Consider the EN system M depicted in Fig. 25. For the config-
uration C = {p1,p2,p3} = Cin, cfl(t1,C) = @. Hence (C,t1,t2) is a confu-
sion, because {t1,t2} con C' and cfi(t;,C) = @ # {t3} = cfi(t;, D), where
D = {p1,p3,pa}-

It is natural to distinguish the following two types of confusion.

Definition 25. Let M = (P, T, F, C;,) be an EN system, let C € Cyy, let t;,15 €
T, let v = (C,t1,t2) be a confusion, and let C[t2)D.

(1) v is a conflict-increasing confusion, ci confusion for short, if cfl(t;, D) 2
Cﬂ(tl ) C)

(2) v is a conflict-decreasing confusion, cd confusion for short, if cfl(t;,D) &
Cﬁ(tl , C)

Ezample 11. (1) Consider the EN system M and the confusion (C,t1,t2) from
Example 10 (Fig. 25). Since cfl(t1,D) 2 cfi(t1,C), (C,t1,t2) is a ci confusion.

(2) Consider the EN system in Fig. 26. For C = C;, = {p1,p2}, (C,t1,12)
is a confusion because {t1,t2} con C and cfi(t;,C) = {t3} # @ = cfi(t1, D),
where D = {p1,ps}. Furthermore, since cfl(t;, D) G cfi(t1,C), (C,t1,t2) is a cd
confusion.

b1 D2

t1 t3 2]

Ds D4 D3

Fig. 26. A conflict-decreasing confusion.

(3) Consider the EN system in Fig. 27. For C = Cj, = {p1,p2,p4}, (C,1t1,12)
is a confusion because cfl(t1,C) = {t3} # {t«} = cfi(ts,D), where D =
{p1,p3,pa}. Note that (C,t;,t2) is neither a ci confusion nor a cd confusion.

As we have seen in the above example, the classification of confusions into ci
confusions and cd confusions is not exhaustive: there exist confusions that are
neither ci nor cd.

If (C,t1,t2) is a confusion, then the occurrence of ¢ in C has a rather strong
impact on the occurrence of ¢; in C: it changes the conflict set of ¢;. Hence the
fact that (C,t1,t2) is a confusion shows an influence of ¢ on ¢; (in C). In order
to better understand the mutual dependency between ¢; and t» it is important to
know whether ¢; has the same sort of influence on t5 (in C'). This consideration
leads to the notion of symmetric confusion.
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Fig.27. A confusion that is neither conflict-increasing nor conflict-decreasing.

Definition 26. Let M = (P, T, F, C;;,) be an EN system, let C € Cys,let t1,t2 €
T and let v = (C,t1,t2) be a confusion. Then ~ is symmetric if (C,ts,%1) is also
a confusion, otherwise =y is asymmetric.

Ezample 12. (1) Consider the EN system M and the confusion (C,ty,ts) from
Example 10 (Fig. 25). Since (C, t2,t1) is not a confusion, (C,t1,t2) is a ci confu-
sion that is asymmetric (see also Example 11(1)).

(2) Consider the EN system in Fig. 28. For C = C, = {p1,p3}, (C,t1,12) is
a ci confusion and (C,t3,t1) is a ci confusion. Hence (C,t1,%2) is a ci confusion
that is symmetric.

Q Ds Qpa

Fig. 28. A symmetric confusion.

(3) The confusion (C,t1,t2) from Example 11(2) (Fig. 26) is a symmetric cd
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confusion.
(4) The confusion (C,t1,t2) from Example 11(3) (Fig. 27) is a symmetric
confusion that is neither a ci confusion nor a cd confusion.

The above example shows that the division into ci and cd confusions is rather
independent from the division into symmetric and asymmetric confusions. We
will not consider the topic of confusion in more detail here, however we would
like to mention that the only nontrivial relation between these dividing lines is
that cd confusions are always symmetric (in fact, if (C,t1,t2) is a cd confusion,
then there is a transition ¢ such that ¢ con C' and ¢ is in conflict with both ¢;
and tz)

A structural restriction on EN systems that guarantees the absence of con-
fusion will be discussed in Section 9.7.

5 Equivalences and Normal Forms

When we wish to express in a formal, mathematical, way that two systems “are
similar to each other” or that they “behave in the same way”, then we have to
define an equivalence relation on the class of all systems, such that the systems
that “are similar to each other” or “behave in the same way” form an equiva-
lence class. Such equivalence relations are particularly useful when one wants to
transform or optimize a system without changing its “behaviour”, i.e., transform
a system into a “better”, equivalent system. If R is a property of EN systems
such that for each EN system there is an equivalent one satisfying R, then we say
that R is a “normal form” for the class of EN systems. In this section we consider
several notions of equivalence and normal forms for EN systems. In particular,
we formalize the notion of a component of an EN system and show that every EN
system is equivalent with one that can be viewed as consisting of communicat-
ing concurrent components (where each of the components is sequential). Such
decompositions of Petri nets are studied, e.g., in [Hac72, DesEsp95]. A survey of
various notions of equivalence for EN systems is presented in [PomRozSim92].

5.1 Equivalence

The simplest (and least interesting) definition of equivalence is isomorphism.
Two EN systems are isomorphic if their underlying nets are isomorphic in such
a way that the initial configurations correspond to each other.

Definition 27. Two EN systems M = (P, T, F,C;,) and M' = (P, T', F',C!,)
are isomorphic, denoted by M = M’, if there exist two bijections o : P — P’
and 8 : T — T" such that und(M) =§ und(M') and a(Cin) = Cf,.

Thus, isomorphic EN systems have the same static structure. Now we will
try to capture the dynamic “behaviour” of EN systems through an equivalence
relation, as discussed above. For EN systems there are many possibilities to
define such a notion of equivalence, some weaker than others. If two systems are
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isomorphic, then they will be equivalent for any of these notions. The underlying
idea for all the notions of equivalence that we will consider, is that “behaviour”
is mainly concerned with the actions (transitions) that occur during a run of the
system and not so much with the distribution of the global state of the system
(over the places).

Our first notion of dynamic equivalence defines two EN systems to be equiv-
alent if there exist one-to-one correpondences between the transitions and the
configurations (not the places!), such that the correspondence between config-
urations is preserved by firing corresponding transitions. This means that the
systems “simulate each other’s behaviour”.

Definition 28. Let M = (P,T,F,C;,) and M' = (P',T',F',C},) be two EN
systems. Then M and M’ are configuration equivalent, denoted by M ~ M', if
there exist two bijections a : Cpy — Cpr and 8 : usepy (T) — usepr (T) such
that

(1) a(Ci) = C},, and

(2) for all C,D € Cpr and t € usepn (T), C[t) D iff a(C)[B()) pr (D).

If we want to be more specific, then we say that M and M' are (a,f)-
configuration equivalent, denoted by M ~j M "

It can directly be seen that = is indeed an equivalence relation on the class of
EN systems. In fact, configuration equivalence is strongly related to the configu-
ration graphs. It immediately follows from the definitions that two EN systems
are configuration equivalent iff their sequential configuration graphs are isomor-
phic. Hence here the behaviour of an EN system is identified with (represented
by) its sequential configuration graph, modulo isomorphism. According to The-
orem 21 this notion of behaviour covers also the concurrent behaviour of the
system.

Theorem 29. Let M and M' be two EN systems.
Then M ~ M' iff SCG(M) = SCG(M'") iff CG(M) = CG(M").

It is easy to see that M = M' implies M =~ M', i.e., isomorphic EN systems
are configuration equivalent. On the other hand there exist configuration equiv-
alent EN systems that are not isomorphic (see the next example). Configuration
equivalence is thus weaker than isomorphism of EN systems.

Ezample 13. Let M be the EN system of Fig. 29 and M' the EN system of
Fig. 30. M and M’ are not isomorphic. It is clear that Cyy = {{p1}, {p3,ps},
{p27p4}7 {p5}7{p6}} and Cpyr = {{p1}7 {p2}7 {p3}7 {p4}7{p5}}' All transitions
are useful. Let a : Cpy — Cppr and B : Ty — Ty be the bijections defined as
follows: a({p1}) = {p1}, a({ps,pa}) = {p2}, a({p2, ps}) = {p3}, a({ps}) = {ps},
a({ps}) = {ps}, and B(t;) = t; for all 1 < i < 6. Now it should be clear that
M =~§ M'. The sequential configuration graphs SCG(M) and SCG(M') are
given in Figs. 31 and 32. It is easy to see that SCG(M) =§ SCG(M'). Note
that for both M and M' the configuration graph is the same as the sequential
configuration graph.
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Fig.29. An EN system M.

t3 te

Fig. 30. An EN system M’ configuration equivalent with the EN system M of Fig. 29.
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Fig. 31. The configuration graph of the EN system M of Fig. 29.
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Fig. 32. The configuration graph of the EN system M’ of Fig. 30.

The following technical lemma, is often useful in proofs of configuration equiv-
alence.

Lemma30. Let M = (P,T,F,C;,) and M' = (P',T',F',C},) be two EN sys-
tems. If a is an injective function, a : Coy — P(P'), and B is a bijective function,
B :useyp(T) = T', such that
(1) a(Cin) = C},, and
(2) for all C,D € Cpr and t € usep(T),

C[tymD implies a(C)[5(t)) mr (D), and

B(t) conpp a(C) implies t cony C,
then M ~§ M'.
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Proof. We first prove the if-part of Definition 28(2). Let «(C)[B(t)) s (D).

Then 3(t) conp a(C) and thus t conys C. Let C[t)pr E. Then a(C)[8(t)) pmr a(E).
Hence a(E) = a(D). Since « is injective, E = D and thus C[t)y D.

* To prove that « is a bijection between C,; and Cp; we first show that
a(C) € Cyp for every C € Cpy. This is done by induction on C. For C' =
Cin, a(Cin) = C}, € Cpyp by (1). Now assume (as induction hypothesis) that
a(C) € Cyr and let C[t) prD. We have to prove that a(D) € Cppr . From C[t) pr D
and (2) it follows that «(C)[8(t))m a(D). Since a(C) € Cpr, we obtain that
a(D) € Cpr. Next we show that « is surjective, i.e., that for every C' € Cpp

there exists C' € Cps with a(C) = C'. This is done in the same way, by induction
on C'. For ¢! = C},,, according to (1), we can take C = Cj,. Now assume that
a(C) = C' for C € Cp and let C'[t')pr D'. Since B is a bijection, there is a
t € use(T) with 3(t) = t'. Hence 5(t) con a(C) and thus ¢ con C according
0 (2). Let C[t)mD. Hence D € Cpr. Then o(C)[B(t))m a(D); in other words
C'[t"Ymra(D), and thus (D) = D'.

We still have to prove that 3 is a bijection from usep(T') to usen (T"), i.e.,
that 8(t) € usepr (T") for every t € usep (T). If t € usep(T), then there exist
C,D € Cyr such that C[t)pD. Hence a(C)[B(t)) mra(D). Since a(C) € Cuyr,
B(t) € usepr (T"). O

A similar, but less stringent, definition of equivalence is obtained by no longer
requiring the correspondence a between configurations to be a bijection, but just
a relation. In that way the systems can still simulate each other’s behaviour “step
by step”, but the configuration graphs no longer need to be isomorphic. Again,
the correspondence between the transitions is a bijection because we are mainly
interested in the transitions (modulo their identity) of a system.

Definition31. Let M = (P,T,F,C;,) and M' = (P',T',F',C},) be two EN
systems. M and M' are weakly configuration equivalent, denoted by M =, M’',
if there exists a relation o C Cys x Cpr and a bijection 8 : use(T') — use(T"),
such that

(1) (Cin, Cl,) €

(2) for all C,D € Cpr, C" € Cppr, and t € use(T): if C[t)y D and (C,C') € a,
then there is a D' € Cp such that C'[3(¢))p D' and (D, D') € a, and

(3) for all C", D' € Cprv, C € Cyr, and t' € use(T"): if C'[t')ar D' and (C,C") €
a, then there is a D € Cys such that C[3~1(#))uD and (D, D’) € «

In the literature the relation « is often called a bisimulation, and weak con-
figuration equivalence is then called bisimilarity or observation equivalence (see,
e.g., [Mil89]).

Condition (1) means that both systems start in corresponding configurations.
Condition (2) means the following: if both systems are in corresponding config-
urations and M takes a step by firing transition ¢, then M’ can simulate that
step by firing the corresponding transition §(t), after which M and M' are in
corresponding configurations again. Condition (3) says the same as condition
(2), with the roles of M and M' reversed.
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As in the case of configuration equivalence, it can be shown also here (using
Theorem 20) that conditions (2) and (3) also hold for concurrent steps C[U) D
and C'[BU))m D'.

It is clear that configuration equivalent EN systems are also weakly configu-
ration equivalent. On the other hand there exist weakly configuration equivalent
EN systems that are not configuration equivalent (see the next example). Hence
weak configuration equivalence is weaker than configuration equivalence (as the
name already suggests!).

Example 1. Let M and M' be the EN systems in Figs. 33 and 35, respectively;
their (sequential) configuration graphs are given in Figs. 34 and 36, respectively.
Since SCG(M) has less nodes than SCG(M'), SCG(M) and SCG(M') are not
isomorphic, and so M and M' are not configuration equivalent. They are however
weakly configuration equivalent, with the bisimulation « that consists of the fol-
lowing pairs: ({p1},{p1}), ({p2}, {P2}), ({ps}, {ps}), ({ps}, {ps, a}), ({pa}, {P4}),
({pa};{ps,a}), ({ps},{ps,q}), and ({pe},{ps}). For B we take the identity.

] —3
—O

e ps ! De

Fig. 33. An EN system M, weakly equivalent with the EN system M’ of Fig. 35.
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Fig. 34. The configuration graph of the EN system M of Fig. 33.
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Fig. 35. An EN system M’, weakly equivalent with the EN system M of Fig. 33.
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Fig. 36. The configuration graph of the EN system M’ of Fig. 35.

An even less stringent definition of equivalence is obtained by requiring only
that the firing sequences of two equivalent EN systems (bijectively) correspond
to each other, with no requirement at all on the configurations of the two EN
systems. Thus here the behaviour of an EN system M is defined as (represented
by) its set FS(M) of firing sequences, modulo the identity of the transitions. In
this way we abstract completely from the global states of the system.

Note that if 8 : use(Thr) — use(Th), where M and M’ are EN systems,
then B(FS(M)) C use(Tn:)*, see Section 3.

Definition 32. Let M and M’ be two EN systems. M and M’ are firing sequence
equivalent, denoted by M =y, M', if there exists a bijection § : use(Ty) —
use(Ty) such that S(FS(M)) = FS(M').

Ezample 15. The (weakly configuration equivalent) EN systems M and M’ of
Example 14 (Figs. 33 and 35) are firing sequence equivalent because FS(M) =
FS(M') = {)\ a,c,e,ab,cd, ef ,abd}.

Even though firing sequence equivalence abstracts completely from the con-
figurations, it turns out to be the same as weak configuration equivalence! This
is essentially due to the fact that firing a transition leads from a configuration
to a unique next configuration (see [Eng85, Mil89, PomRo0zSim92]).
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Theorem 33. Two EN systems are firing sequence equivalent iff they are weakly
configuration equivalent.

Proof. Let M and M' be two EN systems.

First assume that M =, M', with bisimulation @ and bijection 3. It suf-
fices to prove that S(FS(M)) C FS(M'): by symmetry this also proves that
B-1(FS(M")) C FS(M).

It follows directly from the definition of weak configuration equivalence that
each event ¢t of M can be simulated by event 8(t) of M’ in such a way that the
relation a between the (old and new) configurations continues to hold. Hence
each firing sequence x of M can be simulated in such a way by the sequence 3(x)
of M'. This implies that 8(z) is a firing sequence of M'. Formally, we use the
following extension of Definition 31(2), which can easily be proved by induction
on |z|: for all C,D € Cyr, C' € Cypr, and z € use(Tyr)*:

if Clz)m D and (C,C") € a, then there exists D' € Cppr such that
C'B(z))p D' and (D, D) € a.
Taking C' = Cj, and C' = CY,,, this shows, by Definition 31(1), that if z € FS(M)
then 8(z) € FS(M').

Now assume that M = (P,T,F,C;,) and M' = (P',T',F',C},) are firing
sequence equivalent, with bijection . Hence, if z is a firing sequence of M,
then S(z) is a firing sequence of M’, and vice versa. This leads to the following
definition of the relation o C Cpr X Cpyr:

(C,C") € aiff Iz € T* : Ci[z)mC and C}, [B(z))m C'.

It is straightforward to verify that « is a bisimulation, i.e., that a and 3 satisfy
the three conditions in Definition 31. The details of that proof will be considered
in Exercise 5.2. O

Since configuration equivalence implies weak configuration equivalence, the
following corollary is obtained from the above theorem.

Corollary 34. If two EN systems are configuration equivalent, then they are
also firing sequence equivalent.

This corollary can also be seen directly: if two EN systems M and M’ are
configuration equivalent, then they have isomorphic configuration graphs and
hence FS(M) and FS(M') are recognized by isomorphic finite automata (see
Theorem 12).

To recapitulate, in this subsection we have introduced four equivalence rela-
tions for EN systems, of which one is static (isomorphism) and the other three
are dynamic, depending on the intuitive notion of “behaviour”. The following
relationships hold between these four equivalences: isomorphism implies config-
uration equivalence, which in turn implies firing sequence equivalence, which
equals weak configuration equivalence. Thus in formal notation we have, for EN
systems M and M’,

M=M=M~M =Mrp M & My, M.
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5.2 Reduction

We now turn to normal forms for EN systems.

It is intuitively natural to assume that an EN system contains no “super-
fluous” transitions and places, hence in particular no useless transitions and no
isolated places. Such transitions and places clearly play no part in the behaviour
of the system. We will formalize this intuition by showing that for every EN
system M there exists an equivalent EN system M’ containing useful transi-
tions and nonisolated places only. This holds for the strongest dynamic notion
of equivalence from the previous subsection, viz. configuration equivalence.

Definition 35. An EN system M is reduced if all transitions of M are useful.
M is strongly reduced if M is reduced and has no isolated places.

Our first normal form result is the following.

Theorem 36. For every EN system M there exists a reduced EN system M’
such that M ~ M'.

Proof. Let M = (P, T, F,C;y,). We construct M’ by simply removing all useless
transitions. Let M' be the EN system (P,T', F',C;,) with T' = usep(T) and
F'=Fn((PxT"YU(T" x P)). It is clear that M and M' even have the same
sequential configuration graph and thus are configuration equivalent. Hence M’
contains only useful transitions and is thus reduced. O

This theorem can be strengthened as follows.

Theorem 37. For every EN system M there exists a strongly reduced EN system
M' such that M ~ M'.

Proof. Let M = (P, T, F,Cy,). According to Theorem 36 we may assume that
M is reduced, i.e., usey (T) = T. We now simply construct M’ by removing
all isolated places. Define use(P) = {p € P | nbh(p) # @}; thus use(P) is the
set of nonisolated places of M. Let M' = (P',T, F,C},) with P' = use(P) and
C!, = Ci, N P'. Obviously M’ has no isolated places.

Define the function a : Cyy — P(P') with a(C) = CN P’ for all C € Cy
and let B be the identity on T'. We prove that M =~§ M " using Lemma 30. It
is easy to prove by induction on C that, for all C € Cy, C — P' = C;, — P’
(intuitively this holds because the marking of the isolated places never changes).
This implies that « is injective. Also a(Cj,) = Cj,. By Lemma 30 it now suffices
to prove that C[t)p D iff C N P'[t)p D N P'. This can easily be proved using
Lemma, 7, because (C N P') — (DN P')=(C — D)N P' (for arbitrary sets) and
*tN P’ = *t, and analogously for D — C and t*. Hence M' is («, 3)-configuration
equivalent with M. Finally, by Definition 28, 3 is a bijection between uses(T)
and usep (T). This implies that usep (T) = T. Hence M’ is reduced and thus
strongly reduced. O
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Example 16. According to the constructions in the proofs of Theorems 36 and 37,
the EN system M in Fig. 37 is transformed into the equivalent strongly reduced
EN system M' of Fig. 38: first the useless transition t3 is removed and then the
isolated places p; and pg are removed.
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Fig.37. An EN system with useless transition ts.

AN
wn() w0 w0

Fig. 38. A strongly reduced EN system, configuration equivalent with the EN system
of Fig. 37.
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We will now show that a strongly reduced EN system contains no “superflu-
ous” places in the following sense: for every condition there exists a configuration
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in which this condition holds, and there exists a configuration in which this con-
dition does not hold. Hence there are no void, static conditions that either always
hold or never hold.

Theorem 38. Let M = (P,T,F,C;,) be a strongly reduced EN system. For
every p € P there exist configurations C, D € Cp such thatp € C andp ¢ D.

Proof. Since p is not isolated, there is a transition ¢ such that ¢ € nbh(p). Since
t is useful, there is a reachable configuration E with ¢ con E. Let E[t)E'. If
tep®,thenpe Eandp ¢ E'. Andift € *°p,then pe€ E' and p ¢ E. O

We have now proved that isolated places and useless transitions can be re-
moved from an EN system M. But, in general, there are also other kinds of
“superfluous” places and transitions, in particular when M is not simple (see
Definition 2(2,3)). There are two types of simplicity, which we will now consider
from this viewpoint.

First assume that M is not P-simple. Then there are two distinct places p
and ¢ such that *p = *q and p® = ¢°. It is intuitively clear that one of these two
places is superfluous. It can easily be shown that the removal of either p or ¢
results in an EN system that is configuration equivalent with M. Hence for every
EN system there exists a configuration equivalent strongly reduced EN system
that is P-simple.

Now assume that M is not T-simple. Then there are two distinct transitions
s and t such that ®*s = °t and s®* = t°. Intuitively one of these two transitions
is again superfluous. However, if s and ¢ are useful, then the removal of either s
or t does not result in a configuration equivalent EN system, simply because the
number of useful transitions of two configuration equivalent EN systems must
be equal (3 is a bijection). We will now show that T-simplicity is not a normal
form for EN systems, not even with respect to the weakest kind of equivalence
(viz. firing sequence equivalence).

Theorem 39. There exists an EN system M such that for every EN system M':
if M' =4, M, then M' is not T-simple.

Proof. The following technical property of an (arbitrary) EN system M’ will
be useful in our proof: if s,u € Ty and there exists an =z € Ty, such that
xzsus € FS(M'), then s* C *u and *s C u® (verify that; see Exercise 4.7).

Now consider the EN system M = (P,T,F,C;,) with P = {p,q}, T =
{s,t,u}, Cin, = {p}, *s = °t = u®* = {p} and s* = t* = *u = {q}. Suppose
that M' is an EN system that is firing sequence equivalent with M, and assume
for the sake of simplicity that FS(M') = FS(M) (i.e., that 8 is the identity).
Since sus € FS(M) = FS(M'), the technical property given above implies that
s* C *u and *s C u® hold in M'. Likewise it follows from susu € FS(M') that
u® C *s and *u C s°® (take £ = s and interchange s and u in the statement of
the above technical property). Hence s* = *u and ®*s = «® in M'. Analogously
we have t* = *u and *t = «® in M'. Hence s®* = t* and *s = *t in M', and M’
is thus not T-simple. O
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We would like to point out that the difference between P-simplicity and T-
simplicity demonstrated above is a direct consequence of the fact that we are
more interested in transitions than in places (which is formally expressed in our
definitions of equivalence by requiring the existence of a bijection 8 between the
useful transitions).

Note that it is also not possible to find for every EN system M a firing
sequence equivalent EN system M’ that has only live transitions. In fact, liveness
of a transition ¢ of M means (cf. Definition 8(6)) that for every z € FS(M) there
exists y € T'f, such that zyt € FS(M). This implies that if 3(FS(M)) = FS(M"),
then t € Ty is live iff B(t) € T is live. Hence liveness of transitions is preserved
by firing sequence equivalence.

5.3 Sequential EN Systems

An EN system can often be better understood when it can be seen as several
communicating concurrent subsystems (or components), where each such sub-
system is “simpler” (can be easier understood) than the whole system itself. It
would be particularly desirable if the considered EN system could be decom-
posed into subsystems that no longer contain concurrency themselves, i.e., into
sequential EN systems. Though this is not always directly possible, we will show
in the next subsection that every EN system is equivalent with such a system.
Hence “sequentially decomposable” systems are a normal form for EN systems.

In this subsection we define sequential EN systems and study several of their
properties. We call an EN system sequential if its global states are not distributed
(see the beginning of Section 4.3).

Definition 40. An EN system M is sequential if #C =1 for all C € Cyy.

Example 17. The EN systems of Figs. 30 and 33 are sequential. This can be seen
from their configuration graphs, which are given in Figs. 32 and 34, respectively.

Here is a sufficient (structural) condition for sequentiality; it is satisfied by
the EN systems of the previous example.

Lemmad4l. If M = (P, T, F,C;,) is an EN system for which
(1) #Cm =1, and
(2) #(°t) =#(t*) =1 for allt €T,

then M is sequential.
Proof. Tt is easy to prove by induction on C' that #C =1forall C € Cy. O

Systems that just satisfy the second property of this lemma are called state
machines or S-systems in the literature, see, e.g., [Hac72, DesEsp95].

Finite automata, which are the usual model of finite-state sequential systems,
are closely related to EN systems with the two properties of Lemma 41. The
differences are that finite automata also have final states, that their transitions
are labeled, and that transitions ¢ with *¢ = ¢* are allowed (cf. Definition 1(4)).
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These additional features have also been considered for Petri nets in the literature
(see, e.g., [Pet81, Tau89, Och95]).

It should be clear that in the case of reduced EN systems the two properties
of Lemma 41 characterize sequentiality. In fact, for a sequential EN system M, a
transition with more than one place in its input- or output-set must be useless.
If, moreover, M is strongly reduced, then every configuration {p} is reachable,
because every place p is the input- or output-set of at least one useful transition.

Lemmad42. Let M = (P,T, F,C;,) be a reduced EN system.
(1) M is sequential iff
(i) #Cin =1, and
(i) #£(°t) = #(@*) =1 for allt € T.
(2) If M is strongly reduced and sequential, then Cpr = {{p} | p € P}.

From this lemma it easily follows that isomorphism and configuration equiv-
alence coincide for strongly reduced sequential systems.

Theorem 43. Let M and M' be two strongly reduced sequential EN systems.
Then M ~ M' iff M = M'.

Every strongly reduced sequential system is in fact isomorphic with the finite
automaton constructed in the proof of Theorem 12.

The definition of a sequential EN system (Definition 40) is “place oriented”:
the global state of the system is not distributed. Another possibility is a “tran-
sition oriented” definition, where we require that the global state transitions are
not distributed (see the beginning of Section 4.3), i.e., that concurrent steps do
not occur (cf. the discussion of the notions of sequentiality and concurrency in
Section 4.5). EN systems satisfying this property are “concurrency-free”.

Definition 44. An EN system M is concurrency-free if there do not exist C €
Cpr and t1,t9 € Ty such that {t;,t2} con C.

It should be clear that every sequential EN system is concurrency-free. This
does not hold the other way around: the EN systems of Figs. 29 and 35 are
concurrency-free (as can be seen from their configuration graphs in Figs. 31
and 36, respectively), but not sequential. It is shown in Examples 13 and 14
that these EN systems are (weakly) configuration equivalent with sequential EN
systems. However, there exist concurrency-free EN systems that are not even
firing sequence equivalent with any sequential EN system (this will be proved in
Exercise 5.6).

Finally we observe that Theorem 43 does not hold for concurrency-free sys-
tems: the EN systems M (Fig. 29) and M’ (Fig. 30) from Example 13 are con-
figuration equivalent, but not isomorphic.

5.4 Subsystems and Sequential Components

In this subsection we will show that every EN system is configuration equivalent
with an EN system that can be decomposed into sequential subsystems, i.e.,
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in subsystems that, considered on their own, are sequential EN systems (see
Definition 40). Sequential subsystems will also be called sequential components.

We first define the notions ‘subsystem’ and ‘sequential component’ and then
study several of their characteristics. These notions, or variants of them, can be
found in, e.g., [Hac72, DesEsp95].

Intuitively, a subsystem M' of M consists of a set of places of M (the local
states of the subsystem) together with all transitions of M that can put tokens
in these places and/or can remove tokens from these places, i.e., all transitions
that belong to the neighbourhoods of these places. The flow relation F' of M’
is completely determined by the flow relation F' of M: a place and a transition
of M' are connected by F' iff they are connected by F. The same holds for the
inital configuration: a place of M’ belongs to the initial configuration of M' iff
it belongs to the initial configuration of M. Hence the subsystem is uniquely
determined by its set of places.

Definition45. Let M = (P, T, F,C;,) and M' = (P, T',F',C},) be EN sys-
tems. M' is a subsystem of M if:

(1) PlgP,TIgT,FIgF,Cl{ngCin,

(2) Vpe P': nth(p) C nbh (p), and

(3) Vpe P': if pe Ciy, then p € C,.

If, moreover, M' is a sequential EN system, then M’ is a sequential component
of M.

Note that the empty EN system (&, &, &, &) and M itself are subsystems of
M. They will be called the trivial subsystems of M.

In the next lemma we state some properties of subsystems that are easy to
prove.

Lemmad46. Let M = (P,T,F,C;,) and M' = (P',T',F',C},) be EN systems.
(1) M' is a subsystem of M iff

P' C P, T' = nbhy (P'), F' = FA((P'xT")U(T' x P')), and C',, = CinNP".
(2) If M' is a subsystem of M then:

for everyt € T', (*t)pr = (*t)ar NP’ and (t*)pr = (t*)pr N P/,

for everyt € T —T', nbhy () NP = 2,

for everype P', (*p)mr = (*p)m and (p*)mr = (p°)m-

Lemma 46(1) says that a subsystem is indeed completely determined by its
set of places. However, not every set of places of an EN system determines a sub-
system! Formally this means that, for a given EN system M = (P, T, F, C;,) and
a given subset P’ of P, the 4-tuple M' = (P',T', F',C!,) with T' = nbh,(P'),
F'=Fn(P xTYU (T x P"), and C},, = Ci, N P' does not have to be
an EN system. For example, take P = {p,q}, T = {t}, F = {(p,1), (t,q)}, and
Cin = {p}, and consider P’ = {p}. Then T" = {t}, F' = {(p,t)}, and C},, = {p}.
But M’ is not an EN system because (P',T",F"') is not a net: (¢*)p = & (see
Definition 1(3)).

If the 4-tuple M’ determined by the set P’ (as in Lemma 46(1)) is an EN sys-
tem, then we call M’ the subsystem of M determined by P'. We now characterize
the sets of places that determine subsystems.
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Lemmad47. Let M = (P,T,F,C;,) be an EN system and let S C P. There
exists a subsystem M' of M with Py = S iff *S = S°.

Proof. (Only-if) Assume that M’ = (S,T’, F', C},)) is a subsystem of M. We first
prove that *S C S*® (where the *® is of course the one of M). Take at € *S and let
p € S such that t € *p. Then, according to Definition 45(2), ¢t € nbhy (p) and
thus t € T". Definition 1(3) then implies that there exists ¢ € S with (g,t) € F”,
and thus (g,t) € F. This means that ¢ € S°*. The inclusion S®* C *S can be
proved analogously.

(If) Assume that *S = S°®. Define M' = (P',T', F',C},,) with P' = S and T",
F', and C},, as in Lemma 46(1). It is easy to check that M' is an EN system, i.e.,
M' satisfies the conditions from Definitions 1 and 5. In particular, the equality
*S = S*® guarantees that Definition 1(3) is satisfied. According to Lemma 46(1),
M' is then a subsystem of M. O

Note that condition (3) from Definition 1 is essentially used in the above
proof.

Since a subsystem is uniquely determined by its set of places, in the sequel
we will often make no distinction between a subsystem and its set of places.
Thus, according to Lemma 47: a set of places S is a subsystem iff *S = S°. This
property of S has the following equivalent formulation: for all t € T, *tNS # @&
iff ¢* NS # @. Note also that, for a subsystem M' = (S,T',F',C},) of M,
T' = nbh(S) = *SU S* according to Lemma 46(1), and hence 7" = *S = S°.
Finally note that, according to Lemma, 47, the union of two subsystems is again
a subsystem (or more precisely: the union of the sets of places of two subsystems
determines a subsystem).

Ezample 18. (1) The subset {ps,ps} of the set of places of the EN system M
from Fig. 39 is a subsystem of M this can easily be proved using Lemma 47.
The subsystem determined by {ps,ps} is M' = (S, T, F, Cip,) with S = {ps,ps},
T = {t3,ta}, F' = {(p3,ta), (t4,p5), (Ps,t3), (t3,p3)}, and Cj, = {p3}. Since M’
is sequential, M’ is thus a sequential component of M. Another subsystem of M
is {p1,p2,p3,pa}; for this subsystem T = {t1,t2,13,ta}, F = {(t1,p1), (p1,t2),
(t27p2)7 (p2at3)7 (t37p3)7 (p3at4)7 (t4ap4)7 (p4at1)}; and Cin = {Pl:pB}- Since
#Ci, > 1 this is not a sequential component of M. Using Lemma 47 one can
check that the only other subsystems of M are the trivial ones, i.e., the empty
subsystem and the system M itself.

(2) Subsystems of the EN system M of Fig. 12 are {p;,p2} (the consumer),
{c1,¢2} (the producer), and {p1,p2,c1,¢2} (the union of the producer and the
consumer). The producer and the consumer are both sequential components of
M, but their union is not. M has no other nontrivial subsystems. In particular
{b} (the buffer) is not a subsystem of M. Thus, our notion of subsystem is more
restricted than suggested in the discussion of the producer/consumer problem
in Section 4.1, where the buffer was viewed as a component of the system. In
Example 23 (Fig. 49) we will see that there is a slight variation of M in which
the buffer is also a sequential component.
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Fig. 39. An EN system with two nontrivial subsystems: {p3, ps} and {p1,p2, ps,pa}.

We will give (in Theorem 49) a characterization of the sets of places that de-
termine sequential components. First we prove an important property of subsys-
tems: when we restrict a reachable configuration of an EN system to a subsystem,
then we obtain again a reachable configuration of the subsystem.

Lemmad48. Let M' = (S,T',F',C},) be a subsystem of an EN system M =
(P,T,F,Cin).

(1) For all C C P, if C € Cpy then CN S € Cyypr .

(2) For oallt € T', if t € usep(T) then t € usepn (T").

Proof. Before proving (1) and (2), let us consider configurations C, D of M and
a transition ¢ of M such that C NS € Cypp and C[t)prD. Then we claim the
following: if ¢t ¢ T' then DNS = CNS, and if t € T then (CNS)[t) s (DNS). To
prove this, note first that, by Lemma 7, C — D = (*t)p and D — C = (¢*) i1, and
hence (CNS)—(DNS)=(*t)yNS and (DNS)—(CNS) = () NS. It ¢ T,
then, by Lemma 46(2), (*t),s NS = @ and (t*)yy NS =, andso DNS = CNS.
If t € T', then, by Lemma 46(2), (*¢t)a = (*t)y NS and (t*)ar = ) NS,
and so, by Lemma 7, (C'N S)[t)p (D N S). This proves our claim.

(1) We prove this by induction on C. By Lemma 46(1) the statement holds
for C = Cjp,. Now assume that C NS € Cpp and let C[t)p D for at € T. By the
above claim, either t ¢ 7' and DNS =CNS,ort € T' and (CNS)[t)am: (DNS).
In both cases, DN S € Cyy.

(2) Assume that ¢t conp C for a C' € Cyr and let C[t)D. By (1), CNS €
Carr . Thus, by the above claim, (C'N.S)[t)a (DN S). Hence t conyr CNS. O

In the next example we will show that the mapping from Cps to Cpyr that
maps C to CN S (see Lemma 48(1)) need not be surjective nor injective.

Ezample 19. Let M be the EN system of Fig. 40. Its configuration graph is drawn
in Fig. 41.
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Do
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Fig. 40. An EN system M.
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Do
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P3PsPs

Fig. 41. The configuration graph of M.
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(1) Figure 42 shows a subsystem M7 of M, and Fig. 43 gives the configuration
graph of M;. For {p1,ps} € Cypy, there does not exist C' € Cpr such that C' N

Py, = {p1,ps}; this also holds for {ps,ps} € Cpy, . Furthermore, note that
though M is a concurrency-free EN system, M; is not.

Do

D1 @ D2

to [] t4

Pa Q Ps

PGQ

Fig. 42. A subsystem M; of M.

(2) Figure 44 shows a subsystem Ms of M (and of M), and Fig. 45 gives the
configuration graph of M. This subsystem is a sequential component of M. The

configurations {p1,p2,ps}, {p2,ps,ps},{p2,p6} € Cpr all give the configuration
{p2} € Cpr, when intersected with Pyy,.

Compare the following characterization with Lemma 42(1).

Theorem 49. Let M = (P,T,F,C;,) be a reduced EN system and let S C P.
Then the following statements are equivalent.
(1) There is a sequential component M' of M with Py = S,
(2) #£(CNS) =1 for all C € Cpr,
(3) (i) #(CinNS) =1, and
(B)VteT : #(¢tNS)=#*NS)=1or #(*tNS)=#@*NS)=0.
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Do
t
P1p2
tots
D2pP4 P1pPs
t
/tv/ \ ty
t3ty
D2Ps P4ps
N %

DsPe

Fig. 43. The configuration graph of M;.

Proof. (1) implies (2): Follows directly from Lemma 48(1) and the definition of
a sequential EN system (Definition 40).

(2) implies (3): To prove (ii), consider a t € T. Since M is reduced, there is
a C € Cy with t con C. Since #(CNS) =1, #(*t N S) < 1. Now let C[t)D.
Since #(D N S) =1, it is easy to see that #(*tNS) = #(t* N S).

(3) implies (1): Condition (3)(ii) implies that *S = S*. Hence, according to
Lemma, 47, there exists a (unique) subsystem M’ of M with Py; = S. Then, by
Lemma 46(1), #((Cin)m) = 1 and, by Lemma 46(2), #((*t)a) = #({t*) ) =
1 for all t € Tpy. Lemma 41 now implies that M’ is sequential. O

According to Theorem 49(2) a sequential component of an EN system is
always in exactly one local state (there is always exactly one token in its set of
places).

Subsystems S that just satisfy property 3(ii) of Theorem 49 and, moreover,
are strongly connected (viewed as graphs), are called state machine components
or S-componentsin the literature (see, e.g., [DesEsp95]). Such subsystems contain
an arbitrary, but fixed number of tokens.

We will now show that, for strongly reduced EN systems, sequential compo-
nents themselves do not have nontrivial subsystems and are thus not decompos-
able.

Lemma50. Let M be a strongly reduced sequential EN system and let M' be a
subsystem of M. Then M' is trivial.

Proof. Let M = (P,T,F,C;,) and M' = (S,T',F',C},). By Lemma 47, *S =
S®. By Lemma 46 it suffices to prove that S = @ or § = P. Assume that
S # @; then it remains to prove that S = P. Since M is strongly reduced,
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Do

t

p2

t4

st

Fig. 44. A subsystem M of M.

Fig. 45. The configuration graph of Mo.

Cu = {{p} | p € P} according to Lemma 42(2). Thus for all ¢t € T and p,q € P,
if {p}t)m{q}, then (p € S iff ¢ € S). This implies that for all z € T* and
p,q € P, if {p}z)m{q}, then (p € S iff ¢ € S). Now let C;,, = {po}. Take a
q € S. Since {q} € Cur, {po}[z)m{q} for some z € T*. Thus py € S. To prove
that P C S, consider an arbitrary p € P. Since {p} € Cu, {po}[z)nm{p} for

some z € T*. Thus p€ S, and so S = P.

Theorem 51. Let M be a strongly reduced EN system, and let M' be a sequential

component of M. Then M' has no nontrivial subsystems.

Proof. Since M is reduced, Lemma 48(2) implies that M’ is also reduced. Since
M has no isolated places, neither does M' (by Definition 45(2)). Hence M’ is
strongly reduced, and so, by Lemma 50 has no nontrivial subsystems.

53



The following example demonstrates that this theorem does not hold the
other way around.

Ezample 20. Let M be the EN system from Example 19 (Fig. 40). Figure 46
shows a subsystem Ms of M that is not sequential. It is straightforward to
verify that M3 has only trivial subsystems.

Do

1
(Op
mal?
p3

t3

p6©

Fig.46. A subsystem M3 of M.

We now define the notion of a decomposition of an EN system into subsys-
tems, and in particular into sequential components. It is called a “covering” of
the EN system (see, e.g., [Hac72] or Chapter 5 of [DesEsp95]).

Definition 52. Let M = (P, T, F,C},) be an EN system.

(1) A set {M1, ..., M,} of subsystems of M, n > 0, with M; = (S;, T;, Fi, (Cin)i)
for1<i<mn,isa coveringof Mif P=J;_, S;, T =U, Ti, F = U}, Fi, and
Cin = Uiz (Cin)i-

(2) M is covered by sequential components if there exists a covering { My, ..., M,},
n > 0, of M such that M; is a sequential component of M for every 1 < i < n.
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Since a subsystem can be identified with its set of places, it should be clear
that a set of subsystems of M is a covering of M if their union is the set of places
of M.

Lemmab53. Let M = (P, T,F,C;,) be an EN system, and let, for every 1 <
i < n (withn > 0), M; = (S;,T;, F;, (Cin)i) be a subsystem of M. Then
{M;y,...,M,} is a covering of M iff P =J;_, S;.

An EN system that is covered by sequential components M, ..., M, can
intuitively be viewed as a system consisting of the communicating concurrent
subsystems M, ..., M,, where each subsystem M; is sequential. The commu-
nication between components takes place through synchronization on shared
transitions. Components may also share places, meaning that the sets of places
S1,--.,8, of My,..., M,, respectively, need not be disjoint. If there is a token
in place p € S; NSy, then this means that both components M; and M, are in
the same local state p. Hence a token in p represents all components to which
p belongs. Note that, in general, an EN system can have several coverings by
sequential components, i.e., several interpretations as a set of communicating
components.

Ezample 21. (1) The EN system M of Fig. 47 is covered by one sequential com-
ponent, viz. M itself. The system itself is sequential. With Cj, = {p1,p2} the
system has no covering by sequential components.

b3
tl t3
[ ]
O i
b1 to D2

Fig. 47. A sequential EN system.

(2) The only sequential component of the EN system of Fig. 39 is {ps,ps},
see Example 18(1). We already saw in that example that Lemma 47 can be used
to conclude that p;, p2, and ps do not belong to any sequential component. It
is often quicker to use Theorem 49 for that purpose: for example, if S is the set
of places of a sequential component and p» € S, then p; € S and p3s € S by
Theorem 49(3)(ii), and hence #(Cj, N S) = 2, contradicting Theorem 49(2).
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(3) The EN system of Fig. 15 has a covering by two sequential components,
viz. {po,p1,P2,P1,P6} and {po,p1,D3,Ps, D6 }. Intuitively, these two components
work on the same job in places pg, p1, and pg, but work on different jobs when
they are in places p2, ps and ps, ps, respectively.

(4) The EN system of Fig. 5 is covered by three sequential components. In
terms of the sets of places, the components are: {w;,c,r1} (component 1),
{w2,¢2,72} (component 2), and {p,c1,c2} (the permission component). If we
give the complete specification, then component 1 is the EN system (S, T, F, C;,)
with S = {wy,c1,m}, T = {iny,outy,d1}, F = {(w1,in1), (in1,c1), (c1,0uty),
(out1,7r1), (r1,d1), (di,w1)}, and Ci = {w1}; and analogously for compo-
nent 2. The permission component is then the EN system (S,T, F,C;,) with
S = {p,c1,¢c2}, T = {iny,outy,ing,outz}, F = {(p,in1), (in1,c1), (c1,0uty),
(out1,p), (p,inz), (inz,c2), (c2,0uts), (outs,p)}, and C;, = {p}.

(5) The EN system of Fig. 12 is not covered by sequential components. Both
the producer ({p1,p2}) and the consumer ({c1,c2}) are sequential components,
but the buffer b belongs to no sequential component (see also Example 18(2)).

(6) See Examples 19 and 20. M is the EN system in Fig. 40, and M; and M3
are the subsystems of M in Figs. 42 and 46, respectively. It should be clear that
{M1, M3} is a covering of M. However, there does not exist a covering of M
by sequential components, since each subsystem M' that contains p3 must also
contain py and t1; then #(¢1®* N Pyp) > 2, and so, by Theorem 49, M’ is not a
sequential component. M; is covered by sequential components, but M3 is not.

We will now show that for every EN system M there exists a configuration
equivalent EN system M’ that is covered by sequential components.

Theorem 54. For every EN system M there exists a reduced EN system M’
that is configuration equivalent with M and that is covered by at most # Py
sequential components.

In the remainder of this subsection we will prove this theorem. Note that
according to Theorem 36 we may assume that M is reduced. The proof technique
is based on the so-called complement construction.

Definition 55. Let M be an EN system and let p,q € Pys. Then p and ¢ are
complementary, denoted by p com gq, if p®* = *q and *p = ¢°.

Ezxample 22. Let M be the EN system of Fig. 39. It is clear that ps3 com ps;, and
that there are no other complementary places.

In general a place can have several complementary places. If the EN system
is P-simple, then each place has at most one complementary place.

The complement construction is based on the following property of two com-
plementary places.

Lemmab56. Let M = (P,T,F,C;,) be a reduced EN system. For all p,q € P,
{p,q} is a sequential component of M iff #(Cin N {p,q}) =1 and p com gq.
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Proof. We use Theorem 49(3). It is easy to check that, for arbitrary p,q € P,
p com ¢ iff S = {p,q} satisfies condition (ii) of Theorem 49(3) (where we use
Definition 1(4): *tNt* =@ for all t € T). O

If, moreover, M is strongly reduced, then the condition #(Ci, N {p,q}) =1
can be omitted from the statement of Lemma 56. Thus, for strongly reduced EN
systems, the complementary places are exactly the sequential components of size
two.

By Lemma 56, in a reduced EN system two complementary places p and ¢
(of which exactly one is in Cj,,) form a sequential component. That means that
there is a token in ¢ iff there is no token in p. Viewing p and ¢ as booleans, ¢
is the negation of p. The complement construction constructs a complement for
those places that do not yet belong to a sequential component. We do this place
by place, as follows.

Theorem 57. Let M be a reduced EN system and let po € Pyr. Then there exists
a reduced EN system M' that is configuration equivalent with M, such that:
(1) Py = Py U {qo} with qo ¢ Py,
(2) {po,q0} is a sequential component of M', and
(8) for every S C Py,
S is a sequential component of M iff S is a sequential component of M'.

Proof. Let M = (P, T, F,Ciy). We define M' = (P',T',F’,C},) by setting

P'=PU{qo}, where g is a new place (i.e., go ¢ PUT),

T =T,

F'=FU {(l](],t) | (t,po) € F} U {(taqo) | (pOat) € F}J and

Ci, = Cin if po € Cip, and C},, = Cin U{qo} if po ¢ Cin.
To prove that M and M' are configuration equivalent, we define the function
a:Cy = P(P)by a(C)=Cifpyg € C, and a(C) = CU{qg} if po ¢ C. Note
that « is injective (because a(C) N P = C) and that a(C;y,) = C},,. According
to Lemma 30 (with 8 the identity on T') it now suffices to prove that for all
C,DeCy andteT,

t conyr aC) implies t cony, C, and *)

C[tym D implies a(C)[t) pr (D). (**
Implication (*) follows from: (*t)sr = (*t)m NP, (t*)m = (t*)smr N P, and
a(C)N P = C. To prove (**) we distinguish three cases.
Case 1: po € (t*)m. Then (*t)pr = (*t)mr U {qo} and (t*)pr = (¢°)m- More-
over pg ¢ C and pg € D, and so a(C) = C U {qg} and a(D) = D. Hence
a(C)—a(D) = (C—-D)U{g} and a(D) —a(C) =D —-C. Thus C— D = (*t)
implies a(C)—a(D) = (*t)mr, and D—C = (t*) y implies a(D)—a(C) = (t*) pr-
By Lemma 7, this proves implication (**) for this case.
Case 2 (pg € (*t)m) and Case 3 (po ¢ (*t)am U (t*)mr) can be proved in a com-
pletely analogous way. Hence, by Lemma 30, M and M' are («, 3)-configuration
equivalent. By Definition 28, usep; (T') = T, and so M’ is reduced.

It is clear that (1) holds, (2) follows from Lemma 56, and (3) follows easily

from Theorem 49(3). O
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Now, Theorem 54 follows directly from the repeated (at most #Pys times)
application of Theorem 57. In this way, each place that did not yet belong to
a sequential component will be complemented and consequently, by Lemma, 56,
covered by a sequential component,.

qz

t[ ] /[ t3

g4

Fig. 48. The result of complementing places p1, p2, and ps of the EN system of Fig. 39.

Ezample 23. (1) The EN system of Fig. 48 is obtained from the one of Fig. 39 by
complementing places p1, p2, and ps. (2) The EN system of Fig. 49 is obtained
from the EN system of Fig. 12 by complementing the buffer place b = by. It
is covered by three sequential components: the producer {p1, p2}, the consumer
{c1,¢2}, and the buffer {bs,b.}. It should be clear that this EN system still
models the producer/consumer problem as discussed in Section 4.1. Rather than
treating place b itself as the buffer (which is full iff it contains a token), we now
represent the two possible states of the buffer by the two places by (full buffer)
and b, (empty buffer).

5.5 Contact-freeness

In an EN system M, an event ¢t has concession in a configuration C if it has
both input-concession (i.e., *t C C) and output-concession (i.e., t* N C = &).
A transition that has input-concession in C, need not have output-concession
in C. This is called contact, and is illustrated in Fig. 50. As an example, transi-
tion f has contact in configuration {ps,b,c1} of the producer/consumer system
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Fig. 49. The producer/consumer system with three sequential components.

in Fig. 12; it cannot be fired because the buffer is full. Note that in the corre-
sponding configuration {ps,bs,c1} of the producer/consumer system of Fig. 49
transition f does not have input-concession.

Fig. 50. Contact.

In general, to decide whether ¢ has concession in C, one has to check both the
pre-conditions and the post-conditions of t. However, if there is never contact in
M, then t has concession in C iff all the pre-conditions of ¢ in C are satisfied:
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thus one does not have to check the post-conditions of ¢!
For this reason EN systems without contact play an important part in the
theory of the behaviour of EN systems. They are formally defined as follows.

Definition 58. Let M = (P, T, F,C},) be an EN system.
M is contact-free if for all t € T and C' € Cpy, if ¢t CC then t*NC = 2.

Contact-free EN systems are also called safe EN systems. In fact, they are
the same as the safe P/T systems, cf. Definition 158.

Ezample 2. The EN system of Fig. 47 is contact-free (because it is sequential).
With Cj, = {p1,p2} it is not contact-free.

We will now show that for every EN system there exists a configuration
equivalent reduced EN system that is contact-free. Hence contact-free EN sys-
tems are a normal form for EN systems. This is a simple corollary of the normal
form from the previous subsection.

Theorem 59. If a reduced EN system M is covered by sequential components,
then M is contact-free.

Proof. Let M = (P,T,F,C;,) and let C € Cpy. Let *t C C with t € T and
assume that t*NC # &. Let p € t*NC and let S C P be a sequential component
of M with p € S. Then p € t* NS and so #(t* NS) =1 = #(*tN S) by
Theorem 49(3). Hence there is a place g € *tNS C CNS. Thus #(CNS) > 2,
contradicting Theorem 49(2). O

Theorems 54 and 59 imply that contact-freeness is a normal form.

Theorem 60. For every EN system there exists a configuration equivalent re-
duced contact-free EN system.

Theorem 59 does not hold the other way around! The EN system of Fig. 51
has no sequential components, but it is contact-free. Systems for which the
converse of Theorem 59 holds are discussed in Sections 9.6 and 9.7 (see Corol-
lary 207 and Theorem 213).

Theorem 59 also provides a method to deduce contact-freeness, as demon-
strated by the following example.

Ezample 25. (1) The EN system M in Fig. 47, with C;, = {p1}, is sequential
and hence contact-free according to Theorem 59. With C;,, = {p1,p2} the system
clearly is not contact-free and hence, according to Theorem 59, it is not covered
by sequential components (see Example 21(1)).

(2) The EN system M of Fig. 15 is covered by two sequential components
(see Example 21(3)). Hence M is contact-free.

(3) The EN system M of Fig. 5 is covered by three sequential components
(see Example 21(4)) and is thus also contact-free.

(4) The EN systems of Figs. 48 and 49 are covered by sequential components
(see Example 23) and are thus contact-free.
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D1

D2 D3

Fig. 51. A contact-free EN system without sequential components.

The notion of ‘contact-freeness’ should not be confused with the notion of
‘conflict-freeness’ (see Definition 22). An example of an EN system that is both
contact-free and conflict-free, is the producer/consumer system of Fig. 49. Such
systems can be characterized as follows.

Theorem 61. Let M = (P,T, F,C;,) be an EN system.
M is contact-free and conflict-free iff
for all C € Cpr and ollU CT with U # @, if *°U C C, then U con C.

6 Processes

The way in which we have formalized the concurrent behaviour of an EN system
in Section 4.4 still has a sequential flavour. The only difference with the sequen-
tial behaviour in Section 4.3 is that at each step, i.e., during each global state
transition, several transitions can be fired simultaneously. This may be viewed
as a formalization of simultaneity rather than concurrency. However, in general,
actions do not occur simultaneously but they may overlap in time, in an arbi-
trary fashion. Thus, one component of a system can execute six actions while,
independently, another component executes two actions and part of a third. In
this section we will define the notion of a “process” of an EN system, which
formalizes a concurrent run of the system, taking into account this feature of
concurrency. In order to abstract from the notion of time, as we did before, we
will only formalize that one action should be executed “before” another action,
or, that one action is one of the “causes” of another action (cf. (1) in Section 4.5).
Such a notion of causality between the events that occur during a run of the sys-
tem, is, in general, a partial order. It will be represented by a special type of
acyclic net, called “process net” (or causal net, or occurrence net).

In Section 6.1 we recall a number of notions concerning partial orders, and
in Section 6.2 we consider process nets and some of their formal properties. In
Sections 6.3 and 6.4 we introduce and study the processes of an EN system.
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The theory of process nets and processes originated in [Pet76], and is pre-
sented in detail in [BesDev87, BesFer88] (for EN systems see in particular Sec-
tion 4.4 of [BesFer88]).

6.1 Partial Orders

We start this subsection with the usual definition of a (strict) partial order.

Definition 62. Let A be a finite set. A binary relation p C A x A is a partial
order on A if p is irreflexive and transitive; (4, p) is also called a partially ordered
set. A subset B of A is linearly ordered if for all a,b € B:a pbor b paora=b.

With every partial order p we can associate two important relations li, and
co,.

Definition 63. Let (A, p) be a partially ordered set. Then li, C A x A and
co, C A x A are the binary relations such that, for every a,b € A,
(N)ali,bifapborbpaora=>,and
(2)aco,biff mapband = bpa.

For a partially ordered set (A, p), li, is called the line relation of p and co,
is called the concurrency relation of p.

Note that the irreflexivity of p implies that a co, a for every a € A. Two
distinct elements of A are either comparable (1i) or incomparable (co).

Lemma 64. Let (A, p) be a partially ordered set. Then, for every a,b € A,
(1) ali, b or a co, b, and
(2) (ali, b and a co, b) iff a =b.

The maximal cliques of li, and co, play an important part in what follows.
Maximal cliques are now defined for arbitrary reflexive symmetric relations (and
note that li, and co, are reflexive and symmetric).

Definition 65. Let A be a finite set, let 0 C A x A be a reflexive symmetric
relation, and let B C A. B is a o-clique if a o b for all a,b € B, and B is a
mazimal o-clique if B is a o-clique and for every a € A — B there exists b € B
such that = a ¢ b.

Lemma66. Let A be a finite set and let 0 C A x A be a reflexive symmetric
relation. For every o-cligue B there exists a maximal o-clique C with B C C'.

Proof. If B is maximal then we are ready. Otherwise there exists a; ¢ B such
that a3 o b for all b € B. Then B; = BU {a;} is a o-clique. If B; is maximal
then we are ready. Otherwise there exists as ¢ B; such that By = By U {az} is
a o-clique. We iterate this procedure. Since A is finite it must terminate with a
maximal o-clique B,,. Clearly B C B,,. O
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In particular, for every a € A there exists a maximal o-clique C' with a € C'
(because every singleton {a} is a o-clique, by the reflexivity of o).

For a partially ordered set (A, p), a liy-clique is a linearly ordered subset of
A, and a co,-clique is a set of mutually incomparable elements.

Definition 67. Let (A, p) be a partially ordered set. A maximal li,-clique is a
line of p and a maximal co,-clique is a cut of p.

Note that if A =@ (and thus p = @), then the empty set is both a line and
a cut of p. If A # &, then lines and cuts are nonempty sets.

It is clear from Lemma 64(2) that, for every line L and every cut C of p,
#(L N C) < 1. This leads to the following definition (see [Pet76] and Section 2.3
of [BesFer88], where it is called K-density).

Definition 68. Let (A, p) be a partially ordered set. The ordering p is dense if
every line and every cut of p have a nonempty intersection.

The empty partially ordered set is clearly not dense. There also exist non-
empty partially ordered sets that are not dense. Consider, e.g., the N-shaped
partially ordered set (4, p) with A = {a,b,¢,d} and p = {(a,b),(c,b), (c,d)}.
Then the line {c¢, b} and the cut {a,d} do not intersect.

A cut divides a partially ordered set into two parts: the part “before” (pre-
ceding) the cut, and the part “after” (following) the cut. This can be defined,
for arbitrary subsets of A instead of cuts, as follows. We also define the sets of
minimal and maximal elements of (a subset of) A.

Definition 69. Let (A4, p) be a partially ordered set and let B C A. Then
("B),={a€A|FbeB:apbora=>},
(B?),={a€A|TBbeB:bpaorb=a},

(°B),={be B |- € B:V pb}, and

(B°),={beB|-3W' €B:bpb'}

If p is clear from the context, then we will just write ”B, B, °B, and B°.
Intuitively, 7 B is the part of A before B (including B), B~ is the part of A
after B (including B), °B is the initial part of B, and B° is the final part of B.
In the literature, 7 B and B~ are often denoted | B and 1 B, respectively.

The following technical lemma shows that every element of B is after its
initial part and before its final part.

Lemma 70. Let (A, p) be a partially ordered set and let B C A.
Then B C (°B)™ and B C 7 (B°).

Proof. To prove that B C (°B)™, we have to show that for every b € B there
exists m € °B such that m p bor m = b. Let b € B. If b € °B then we are
ready. Otherwise there exists by € B with by p b. If b; € °B then we are ready.
Otherwise there exists bo € B with bs p b; and thus by p b. We iterate this
procedure. Since B is finite it must terminate with a b, € °B such that b, p b.
Formally all this can be proved by induction on #{b' € B | b’ p b}.
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The proof of B C 7 (B°) is “dual”, i.e., follows from the above by considering
the partially ordered set (A4, p~1), with p~1 = {(a,b) | (b,a) € p}. O

Lemma 66 is a special case of (the second inclusion of) Lemma 70, for the
partially ordered set (X, &) where X' is the set of all o-cliques.

The following elementary properties of cuts can easily be proved from the
definitions, using Lemma 70.

Theorem 71. Let (A, p) be a partially ordered set and let B be a cut of p.
(1) °A and A° are cuts of p,

(2) (PA)7 = A, 7(°A) =°A, (A°)7 = A°, and 7 (A°) = A,

(8) 7T BUB™ =A and " BN B~ =B,

(4) °(TB)=°A, (7B)° =B, °(B7) =B, and (B7)° = A°.

Proof. As an example we prove that °A is a cut. From Definition 69 it is obvious
that °A is a co-clique. By Lemma, 70, for every a € A — ° A there exists m € °A
such that m p a. This shows that °A is a maximal co-clique. O

We now present another result that uses Lemma 70: every line intersects the
initial and the final cut (hence a “partial” density).

Lemma 72. Let (A, p) be a partially ordered set with A # & and let L be a line
of p. Then LN°A # & and LN A° # @.

Proof. By duality it suffices to prove that L N °A # @. Since A is nonempty,
L is nonempty. Then, by Lemma 70 (with B = L), °L is nonempty. Since L
is a li-clique, °L consists of precisely one element, say a. By Lemma 70 (with
B = A) there exists m € °A with m p a or m = a. This implies that LU {m} is
a li-clique. Since L is maximal, m € L. Hence m € LN °A (and m = a). O

6.2 Process Nets

For the description of the concurrent runs of an EN system we will define so-
called processes. In defining processes, nets of a special kind are used: process
nets. These nets will be treated in this subsection.

Definition 73. A net N = (P,T, F) is a process net if:
(1) N is acyclic, and
(2) #(°*p) <1 and #(p°*) < 1for all p€ P.

Hence, process nets are nets without cycles and with “unbranching” places
only. They are also called occurrence nets or causal nets.

For every acyclic directed graph with edge relation F, the relation F'™ (which
indicates the nonempty paths in the graphs) is a partial order on the set of nodes
of the graph. Applying this to the directed graph G n corresponding to the net
N (see Section 4.2) gives the next result.

Lemma 74. For every process net N, F; is a partial order on Xy.
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The above result allows us to consider a process net N = (P, T, F) as a par-
tially ordered set (X, F'T). In this way, all terminology and notations concerning
partial orders introduced so far can be carried over to process nets. In particular,
we write liy and coy instead of lip+ and cop+ and speak about lines and cuts
of N instead of lines and cuts of F'*. Thus, for z,y € X, z coy yiff ~z F* y
and ~y Ft r,andz liyy iff s Ftyory Ft zorz =1y.

We are especially interested in cuts of a process net that consist of places
only, i.e., that are configurations of the process net.

Definition 75. A slice of a process net N is a cut C of N such that C C Py.

Lemma76. Let N = (P,T, F) be a process net and let C C P.
C is a slice of N iff

(1) for all p,q € C, p con q, and

(2) for every p € P — C there exists g € C such that — p coy q.

Proof. If C is a slice of N, then (1) and (2) follow directly from the definition of
a cut of N. Now assume that (1) and (2) hold. We have to prove that C is a cut
of N. By (1), C is a con-clique. To show that it is maximal, it suffices, by (2),
to prove that for every t € T there exists ¢ € C such that t Ft q or ¢ F'T t. Let
p € t® ie,t Fp If pe C, then we are ready. Now assume p ¢ C. According
to (2) there exists g € C, such that p F* qor q F* p. If p F* g, then t Ft ¢
(since t F p). If ¢ F* p, then ¢ F* t, because *p = {t}. This last fact is based
on property (2) in the definition of a process net. O

This lemma says that a slice is the same as a maximal clique of the relation
coy restricted to the set P. The next result then follows immediately from
Lemma 66.

Lemma77. Let N = (P,T,F) be a process net. For every con-cligue B C P
there exists a slice C' of N with B C C.

From now on we write °N for °Xy (the minimal elements of the net N).
Likewise we write N° for X ° (the maximal elements of N). By Theorem 71(1),
°N and N° are cuts. They are even slices of N, because, by Definition 1(3),
*t # @ and t* # @, for every transition ¢t. Note that °N = {p € Py | *p = o}
and N° = {p € Py | p* = @}.

In the sequel, we will view each process net N = (P, T, F') as the EN system
(P,T,F,°N), i.e., with the initial slice °N as initial configuration. Property (2)
of a process net (Definition 73) guarantees that this EN system is conflict-free,
see the discussion following Definition 22.

If two process nets N and N’ are isomorphic via a bijection a : Py — Pnr,
then, obviously, a(°N) = °N'. In other words: then they are also isomorphic as
EN systems (cf. Definition 27).

Example 26. Fig. 52 shows an example of a process net N. The places in °N are
marked with tokens. The places marked with crosses show another slice C' of N.
Note that ~ C is the part of N above (and including) the crossed places, whereas
C™ is the part below (and including) them.
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Fig. 52. A process net.

Here are some basic properties of co-cliques and slices of process nets.

Lemma78. Let N = (P,T, F) be a process net.

(1) For every U C T, if U is a co-clique, then *U and U® are co-cliques. In
particular, *t and t® are co-cliques for every t € T'.

(2) For every co-cliqgue U C T there exists a slice C such that *U C C.

(3a) For every slice C and every t € T, if °t C C, then t* N C = @ and
D = (C —"*t)Ut* is a slice such that 7D = 7C U {t} Ut*.

(8b) For every slice C and every t € T, if t* C C, then *tNC = & and
D = (C —t*)U*t is a slice such that 7D = 7 C —t* — {t}.

(4) For every slice C and every transition t, if t € ~C, then nbh(t) C ~C.

(5) For every slice C # °N there exists t € T such that t* C C.

Proof. (1) Let U be a co-clique. To show that *U is a co-clique, let p; € *t;
and ps € *t2 with t1,t» € U, and suppose that py F'* ps. Since p1® = {t1} by
Definition 73(2), t; F* ps and so t; FT t3, contradicting the fact that U is a
co-clique. In the same way it can be shown that U*® is a co-clique.
(2) follows directly from (1) and Lemma 77.

x (3a) Let *t C C. Since C is a co-clique, t*NC = @. To prove that D is a slice,
we first show that it is a co-clique. Since both C and ¢* are co-cliques, it suffices
to consider places p € C' —*t and ¢q € t* such that p F* qor q F* p. If p F* g,
then, since *q = {t}, there exists ¢' € *t such that p F'* ¢'. If ¢ Ft* p, then
q' FT pfor any ¢' € *t. In both cases, since p,q’ € C, this contradicts the fact
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that C' is a co-clique. Using Lemma 76, the maximality of D easily follows from
the maximality of C. Thus, D is a slice. The proof of the remaining property of
D is left to the reader.

(3b) Here ¢ “fires backwards” in C yielding D. The proof is similar to the
proof of (3a).

(4) Let t € 7 C. Thus, t F* q for some ¢ € C. Obviously *¢t C ~C. Now
consider p € t* and suppose that p ¢ 7 C. Then, by Theorem 71(3),pe C7 —C
and so there exists ¢' € C such that ¢ F™ p. Hence ¢’ F* ¢, and so ¢ F' g,
contradicting the fact that C' is a co-clique.

(5) Since C # °N, TN~ C # @. Lemma 70 then implies that (TN ~C)° is
also nonempty. Take a transition ¢ that is a maximal element of TN ~C. We
claim that ¢t* C C. In fact, suppose that there exists p € t* such that p ¢ C.
Since, by (4), p € 7 C, there exists a place ¢ € C such that p F* ¢. Hence there
is a transition #' such that p F t' F'+ q. Consequently ¢ F'+ ¢, which contradicts
the maximality of ¢, because ' € TN ~C. O

We will now show that the reachable configurations of a process net IV are
exactly the slices of V.

Theorem 79. Let N = (P,T,F,°N) be a process net and let C C P.
C € Cy iff C is a slice of N.

Proof. (Only-if) By induction on C. The base of the induction holds because
°N is a slice. The induction step follows directly from Lemma 78(3a).

(If) By induction on #(7C NT), i.e., the number of events before the slice
C.If 7CNT = @, then C = °N (verify this). If 7CNT # @, then C # °N and
0, by Lemma 78(5), there is a ¢ € T such that t* C C. Then, by Lemma 78(3b),
*tNC =@ and D = (C—t*)U*tis aslice. Also 7D = 7 C —t* — {t} and hence
#(DNT) =#("CNT)— 1. Thus, by the induction hypothesis, D € Cy.
Obviously D[t)C and hence C € Cy . O

Theorem 79 and Lemma 78(3a) imply that every process net is contact-free.
The conflict-freeness and contact-freeness of a process net can be expressed to-
gether as follows (see Theorem 61).

Theorem 80. Let N be a process net, let C € Cn, and let U C Ty with U # @.
If*U CC, thenU con C.

In general a process net is not strongly reduced, because it may contain
isolated places. However, as we will show now, a process net is always reduced.
We also give a characterization of the concurrent steps of a process net (i.e., the
sets of labels that appear in its configuration graph).

Theorem 81. Let N = (P, T, F,°N) be a process net.
(1) N is reduced.
(2) For every U CT, (3C € Cy : U con C) iff U is a co-clique.
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Proof. (1) follows from (2), because for every ¢t € T, {t} is a co-clique.

(2) If U is a co-clique then, by Lemma 78(2) and by Theorems 79 and 80,
U con C for a C € Cy. The other way around, if U con C, then *U C C and
hence *U is a co-clique by Theorem 79. To show that U is a co-clique, suppose
that t; F'T t5 for t;,ts € U. Then there exists ps € ®t, such that ¢t; F'+ p,. Hence,
by Definition 1(3), there exists p; € *#; such that p; F' ps, contradicting the
fact that *U is a co-clique. O

Theorem 79 gives a characterization of the reachable configurations of a
process net in terms of the partial order F+. We will now do the same for
sequential components. Whereas reachable configurations correspond to slices,
sequential components correspond to lines.

Lemma82. Let N = (P,T,F,°N) be a process net.

(1) If L is a lin-clique, then L Unbh(L N P) is a liy-cligue.

(2) If L is a line of N, then for every t € T:
‘tNLA@iffte Lifft*NL # 2.

Proof. (1) Let L be a li-clique. We have to prove that LU*(LNP)U (LN P)*
is a li-clique. Take z € L and t € (L N P)*, hence (p,t) € F for ap € L. If
x F* pthen z FT t, and if p F* z then t F* z (by Definition 73(2)). A similar
reasoning holds for all other cases.

(2) We will prove that *tNL # @ iff t € L (the proof that t € Liff t*NL # &
can be done in the same way). First let p € *¢N L. Then ¢t € (L N P)* and
hence L U {t} is a li-clique according to (1). Then ¢t € L, because L is a line.
Now, for the implication in the other direction, let us assume that ¢t € L and let
Y ={z € L |z F* t}. Lemma 72 implies that Y # &, and so, by Lemma 70,
Y° # @. Since L is a li-clique, Y ° consists of one element, say z,,. Since z,, FT t,
there exists p € *t with z,, F* p. This implies that L U {p} is a li-clique and
hence that p € L. Thus p € *t N L. O

Theorem 83. Let N = (P, T, F,°N) be a process net with P # &.

(1) If M is a sequential component of N, then Py UTws is a line of N.

(2) If L is a line of N, then (LNP,LNT,(Lx LYNF,LN°N) is a sequential
component of N.

Proof. (1) Let M be a sequential component of N and let S = Pyr. Then Ty =
S* (see Lemmas 46 and 47). We have to show that SUS® is a line of N. We first
show that S is a li-clique. Let p, ¢ € S and assume that p # ¢ and p co ¢. Then, by
Lemma 77, there is a slice C with p,q € C. Theorem 79 implies that C € Cy . But
then #(CNS) > 2, contradicting Theorem 49(2) (which is applicable because, by
Theorem 81(1), N is reduced). Hence S is a li-clique. Then, by Lemma 82(1),
S U S*® is a li-clique. Now it remains to prove that S U S® is maximal. First
consider p € P — S. By Lemma 77 and Theorem 79 there is a slice C' € Cy
with p € C. Since #(C N S) = 1, there exists ¢ € S with ¢ € C. Then, for this
g € SUS®, pli g does not hold. Now consider t € T'— S°®. Then *tNS = &.
Again there is a slice C' € Cy with *t C C (see also Lemma 78(1)) and again
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there exists ¢ € C'N S. From the fact that p co ¢ for every p € *t it follows that
t 1i ¢ does not hold for this ¢ € SU S°.

(2) Let L be aline and S = LNP. It is easy to check that M = (S,LNT, (L x
L)NF,LN°N) is a subsystem of N (where condition (2) of Definition 45 follows
from Lemma 82(1) and the fact that L is a line). Now it remains to prove that
M is sequential. By Theorem 49(2) and the fact that M is determined by S, it
suffices to prove that #(C N.S) = 1 for every slice C € Cy . Since #(LNC) <1
and C C P, we only need to show that L N C # @. This is done by induction
on C'. The base of the induction follows from Lemma 72 and the induction step
from Lemma 82(2): if C[t)D and *tN L # @&, then t* N L # @. O

From Lemma 53, Theorem 83(2), and Lemma 66 (for o = 1i) it follows that
every process net is not only contact-free (as shown after Theorem 79), but is
even covered by sequential components (cf. Theorem 59). As an example, the
process net of Example 26 (Fig. 52) is covered by the three sequential compo-
nents that correspond to the four places in each vertical row.

Also, Theorems 83(2), 79, and 49(2) imply that L N C # & for every line L
and every slice C. This is already close to density (see Definition 68).

Theorem 84. Every process net N = (P,T,F,°N), with P # &, is dense.

Proof. Let L be aline and C be a cut of N. It is not hard to prove (analogously
to Lemma, 78(3a)) that C' = (C N P)U (CNT)* is a slice. By Theorems 83(2),
79, and 49(2), LNC' # 3. Let pe LNC'.ff pe CNP,thenpe LNC. If
p € (CNT)®, then there is a t € C such that p € t* N L. Lemma 82(2) then
implies that t € L, and hence t € LN C. O

Hence, density is an abstract version of the fact that in every reachable
configuration every sequential component is in one particular state.

6.3 Processes

Process nets will be used in defining the notion of a process, which formalizes a
concurrent run of a system. Informally speaking, a process of an EN system M
describes a transformation of the initial configuration Cj,, of M to a configuration
C of M; it is a record of all occurrences of events that lead from Cj, to C,
together with all conditions involved in these events. Two occurrences of events
are (partially) ordered in this record if there is a condition that starts to hold
as a result of the first occurrence of an event, and ceases to hold as a result of
the second (or if the first is connected to the second by a chain of occurrences of
events related in this way). This partial order represents the causal connection
between the occurrences of the events, cf. Fig. 19. Note that the linear order of
occurrences of events in a firing sequence also represents the fact that they are
observed by a sequential observer.

Consider for example the (contact-free) EN system M = (P,T,F,C;,) of
Fig. 53. We start by recording the initial configuration {p;,p2} (see Fig. 54).
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Next we record the occurrence of event ¢; (see Fig. 55). What we obtain in this
way, is a process (a record of a transformation) from the configuration C;, =
{p1,p2} to the configuration C' = {p3,ps}. We can continue by also recording
the occurrence of (for example) the concurrent step {t2,t3} in configuration C,
see Fig. 56. What we obtain now, is a process (a record of a transformation)
leading from the configuration C;, = {p1,p2} to itself. By continuing one more
step, we again record the occurrence of ¢; and again obtain a process (a record
of a transformation) from Cj, to C (see Fig. 57). Finally we can (for example)
record the occurrence of event ¢4 and thus obtain a process leading from Cj, to
the configuration {ps,ps} (see Fig. 58).

Fig.53. An EN system M.

Thus, a process does not describe a complete run of the system (which can
be infinite), but rather an initial finite part of it.

Note that our processes are themselves nets. These nets record the occur-
rences of events together with the occurrences of the conditions that belong to
these events. Moreover, processes are nets of a special kind, viz. process nets:
(1) if an event occurs, a possible conflict is resolved, and (2) different occur-
rences of the same condition and different occurrences of the same event are
recorded by different copies of the corresponding condition and event, respec-
tively. Therefore all places are unbranched and no cycles occur. The flow relation
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Fig. 54. A process of the EN system M of Fig. 53.
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Fig. 55. A process that extends the process of Fig. 54.
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Fig. 56. A process that extends the process of Fig. 55.
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Fig. 57. A process that extends the process of Fig. 56.
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Fig. 58. A process of the EN system M of Fig. 53, leading from {p1,p2} to {ps,ps}.

of the net represents the causal partial order between the events and conditions
(see Lemma, 74).

It is important to note that our processes only record that conditions hold,
not that conditions do not hold. Hence a process faithfully describes a run of
the system under consideration only if this system is contact-free, i.e., we need
not record which conditions do not hold when we record the occurrence of an
event. This is the reason for restricting our attention to processes of contact-
free EN systems. Fortunately, Theorem 60 says that for every EN system there
exists a configuration equivalent contact-free EN system. Hence, without loss
of generality, we can assume contact-freeness in our study of the behaviour of
EN systems. More specifically, when dealing with an EN system M that is not
contact-free, if we want to study its behaviour through its processes, then we will
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study the processes of a contact-free EN system that is configuration equivalent
with M (e.g., the system that is obtained by the complement construction in
the proof of Theorem 57).

The above considerations lead to the formal notion of a process in a contact-
free EN system. However, before giving the formal definition, we need a number
of auxiliary notions.

Definition 85. Let X; and X be disjoint alphabets. A (X1, X)-labelled net is
a 5-tuple N = (P, T, F, ¢1, ¢2), where

(P,T,F) is a net (the underlying net of N, denoted by und(N)),

¢1 is a function from P to Xy (the place labelling of N), and

¢2 is a function from T to Yo (the transition labelling of N).

N is also called a labelled net, and, if und(N) is a process net, then N
is also called a (X, X5)-labelled process met or simply a labelled process net.
All notations and terminology concerning (process) nets carry over, through the
underlying nets, to labelled (process) nets. We will also use the notation ¢, gan
for ¢1, @2, respectively.

To compare labelled nets we need the following notion of isomorphism, which
expresses the fact that the identity of the places, the transitions, and the labels
is irrelevant.

Definition 86. Let N = (P, T, F,¢1,¢2) and N' = (P',T',F', ¢}, #) be two
(X1, Xs)-, respectively (X1, X%)-labelled nets. Then N and N' are isomorphic,
denoted by N = N', if there exist bijections a : Xy — X, 8 : Xy — X},
v:P — P' and § : T — T', such that:

(1) und(N) =} und(N'),

(2) for all p € P, ¢}(1(p)) = a1 (p)), and

(3) for all ¢ € T, g(6(t)) = B ().

For isomorphic N and N’ as above, we also say that N and N' are (a, §3)-
isomorphic, denoted by N =g N "

Condition (1) above means that the underlying nets are isomorphic, condi-
tion (2) means that corresponding places (via 7) have corresponding labels (via
o), and condition (3) means that corresponding transitions (via §) also have
corresponding labels (via 3).

This notion of isomorphism between labelled nets can naturally be extended
to isomorphism between sets of labelled nets in the following way.

Definition 87. Let P and P’ be two sets of (X, Xs)-, respectively (X7, X})-
labelled nets. Then P and P’ are isomorphic, denoted by P = P, if there exist
bijections a : X1 — X{ and 8 : ¥y — X}, such that

(1) for every N € P there exists N' € P’ such that N = N', and

(2) for every N' € P’ there exists N € P such that N =§ N'.

For isomorphic P and P’ as above, we also say that P and P’ are (o, 3)-
isomorphic, denoted by P =§ !
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Condition (1) means that every net in P is isomorphic with a net in P’ and
condition (2) means that, the other way around, every net in P’ is isomorphic
with a net in P. Note that the isomorphisms from (1) and (2) always use the
same, fixed a priori, bijections @ and 3 between the alphabets.

We now present the formal definition of the notion of a process. Recall from
Section 3 that f [ B denotes the restriction of function f : A — A’ to the set
B C A. The requirement that f [ B is injective thus means that for all by, bs € B,
if by ;é b2 then f(bl) # f(bz)

Definition 88. Let N = (Pn,Tn, Fn,¢1,¢2) be a (X1, Xs)-labelled process net
and let M = (P, T, F,C;,) be a contact-free EN system.

Then N is a process of M if

(1) 2‘1 P and X5 = use(T),

(2) ¢1 [ °N is injective,

(3) ¢ ( N) = Cin,

(4) for every t € Ty, ¢1 | °t is injective and ¢; [ ¢* is injective, and
(5) for every t € Ty, ¢1(°t) = *(2(t)) and ¢1(t*) = (¢2(2))°.

From now on, for the sake of simplicity, we will also write ¢ instead of ¢;
and ¢2, when the subscript is clear from the context.

For a contact-free EN system M, PROC(M) denotes the set of all processes
of M.

Requirement (1) above says that the places of the process net are labelled
with the places of the system, and the transitions of the process net are labelled
with the useful transitions of the system. Requirements (2) and (3) say that,
via the labelling ¢, the minimal places of the process net N are in one-to-one
correspondence with the initial configuration of the system. The non-minimal
places of N represent conditions that are set by the occurrence of some event.
Thus, °N faithfully records the conditions that hold initially. Requirements (4)
and (5) say that, via the labelling ¢, the places in the input- and output-set
of a transition s of the process net are in one-to-one correspondence with the
places in the input- and output-set, respectively, of a transition ¢ of the system.
This means that s is indeed a faithful record of the occurrence of the event
t = ¢(s). Note that requirement (5) implies that for all z,y € Xy, if ¢ Fy y
then ¢(x) F ¢(y).

Ezample 27. (1) Let M be the (contact-free) EN system of Fig. 49. A process
N of M is drawn in Fig. 59 (the underlying process net is the one of Fig. 52).
Note that the symbols next to the places and transitions of IV are labels, i.e.,
places and transitions of M (the identities of the places and transitions of N
are not given in the figure). The process N leads from the initial configuration
{p1,bs,c1} of M to the configuration {ps,be,co} of M.

(2) A process of the EN system of Fig. 5 (mutual exclusion) is drawn in
Fig. 60. It leads from the initial configuration {w;,p, w2} to the configuration

{c1,wa}.
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Fig. 59. A process of the producer/consumer system of Fig. 49.
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We will now show that the firing of transitions in a process is mapped (by
¢) to the firing of transitions in the system. Hence, playing the token game in a
process corresponds to playing the token game in the system. To prove this, we
need the following lemma.

Lemma89. Let M = (P,T,F,C;,) be a contact-free EN system and let N =
(PN, TN, Fn,¢1,¢92) be a process of M. Let C,D € Cx andt € Tx.

If ¢ | C is injective, $(C) € Cpr, and Ct)nyD, then ¢ | D is injective and
(OB d(D).

Proof. From *t C C it follows that ¢(*t) C ¢(C) and hence, by requirement (5) of
Definition 88, that *¢(t) C ¢(C). Since M is contact-free, ¢(t)®* N ¢(C) = @ and
hence, again by requirement (5), ¢(¢*) N¢(C) = &. This, and the fact that ¢ | ¢°
is injective (requirement (4)), implies that ¢ [ (C'U D) is injective. Consequently
¢(C—D) = ¢(C)—¢(D) and ¢(D—-C) = ¢(D)—¢(C). By Lemma 7, *t = C—D
and t* = D — C. Hence *¢(t) = ¢(°t) = ¢(C — D) = ¢(C) — ¢(D) and similarly
¢(t)* = ¢(D) — ¢(C). Lemma 7 now implies that ¢(C)[¢(t)) rm¢(D). O

Theorem 90. Let M = (P, T, F,Ciy,) be a contact-free EN system and let N =
(Pn,TN, Fi,$1,92) be a process of M.

(1) For every C € Cy, ¢ | C is injective and ¢(C) € Cpy .

(2) For every C,D € Cy and t € T, if C[t)nD then ¢(C)[¢(t))m (D).
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Fig. 60. A process of the mutual exclusion system of Fig. 5.
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Proof. (1) can easily be proved by induction on C. The base of the induction
(i.e., C = °N) directly follows from requirements (2) and (3) of Definition 88,
and the induction step follows from Lemma, 89.

(2) directly follows from (1) and Lemma 89. O

Theorem 91. Let M = (P,T, F,C;,) be a contact-free EN system and let N =
(Pn,Tn, Fn, ¢1,$2) be a process of M.

(1) For every co-cliqgue D of Xy, ¢ | D is injective.

(2) For every C,D € Cy and U C Ty, if ClU)nD then ¢(C)[op(U))m¢(D).
(3) For every co-cliqgue U C Ty there exist C,D € Cyr such that Cl¢p(U))mD.

Proof. (1) We have to show that for every two distinct elements z and y of X,
if z co y then ¢(x) # ¢(y). This is obvious if one of the two is a place and the
other a transition. If {z,y} C Py, then by Lemma 77 there exists a slice C € Cy
with {z,y} C C, and Theorem 90(1) then implies that ¢ | {z,y} is injective. If
{z,y} C Tn, then Lemma 78(1) implies that *z U *y is a co-clique. According
to the previous case, ¢ [ (*x U ®y) is injective. Definition 73(2) now implies that
¢(*z) # #(*y). Hence *¢(z) # *¢(y) and thus ¢(z) # ¢(y).

(2) Assume that C[U)nD. By Theorem 81(2), U is a co-clique. Then (1)
implies that ¢ [ U is injective. This means that the set of orderings of the
elements of ¢(U) equals {(¢(¢1),...,9(tn)) | (t1,...,tn) is an ordering of the
elements of U}. This, together with Theorems 20(2) and 90(2), implies that
(O (D).

(3) If U C Ty is a co-clique, then there exists C € Cy with U con C by
Theorem 81(2). Theorem 90(1) implies that ¢(C) € Cps. Now apply (2). O

There is a clear connection between the firing sequences of an EN system
and the firing sequences of its processes. Theorem 90 implies that every firing
sequence of a process N (of an EN system M) is mapped to a firing sequence of M
by ¢. We will now show that this also holds the other way around: for every firing
sequence of M there exists a firing sequence of a process N of M which is mapped
to it by ¢; moreover, we can guarantee that this is a “complete” firing sequence
of N, i.e., a firing sequence from °N to N° (note that, by Theorem 79, every
process net has such a complete firing sequence). This resembles the construction
which we presented as an example at the beginning of this subsection (in Figs. 54
to 58).

Theorem 92. Let M = (P, T, F,C;,) be a contact-free EN system, let ty, ..., t,
be transitions in T, and let C C P. Then City---tn)mC iff there exists a
process N = (Pn,Tn, Fn, ¢1,¢2) of M and there exist transitions s1,..., Sy in
Tn such that

(1) ¢(s;) =1t; for 1 <i<n,

(2) $(N°) = C, and

(3) ON[Sl . '-Sn)NNO.
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Proof. (If) This follows from Definition 88(3) and Theorem 90(2).

(Only-if) The proof is by induction on n.

For n = 0 we have to show the existence of a process N with °N = N°. If
Cin = {q1,---,qm}, then such a process N is defined by: Py = {p1,-..,Pm},
TN=®,FN=®,¢2=®,a.nd¢1(pi):qiforlﬁiSm.

Now assume that Cip[t1 - - - t,)C[t)D and assume (the induction hypothesis)
that there exists a process N satisfying requirements (1-3). Let *¢t = {q1,...,qx}
and t* = {q},...,¢,,}. Since C' = ¢(N°) and *t C C, there are (unique) places
Pi,--.,pk € N° such that ¢(p;) = ¢; for 1 < i < k. Now take an s ¢ T and
Dis---, 0., ¢ Pnv. We extend N by adding transition s and places pi,...,pl,, in
such a way that ®s = {p1,...,pr}, 8* = {Pl,---, P}, ¢(s) = t, and ¢(p}) = ¢!
for 1 <47 < m. In this way a new process is obtained that satisfies requirements
(1-3) for Cip[ty - - - tnt)D (verify this). O

It is also straightforward to prove that, for given firing sequence ty - - - t,,
the process N is unique (modulo isomorphism, i.e., modulo =3, where « is the
identity on Py and § the identity on use(Ty)). Since every process has a com-
plete firing sequence, this implies that every process of M is obtained in this
way from a firing sequence of M (cf. [BesDev87], Theorem 3.5.3 of [BesFer88],
and Section 3 of [NieRozThi90]). Note, however, that different firing sequences
t1 - --t, can lead to the same process N. The resulting equivalence relation be-
tween firing sequences is studied in Section 7.2. The uniqueness of N will also
follow from later results (see the remark after Theorem 122).

Note that Theorem 92 implies that, for every contact-free EN system M,
PROC(M) # & (since A is always a firing sequence of M).

Example 28. Consider the EN system M of Fig. 49 and the process N of M of
Fig. 59. Examples of firing sequences of M that correspond to process N in the
way indicated in Theorem 92 are: pefcep and ecpfpe.

We now prove the converse of Theorem 90(2).

Theorem 93. Let M be a contact-free EN system. Let C, D € Cpy and t € Tyy.
If C[tym D, then there exists a process N of M and there exist C', D' € Cy and
s € T, such that C'[s)ND', ¢n(C') = C, ¢n(s) =t, and ¢n(D') = D.

Proof. There is a firing sequence z such that C;,[z)yC. If we now apply The-
orem 92 to C;,[zt) s D, then we obtain a process N of M and a firing sequence
ys (with y € Tx and s € Twn) such that ¢(y) = z, ¢(s) = ¢, $(N°) = D, and
°Nlys)nN° (where ¢ = ¢n). Assume that °N[y)nC'[s)nN° and let D' = N°.
By Theorem 90, ¢(°N)[¢(y)) s $(C') holds, i.e., Cinlz) s $(C"). Hence ¢(C') =
C. O

Analogously the following converse of Theorem 91(2,3) can be proved. The

details of the proof of (1) are left to the reader; (2) follows immediately from (1)
and Theorem 81(2).
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Theorem 94. Let M be a contact-free EN system. Let C,D € Cpy and let U C
Ty If ClUYm D, then:

(1) there exists a process N of M and there exist C',D' € Cy and V C Tk,
such that C'[VY)nyD', ¢n(C') =C, ¢n(V) =U, and ¢n(D') = D,

(2) there exist a process N of M and a co-cligue V C T such that ¢ (V) =U.

It would be natural to say that two EN systems are equivalent if they have
isomorphic sets of processes (see Definition 87). The next result shows that two
(reduced) EN systems are equivalent in this sense iff they are isomorphic. Thus,
as discussed in the next subsection, this equivalence relation does not capture
equivalent behaviour of EN systems.

Theorem 95. Let M and M' be two contact-free reduced EN systems. Then
PROC(M) = PROC(M") iff M = M".

Proof. Let M = (P, T, F,Ciy,) and M' = (P',T',F',C},). It is easy to see that
if M =% M, then PROC(M) =3 PROC(M").

* Now assume that PROC(M) = PROC(M'). Then a and j are bijections,
a:P — Pand 8:T — T'. It now suffices to show that (1) a(Ci,) = Cj},, and
that (2) for every t € T', a(*t) = *((t) and a(t®) = B(t)°.

(1) Consider a process N of M (this is possible because PROC(M) # &)
and consider a process N' of M' that is («, 3)-isomorphic with N. Then °N
corresponds to °N' and hence a(¢n(°N)) = ¢én(°N'). Since ¢pn(°N) = Ciy,
and ¢n' (°N') = C},, this means that a(Ciy) = C},,.

(2) Since M is reduced, there exist C,D € Cp with C[t)prD. Then, by
Theorem 93, there exist a process N of M and an s € T such that ¢ (s) = t.
Let N' be a process of M' that is (a, 8)-isomorphic with N and assume that
s' € TN+ corresponds to s. Then ¢n:(s') = B(¢t). Furthermore, *s corresponds

(s') and s* to (s')*, and hence a(¢n(*s)) = on(*(s")) and a(pn(s®)) =

o ((8')*). Now ¢n (*s) = *on(s) = *t, on: (*(s')) = *onr(s") = *B(1), PN (s°*) =
on(s)® = t*, and on' ((8")*) = One (s ) B(t)*, and hence a(*t) = *4(t) and

alt*) = B(t)*. 0

6.4 Pruned Contracted Processes

We can interpret the set PROC(M) of processes of an EN system M as the be-
haviour of M: it is the set of all concurrent runs of M. However, by Theorem 95,
this definition of the behaviour of an EN system is too strong, since the system
M is uniquely determined by PROC(M), modulo isomorphism, which means
that the behaviour of the EN system would be identified with its structure! In
this way it would be impossible to transform systems while preserving their be-
haviour. The intuitive reason why Theorem 95 holds, is that in a process both
the events and the conditions are recorded: in that way we are able to read the
flow relation of the system from the flow relation of its processes and their la-
bels (see Definition 88(4,5)). However, since we are more interested in the events
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than in the conditions of the system when defining behaviour (see Section 5.1),
we will, in this subsection, remove the conditions from every process N. In this
way the set Ty of recorded events remains, together with their causal order (the
partial order Fy, restricted to Ti). This can be considered as a “labelled par-
tially ordered set”, with labels in T (or, more precisely, in use(Ty)). Then we
will define the behaviour of M as the set of all labelled partially ordered sets
obtained in this way. With this definition of the behaviour of M, the system M is
no longer uniquely determined, i.e., Theorem 95 no longer holds. Note that such
partially ordered sets of occurrences of events are similar to firing sequences,
which are linearly ordered sets of occurrences of events.

Modulo isomorphism, labelled partially ordered sets (with labels in an al-
phabet X)) are also called partially ordered multisets (with elements in X) or
pom-sets, see, e.g., [Pra86]. Here, we model labelled partially ordered sets by
node-labelled acyclic graphs, which are easier to compare to processes. There is
a clear connection between partial orders and acyclic graphs. A partially ordered
set (A, p) with p C A x A is a (special kind of) acyclic directed graph. The other
way around it is clear that for every acyclic directed graph (V,I"), (V,I'T) is
a partially ordered set (cf. Lemma 74). We will say that the graph (V,I") rep-
resents the partially ordered set (V,I'"). In general a partially ordered set can
thus be represented by several acyclic graphs.

To begin with, we recall several notions concerning node-labelled directed
graphs which, for the sake of simplicity, we will simply call labelled graphs. Note
that we have so far only considered (initialized) edge-labelled graphs (in partic-
ular configuration graphs). We have also considered labelled nets (in particular
processes) in the previous section. When we view a net as a graph, labelled
nets can be viewed as node-labelled graphs. The following definitions are thus
analogous to those for labelled nets.

Definition 96. Let X be an alphabet. A (X-)labelled graph is a quadruple G =
(V, I, X, ¢), where V is a finite set of nodes, ' CV x V is a set of edges, and ¢
is a function from V to X (the labelling of G). G is acyclic if I'T is irreflexive.

The components of G are also indicated by Vg, I'g, Xg, and ¢g.
To compare graphs labelled over distinct alphabets we need the following
notion of isomorphism.

Definition 97. Let X and X' be two alphabets and let G = (V,I,X,$) and
G'=(V'I" % ¢") be two X-, respectively X’'-labelled graphs. Then G and G’
are isomorphic, denoted by G = @', if there exist bijections 8 : ¥ — X’ and
6:V — V', such that

(1) for all v,w € V, (v,w) € I' iff (§(v),d(w)) € I'", and

(2) forallv € V, ¢'(6(v)) = B(d(v))-

For isomorphic G and G' as above, we also say that G and G' are (3-
isomorphic, denoted by G =g G'.

The above notion of isomorphism between labelled graphs can naturally be
extended to isomorphism between sets of labelled graphs in the following way.
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Definition 98. Let P and P’ be two sets of X-, respectively X'-labelled graphs.
Then P and P’ are isomorphic, denoted by P = P, if there exists a bijection
B:X — X' such that

(1) for every G € P there exists G' € P’ such that G =g G', and

(2) for every G’ € P’ there exists G € P such that G =3 G-

For isomorphic P and P’ as above, we also say that P and P’ are (-
isomorphic, denoted by P =g P’. Note that the isomorphisms from (1) and
(2) always use the same, fixed a priori, bijection 8 between the alphabets (cf.
Definition 87).

A labelled graph G = (V, I, X, ¢) for which (V, I") is a partially ordered set is
also called a labelled partially ordered set or, shorter, a labelled partial order. To
every acyclic labelled graph such a labelled partial order is naturally associated.

Definition 99. Let G = (V, I, ¥, ¢) be an acyclic labelled graph. The transitive
closure of G, denoted by tra(G), is the labelled graph (V, I't, X, ¢). We also say
that G represents tra(G).

Note that tra(G) is a labelled partial order. In general a labelled partial order
is represented by several labelled graphs. One of these graphs is the “smallest”
(and is also known as the “Hasse diagram” of the partial order).

Definition 100. Let G = (V, I, X, ¢) be an acyclic labelled graph. The pruned
version of G, denoted by pru(G), is the labelled graph (V,I"!, X, ¢) with I =
{(v,w)e '~ 3FueV:(v,u) € I' and (u,w) € ['}.

This means that pru(G) is the graph that is obtained from G by removing
all edges (v, w) such that there exists a path of length > 2 from v to w in G,
i.e., by removing the so-called transitive edges.

Example 29. Figure 61 shows a graph with its transitive closure and its pruned
version. The labels have been omitted.

ORA N
S

G tra(G) pru(QG)

Fig.61. A graph with its transitive closure and its pruned version.

We now recall the well-known fact that tra(G) is represented by pru(G),
and that pru(G) is uniquely determined by tra(G).
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Theorem 101. For every acyclic labelled graph G,
tra(pru(G)) = tra(G) and pru(tra(G)) = pru(G).

Proof. Let G = (V, I, X, ¢). We will prove the inclusion tra(G) C tra(pru(QG));
the other inclusions are immediate. We have to prove that, for all v,w € V| if
there is a path from v to w, then there is a path from v to w that uses only non-
transitive edges. This is done by induction on the length n(v,w) of the longest
path from v to w. If n(v,w) = 1, then the longest path from v to w is the edge
(v, w). Hence that edge is not transitive. Now take n(v,w) > 2 and assume that
the claim holds for all lengths < n(v,w). Consider the longest path from v to w
and take a node u on that path that is distinct from v and w. Then the subpath
from v to u is also the longest path from v to u, and hence n(v,u) < n(v,w).
This implies that there is a path from v to v with non-transitive edges only.
Likewise there is a path from u to w with non-transitive edges only. O

This implies that two labelled partial orders are isomorphic iff their pruned
versions are isomorphic.

Theorem 102. Let X and X' be alphabets. Let G and G' be two acyclic X -,
respectively X'-labelled graphs and let 5 : X — X' be a bijection.
Then tra(G) =g tra(G') iff pru(G) =g pru(G’).

Proof. It is clear that, for labelled graphs Gi and Ga, if Gi =g G2, then
tra(G1) =g tra(G2) and pru(G1) = pru(G-). Hence, if tra(G) =g tra(G’),
then pru(tra(G)) =g pru(tra(G')) and thus pru(G) =g pru(G’). Likewise in
the other direction. O

We now return to the processes of an EN system M. As observed before, we
are interested in the labelled partial order (T, FIJ\? N(Tn XTN),Thr,¢an) for a
process N of M. There is an easy way to construct a labelled graph that repre-
sents this labelled partial order: we remove the places from N and replace them
by edges. When we then remove the transitive edges from this graph we obtain
a unique representation of the labelled partial order. The precise formulation of
this is given in the following definition, cf. Fig. 19.

Definition 103. Let N = (P, T, F, ¢1,¢=2) be an acyclic (X, Xs)-labelled net.
(1) The contracted version of N, denoted by ctr(N), is the labelled graph
(T, I, X5, ¢2) such that, for all s,t € T, (s,t) € ['iff s* Nt # 2.
(2) The pruned contracted version of N is the labelled graph pru(ctr(N)).

It is easy to see that ctr(/N) indeed represents the labelled partial order
(Tn,F 0 (Tn x Tn), Xo,¢on). Then, by Theorem 101, the same holds for
pru(ctr(N)).

Lemma104. Let N = (P,T,F,¢1,¢2) be an acyclic (X1, X>)-labelled net and

let pru(ctr(N)) = (T, I, X, ¢2). Then,
for all s,t €T, (s,t) € I't iff (s,t) € FT.
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If N is a process of an EN system M, then ctr(N) is called a contracted
process of M and pru(ctr(N)) a pruned contracted process of M. For a contact-
free EN system M we denote by LPO(M) the set of all pruned contracted
processes of M (where LPO stands for Labelled Partial Orders). Hence

LPO(M) = {pru(ctr(N)) | N € PROC(M)}.
Ezample 30. (1) Let M be the EN system of Fig. 49 (the producer/consumer

system) and let N be the process of M in Fig. 59. Then ctr(N) = pru(ctr(N))
is given in Fig. 62. A larger pruned contracted process of M is drawn in Fig. 63.

p[ ] e

L [ Je

Fig. 62. The (pruned) contracted version of the process of Fig. 59.

(2) Let M be the EN system of Fig. 5 (the mutual exclusion system) and let
N be the process of M in Fig. 60. Then ctr(N) and pru(ctr(N)) are given in
Fig. 64.

We can now call two EN systems equivalent if their sets of pruned contracted
processes are isomorphic (see Definition 98). The behaviour of an EN system M
is thus defined as LPO(M), modulo isomorphism.

Definition 105. Two contact-free EN systems M and M' are Ilpo-equivalent if
LPO(M) = LPO(M").

An intuitive way to view a concurrent system, is to see it as a system with its
actions not linearly ordered but partially ordered, where a linear order can be
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Fig.63. Another pruned contracted process of the producer/consumer system of
Fig. 49.

interpreted as an ordering in time, whereas a partial order can be interpreted as
showing the causal relationships between the actions. This means that the above
definition of behaviour is intuitively attractive and perhaps the most natural one.

We now show (as mentioned already in the introduction of this subsection)
that, in contrast with ordinary processes (see Theorem 95), the set of pruned
contracted processes does not uniquely determine an EN system (modulo iso-
morphism).

Theorem 106. There exist reduced contact-free EN systems M and M' such
that LPO(M) = LPO(M") but M = M' does not hold.

Proof. The EN systems M and M’ of Figs. 33 and 35 have isomorphic sets of
contracted processes, and those contracted processes are already pruned, i.e.,
contain no transitive edges. Hence LPO(M) = LPO(M'). Note that in this case
the contracted processes correspond to FS(M) = FS(M') = {), a, ¢, e, ab, cd,
ef , abd}, see Example 15.

Another example of two lpo-equivalent EN systems M and M' that are not
isomorphic is depicted in Fig. 65. The sets of contracted processes of M and M’
are not isomorphic, but the sets of pruned contracted processes are. O

In the remainder of this subsection we will prove that the function pructr :
PROC(M) — LPO(M), defined by pructr(N) = pru(ctr(N)), is a bijection
(modulo isomorphism); i.e., though certain information is lost by the function
pructr, it does not identify distinct processes. Hence LPO(M) is still a “faithful”
modelling of the behaviour of M. This is formulated as follows.

84



inl

z'nl
outq outy I
di e die
z'nl i’nl
ctr(N) pru(ctr(N))

Fig. 64. The contracted process and the pruned contracted process corresponding to
the process of Fig. 60.

Fig. 65. Two non-isomorphic Ipo-equivalent EN systems.
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Theorem 107. Let M be a contact-free EN system and let N, N' be two processes
of M. Let a be the identity on Py and (3 the identity on use(Tyr). Then
N =3 N' iff pru(ctr(N)) =g pru(ctr(N')).

This implies that if M and M’ are lpo-equivalent EN systems, then there
is a bijection f : PROC(M) — PROC(M’) between their processes such that
pru(ctr(N)) =g pru(ctr(f(N))) for every process N of M.

We now turn to the proof of Theorem 107. The Only-if direction of the proof
is clear (both ctr and pru preserve isomorphism). A simple proof of the impli-
cation in the other direction will be given after Theorem 115. The proof that
follows is, however, more transparent, because it shows how to reconstruct the
process N directly from the pruned contracted process pru(ctr(N)), i.e., from
(Tn,F R,‘ N (Tn x Tn),Tar, ¢2n)- This technique will be useful in Theorem 149.
* To explain the construction we need two lemmas.

Lemma108. Let N = (P, T, F, ¢1,$2) be a process of a contact-free EN system
M and let g1,q2 € P.

(1) For all 51,82 €T,

if 51 € °qu, 82 € @2°, (81,82) € F*, and ¢(q1) = ¢(g2), then (q1,92) € F*.

(2) If *q1 = @ and ¢(q1) = ¢(g2), then (q1,q2) € F*.

Proof. (1) If ¢ # g2, then, by Theorem 91(1), ¢; co g2 does not hold. Hence
q1 li g2. Then (q1,q2) € FT, because (g2,¢1) € FT implies that (so,s1) € F*
and hence that N is cyclic. The proof of (2) is analogous. O

* In the next lemma we show how the position of the places of N can be
determined from the labelled partial order (T, F3r N (T x Tw),Ta, ¢an)-

Lemma109. Let N = (P, T, F, ¢1,¢2) be a process of a contact-free EN system
M and let p € Py

(1) For all 51,82 € T:
dq € P with s1 € °q, s2 € ¢*, and ¢(q) =p
iff
¢(31) € .p: ¢(82) € p.: (81732) € F+; and
-Js €T : ¢(s) € p* and (s1,8) € FT and (s,s2) € FT.

(2) For all s, € T':
dg € P with®q =9, s2 € ¢*, and ¢(q) =p
iff
p € (Cin)um, #(s2) € p°, and
-ds €T : ¢(s) € p* and (s, s2) € FT.

Proof. First note that the right-hand side of the equivalence in (1) means that
s is minimal (with respect to the partial order F*) in the set of all s € T with
#(s) € p* and (s1, s) € F* (and, in fact, it is the minimum of that set). Similarly
for (2), s2 is minimal in the set of all s € T with ¢(s) € p°.
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(1) (Only-if) Obviously (s1,s2) € Ft and, by Definition 88(5), ¢(s1) € °p
and ¢(s2) € p*. Now assume that ¢(s) € p*, (s1,s) € FT, and (s,s2) € FT.
By Definition 88(5) there exists ¢’ € P with s € (¢')® and ¢(¢') = p. Hence,
by Lemma 108(1), (q,q') € F*. Then, since ¢* = {s2}, also (s2,s) € F*. This
contradicts the fact that N is acyclic.

(If) Since ¢(s1) € °p, there exists ¢3¢ € P with s; € *°q; and ¢(q1) = p-
Likewise there exists ¢o with s € ¢2® and ¢(¢g2) = p. We prove that ¢; = ¢o
(which is then the required ¢). By Lemma 108(1), (q1,¢2) € F*. Suppose that
q1 # q2- Then there is a transition s such that q; F s Ft ¢o. Clearly ¢(s) € p°,
(s1,8) € Ft, and (s,s2) € FT, contradicting the assumption.

(2) can be proved analogously, using Lemma 108(2) and Definition 88(3). O

x  We now prove the If-part of Theorem 107. Let M = (Py;,use(Tar), Far, Cin)-
To show that the function pructr : PROC(M) — LPO(M) is a bijection modulo
isomorphism, it suffices to define a function proc : LPO(M) — PROC(M) such
that

(1) for all G,G" € LPO(M), if G =g G, then proc(G) =§ proc(G'), and
(2) for all N € PROC(M), proc(pructr(N)) =3 N.

It is straightforward to define the function proc, on the basis of Lemma 109, as
follows. Let G = (T, I',use(Tr), ) be an element of LPO(M). Then proc(G)
is the (Pur,use(Th))-labelled net (P, T, F,¢1,¢), with P, ¢1, and F defined
as follows. P consists of newly created places of two types: all places g, with
p € (Cin)Mm, and all places g5, with s € T and p € ¢(s)®. Their labels are de-
fined by ¢1(gp) = ¢1(¢s,p) = p. Intuitively, the places g, form the initial slice of
proc(@), and the places g;,, form the output-set of the transition s in proc(G).
With this in mind we define F N (T x P) = {(s,¢sp) | s € T,p € ¢(s)*}. The
remaining part of F' is defined on the basis of Lemma 109 (and Lemma 104):
F N (P xT) consists of all pairs (gs, p, s2) such that

¢(82) € p.J (81a32) € F+7 and

-Js €T : ¢(s) € p* and (s1,5) € I't and (s,s2) € ['T,
and all pairs (gp, s2) such that

¢(s2) € p* and

—Jds € T: ¢(s) € p* and (s,s2) € I'T.
This ends the definition of the function proc. It should be clear that it satis-
fies property (1) above. To show property (2), let N = (P, T, F,¢1,¢$s). Then
proc(pructr(N)) and N have the same transitions, with the same labels. Note
now that, in IV, the sets °N and all s°, s € T, form a partition of P. Thus, by De-
finition 88, there is an obvious bijection between the places of proc(pructr(N))
and N: g, corresponds to the unique place in °N with label p, and g, , cor-
responds to the unique place in s® with label p. It is straightforward to show
from Lemmas 109 and 104 that this correspondence defines an isomorphism be-
tween proc(pructr(N)) and N. Note that this also shows that proc(G) is in
PROC(M), for every G € LPO(M).

This ends the proof of Theorem 107. O
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7 Comparison of Partial and Linear Order

In this section we compare the partial order behaviour LPO(M) of an EN
system M with its linear order behaviour FS(M). In the first subsection we
show that Ipo-equivalence and firing sequence equivalence are the same (cf.
[Pom88, PomRo0zSim92]). The basic concepts used to prove this are the inde-
pendency relation between the transitions of an EN system, and the dependency
graph of a firing sequence. These concepts are at the basis of the so-called the-
ory of traces (see, e.g., [AalR0z88] and [DieRoz95], in particular [Maz95] and
[HooR0z95]). In the second subsection we show that LPO(M) can be viewed as
the set of equivalence classes of a natural equivalence relation on FS(M) that
models concurrency. This equivalence relation, called lpo-equivalence of firing
sequences, is proved to be the same as the trace equivalence of firing sequences
based on the independency relation (see [Maz95]).
This section is largely based on Section 5 of [AalRoz88].

7.1 LPO-Equivalence and Firing Sequence Equivalence

To recapitulate, we now have in total three definitions of the behaviour of a
contact-free EN system M: SCG(M) by configuration equivalence, FS(M) by fir-
ing sequence equivalence, and LPO(M) by lpo-equivalence, where firing sequence
equivalence is weaker than configuration equivalence (Corollary 34). Though fir-
ing sequence equivalence describes the sequential (linearly ordered) behaviour of
M and lpo-equivalence the non-sequential (partially ordered) behaviour of M,
we will prove in this subsection the rather surprising result that two contact-free
EN systems are Ipo-equivalent iff they are firing sequence equivalent. In one di-
rection this result is as expected: if two EN systems are Ipo-equivalent, then they
are firing sequence equivalent. This intuitively holds because we can obtain the
linear orders in FS(M) from the acyclic graphs in LPO(M) by ordering these
graphs topologically. Topological order of acyclic graphs, as defined next, gives
a fundamental connection between partial orders and linear orders.

Definition 110. A topological order of an acyclic labelled graph G = (V, I, X, ¢)
is a sequence uj - --u, € V*, with u; € V for 1 < < n, and

(1) all u; are distinct,

(2) V={u1,...,u,}, and

(3) for all 1 <4,j <m, if (u;,u;) € I', then i < j.

A word of G is a word ¢(uyr)---d(u,) € X*, where u; ---u, is a topological
order of G.

For an acyclic labelled graph G = (V,I,X,¢), the set of all topological
orders of G is denoted by top(G). It is well known that every acyclic graph can
be ordered topologically, i.e., top(G) # &. Furthermore, words(G) denotes the
set of all words of G, i.e., words(G) = {¢(u1) - - - ¢(uy) | u1 - - - upn, € top(G)}.

Two graphs G and G' that represent the same partial order have the same
topological orders (and hence the same words).
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Lemmal1ll. Let G and G' be acyclic labelled graphs.
If tra(G) = tra(G"), then top(G) = top(G') and words(G) = words(G').

Example 31. Consider the acyclic labelled graph G shown in Fig. 66, with Vg =
{v1,...,u6} and Xg = {p, f,e,c}. Then, e.g., v3v1V4V2v6U5 and vy V2V3V4V5Vg
are topological orders of G, and pefcep and ecpfpe are the corresponding words
of G. Sequences that are not topological orders of G are, e.g., vsvavgvav; and

V3V4V1V2V6V5.
' /e@\

f o) (v
p () o)

Fig. 66. An acyclic labelled graph.

We want to show that for every contact-free EN system M,
FS(M) = U{words(G) | G € LPO(M)},

i.e., the firing sequences of M are the words of the pruned contracted processes
of M. We know from Theorem 92 that there is a relationship between the firing
sequences of M and the “complete” firing sequences of the processes of M.
More precisely, FS(M) = {¢n(s1)---&dn(sn) | °N[s1---sn)N° for a process
N of M}. Now it only remains to show that these complete firing sequences
s1-+-sp of N are precisely the topological orders of the partially ordered set
(Tn, F3: N (Tn x Tn)).

Theorem 112. Let N = (P, T, F) be a process net and let t1,...,t, € T. Then
°Nlty---tn)N° iff

(1) all t; are distinct,

(2) T = {t1,...,tn}, and

(3) for all 1 <i,j <m, if (t;,t;) € F*, theni < j.

This theorem is an immediate consequence (using Theorem 71(2)) of the
following lemma, which is a simple extension of Theorem 79.

Lemma113. Let N = (P,T, F,°N) be a process net, C C P, andty,...,t, € T.
Then °N[ty ---t)C iff

(1) all t; are distinct,

(2) 7CNT ={t1,...,tn},

(3) for all 1 <i,j <m, if (t;,t;) € F*, theni < j, and

(4) C is a slice.
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Proof. The proof is by induction on n, and is analogous to the proof of Theo-
rem 79. The details are left to the reader. Note that if conditions (1-4) hold, then
t, is a maximal element of 7 C' NT (with respect to F*) and hence t,* CC. O

Theorem 114. Let M be a contact-free EN system. Then
FS(M) = U{words(G) | G € LPO(M)}.

Proof. By Theorem 92, FS(M) = {¢n(s1) - -dn(sn) | IN € PROC(M) :
°N[s1---sp)N°}. For a process N = (P, T, F, ¢1,¢2) of M, Theorem 112 now
implies that °N[sy ---s,)N° iff 1 --- s, is a topological order of ctr(N), i.e., iff
s1 - - 8y, is a topological order of pru(ctr(N)), see Theorem 101 and Lemma 111.
Note that the labelling ¢ of pru(ctr(NV)) is the restriction of ¢ to Tn. This im-
plies that FS(M) = {da(u1) - - - pa(un) | u1 - - - un is a topological order of G €
LPO(M)} = U{words(G) | G € LPO(M)}. O

Example 32. Let M be the EN system of Fig. 49 and N the process of M in
Fig. 59, with pru(ctr(N)) shown in Fig. 62. The words of pru(ctr(N)) that
are given in Example 31 (see Fig. 66) are the firing sequences of M given in
Example 28.

The next theorem now follows from Theorem 114 and the following simple
fact: if G and G’ are labelled graphs such that G =g G’, and ¢ is the correspond-
ing bijection between Vi and Vg (see Definition 97), then:

(1) ug -+ - up, € top(Q) iff §(uq) - - - 0(uy,) € top(G'), and
(2) words(G') = f(words(G)).

Theorem 115. Let M and M' be two contact-free EN systems and let 3 be a
bijection from use(Tyr) to use(Tyr).
If LPO(M) =3 LPO(M') then B(FS(M)) = FS(M').

Similar arguments can be used to give an alternative proof of Theorem 107, as
follows. Let pru(ctr(N)) =g pru(ctr(N')) where 3 is the identity on use(Ts).
Then, by the simple fact above, words(pru(ctr(N))) = words(pru(ctr(N'))).
By Theorem 112, words(pru(ctr(N))) = {¢n(s1) - dn(sn) | °N[s1 -+ - sn)N°}
and similarly for N'. From this and the uniqueness (modulo =3) of the process
in the statement of Theorem 92, it follows that N =3 N'. Note that, conse-
quently, the function proc : LPO(M) — PROC(M) mentioned in the proof of
Theorem 107 can simply be defined as follows: for G € LPO(M), let ¢ ---t,
be any element of words(G); then proc(G) is the process N corresponding to
ty - --t, as constructed in the proof of Theorem 92.

We are now going to prove the, more surprising, converse of Theorem 115
(see Theorem 125). More specifically, we will show that we can “break” the linear
orders in FS(M) in such a way that partial orders in LPO(M) are obtained. To
this purpose we use the “independency relation” between the transitions of an
EN system M, defined as follows.

Definition 116. Let X be an alphabet. A relation I C X' x X is an independency
relation (over X) if I is irreflexive and symmetric.
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Definition 117. Let M = (P, T, F,C;,) be an EN system.

(1) The independency relation of M is the independency relation ind(M)
over use(T') defined by
ind(M) = {(s,t) €T xT|s#tand 3C € Cy : {s,t} con C}.

(2) The dependency relation of M is the relation dep(M) defined by
dep(M) = (use(T) x use(T)) — ind(M).

Ezample 33. Consider the EN system M of Fig. 49. Then ind(M) = {(p,e),

(e;p), (p,0), (¢,p), (f,¢); (¢, f)} and dep(M) = {(p,[), (f,p), (f,e), (&, [),
(e,0), (c,e)} U{(z,z) | = € {p, f,e,c}}. See also Examples 8 and 9, and Fig. 18.

Usually (see [Maz95]), the independency relation of M is defined to be
{(s,t) € Ty xTar | s # t and disj({s, t})}. The above, stronger definition serves
the same purposes (cf. [Ho094]), and moreover it satisfies the next lemma.

We will show that, using ind(M), we can construct for every firing sequence
ty---t, of M a pruned contracted process G of M such that ¢, ---¢, is a word
of G (without knowing the system M). First we show that we can determine
ind(M) from FS(M) (without knowing M).

Lemma118. Let M = (P,T,F,C;,) be an EN system. Then
ind(M)={(s,t) €T xT |3z € T*: zst € FS(M) and zts € FS(M)}.

Proof. If (s,t) € ind(M), then there is a C € Cp such that {s,t} con C.
Hence, by Lemma 17, st con C and ts con C. Let z € T* with Cj,[z)C. Then
zst and xts are firing sequences of M. The other way around, assume that
zst,xts € FS(M). Let C € Cpy with Cy,[2)C. Then st con C and ts con C.
Lemma 19 then implies that {s,¢} con C, and hence (s,t) € ind(M). O

We now “break” the linear order of every firing sequence of M, i.e., for every
firing sequence we construct an acyclic graph, and then show that this graph is
an element of LPO(M). In the next definition we use a predetermined countable
set of nodes {v1,v2,vs3,...}. This set is used to canonically construct graphs. For
later usage we present the definition for an arbitrary independency relation, see
[HooRo0z95].

Definition 119. Let X' be an alphabet and I an independency relation over X.
Letx=1¢t---t, € X* withn >0 and t{,...,t, € X.

(1) The dependency graph of x (over I), denoted by dep,(x), is the labelled
graph (V, I, X, ¢), where V = {vy,...,vn}, ¢(v;) = ¢; for all 1 <i < n, and, for
all 1 <4,j <mn, (v;,v;) € I'iff i < j and (¢;,t;) ¢ I.

(2) The pruned dependency graph of x (over I) is pru(dep,(z)).

Note that v; - - - v, is a topological order of dep;(x), and hence z is a word

of dep,(z).
For an EN system M we write dep,,(z) instead of dep;,qa(nr)(@)-
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Fig.67. A dependency graph.
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Fig. 68. A pruned dependency graph.

Ezample 34. Take ¥ = {p, f,e,c} and I = ind(M) as in Example 33. Then
dep;(ecpfpe) is given in Fig. 67 and pru(dep;(ecpfpe)) in Fig. 68. Since the
graphs in Figs. 66 and 68 are the same, pru(dep;(ecpfpe)) can thus also be
found in Fig. 66.

We now want to show that, for every contact-free EN system M, LPO(M) =
{pru(dep,,(z)) | = € FS(M)}.
x First we show a simple connection between ind(M) and the processes of an
EN system M.

Lemma120. Let N = (P, T, F, $1, ¢2) be a process of a contact-free EN system
M and let s,t be distinct elements of T. Then:

(1) if s coy t, then (¢(s), #(t)) € ind(M),

(2) if s*N°t # @, then (¢(s), ¢(t)) € dep(M).

Proof. (1) This follows directly from Theorem 91(3).
(2) If s* N*t # @, then also ¢(s)* N *¢(t) # 2. O

In the next theorem we show the connection between a complete firing se-
quence of a process N of M and the dependency graph of the corresponding
firing sequence of M.

* To begin with, we prove the following lemma.

Lemma121. Let N = (P, T, F, ¢1,$2) be a process of a contact-free EN system
M. Let°N[sy - 8p)N° withT = {s1,...,5,}, and let G = dep;((s1) - - - ¢(s1)).
Then for all 1 <4,5 <mn: (s;,s;) € Fx iff (vi,v;) € T4,

Proof. (Only-if) If s;* N *s; # @, then, by Lemma 120(2), (¢(s:),#(s;)) €
dep(M) and, by Theorem 112(3), i < j. Hence (v;,v;) € I'g according to Defi-
nition 119.
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(If) If (vi,vj) € Ig, then i < j and (¢(s;),#(s;)) € dep(M). Then, by
Lemma 120(1), s; coy s; does not hold. Hence (s;,s;) € Fi: or (sj,s;) € Fy.
Theorem 112(3) then implies that (s;, s;) € Fy. O

Theorem 122. Let N = (P, T, F, ¢1,¢2) be a process of a contact-free EN sys-
tem M and let °N[sy ---s,)N°. Let 8 be the identity on use(Ty).

Then pru(ctr(N)) =g pru(dep;(¢(s1) - - - d(sn))).

*

Proof. Lemma, 121 implies tra(ctr(N)) =g tra(dep;(¢(s1)--- ¢(s,))) via the
bijection § with d(s;) = v; between the nodes of these labelled graphs. Now, by
Theorem 102, the result holds. O

Thus, for every firing sequence t; - - - t,, of the EN system M, its dependency
graph dep,,(t; ---t,) represents the same labelled partial order as (the con-
tracted version of) a process N of M corresponding to ¢ ---t,, as expressed
in Theorem 92. Together with Theorem 107 this proves the uniqueness (modulo
=3) of this process N, cf. the remark following Theorem 92.

Example 35. Let M be the EN system of Fig. 49 and N the process of M in
Fig. 59. Then there is a firing sequence °N([sy - -5,)N° with ¢(s1) - d(s,) =
ecpfpe (see Example 28). The graphs pru(ctr(N)) and pru(dep,,(ecpfpe)) are
drawn in Figs. 62 and 66, respectively.

Theorem 123. Let M be a contact-free EN system, and let 8 be the identity on
use(Tnr). Then LPO(M) =g {pru(dep,,(z)) | z € FS(M)}.

Proof. Directly by Theorems 92 and 122. O

We need one more lemma to show that firing sequence equivalence implies
Ipo-equivalence.

Lemma124. Let M and M' be EN systems and let 3 : use(Ty;) — use(Ty)
be a bijection. If B(FS(M)) = FS(M') then
{pru(dep(2)) | z € FS(M)} =5 {pru(dep,, (2)) | z € FS(M")}.

Proof. If 3(FS(M)) = FS(M') then, by Lemma 118, ind(M') = {(8(s), 8(t)) |
(s,t) € ind(M)}. Then, for z € FS(M), pru(dep,,(z)) =g pru(dep,, (5(z))).
O
We are now ready to prove the main result of this section.
Theorem 125. Let M and M' be two contact-free EN systems and let 3 be a
bijection from use(Tyr) to use(Typ).

If B(FS(M)) = FS(M') then LPO(M) =3 LPO(M").

Proof. By Theorem 123 and Lemma 124. O
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Theorem 126. Two contact-free EN systems are Ipo-equivalent iff they are fir-
ing sequence equivalent.

Proof. By Theorems 115 and 125. O
The following two corollaries of this characterization are interesting.

Corollary 127. If two contact-free EN systems are configuration equivalent,
then they are lpo-equivalent.

Proof. Directly by Corollary 34 and Theorem 126. O

Corollary 128. There is an algorithm that, for two arbitrary contact-free EN
systems M and M', decides whether or not M and M' are lpo-equivalent.

Proof. According to Theorem 126 we have to check whether there exists a bijec-
tion B from use(Tys) to use(Th) such that B(FS(M)) = FS(M'). We first
construct SCG(M) and SCG(M'). From these we can obtain use(Tys) and
use(Ty). Now we test all bijections 8. The languages FS(M), 8(FS(M)), and
FS(M') are regular, and finite automata can easily be constructed for them
(see Theorem 12). Since it is known from formal language theory that there is
an algorithm to decide whether two finite automata are equivalent (see, e.g.,
[HopUll79]), we can now apply it to the automata for S(FS(M)) and FS(M').
O

For an arbitrary (not necessarily contact-free) EN system M, let PD(M) =
{pru(dep,;(z)) | ¢ € FS(M)}: the set of pruned dependency graphs of M.
Then Theorem 123 says that for every contact-free EN system M: LPO(M) =g
PD(M), where 3 is the identity on use(Thr). Now note that PD(M) is also de-
fined (and meaningful) for EN systems M that are not contact-free. Lemma 124
implies that, for arbitrary EN systems M and M’, if M ~ M' then PD(M) =
PD(M'). As we have observed already, for an EN system M that is not contact-
free we consider the processes of a contact-free EN system M’ that is configu-
ration equivalent with M. Consequently, in such a case PD(M) = PD(M') =
LPO(M'); in other words PD(M) is isomorphic with LPO(M'). Hence we can
view PD(M) as the behaviour of M, and we can thus meaningfully define lpo-
equivalence for arbitrary EN systems M and M': M and M’ are lpo-equivalent
if PD(M) = PD(M'). The above results can then easily be extended to arbitrary
EN systems (e.g., Lemma 124 would then be the generalization of Theorem 125).

Finally we make a general remark concerning Theorem 126 which says that
Ipo-equivalence and firing sequence equivalence are the same. A technical reason
for this surprising result is that all our considerations have been centered around
the transitions: we compare (by means of equivalences) only EN systems with
essentially the same transitions (where ‘essentially’ means: modulo bijections).
In a more general approach, also EN systems with distinct transitions could be
compared. To indicate that distinct transitions actually perform the same task
we give them the same label (where the label thus in fact represents the task)
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from a given alphabet. Then, in all definitions of behaviour, the labels of the
transitions are used instead of the transitions themselves. Hence, instead of firing
sequences we take the sequences of labels corresponding with the firing sequences,
and the labelled partial orders are not labelled with transitions of the system,
but with their labels. Note that this may drastically change the properties of
the behaviour of EN systems. For example, even such a fundamental property
that a transition cannot fire twice consecutively (cf. the discussion following
Theorem 12), does not hold for labelled EN systems: the same label can occur
twice consecutively in a firing sequence (take any two transitions that fire one
after the other, and give them the same label).

O
a[] a’—\ ’—\a

b?? b e
O O Q,Q

M M

Fig. 69. Two labelled EN systems M and M’ that are lpo-equivalent but not weakly
configuration equivalent.

Under this approach Theorem 126 most certainly no longer holds, i.e., the
new lpo-equivalence still implies the new firing sequence equivalence, but not the
other way around. Similarly, Theorem 33 is no longer true: the new weak config-
uration equivalence still implies the new firing sequence equivalence, but not the
other way around. More precisely, the new lpo-equivalence is incomparable with
the new (weak) configuration equivalence; see Figs. 69 and 70 for two well-known
counter-examples (where a, b, and ¢ are the labels of the transitions rather than
the transitions themselves). The relationships between various equivalences of
labelled EN systems are presented in [PomR0zSim92].

Note that each (old) equivalence relation implies the corresponding new one.
Thus all normal forms discussed in Section 5 also hold for the new equivalences.
As an example, Theorem 54 implies that for every EN system there is an lpo-
equivalent (in the new sense) reduced EN system that is covered by sequential
components; this is because configuration equivalence implies lpo-equivalence
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Fig. 70. Two labelled EN systems M and M’ that are configuration equivalent but
not lpo-equivalent.

which, in its turn, implies lpo-equivalence in the new sense.

7.2 Equivalence of Firing Sequences

Another way to understand the concurrent behaviour of an EN system is by
calling two firing sequences of an EN system equivalent if they correspond to
two distinct sequential observations of the same run of the system. This notion
of equivalence can be formulated as follows.

Definition 129. Let M be a contact-free EN system and let z,2' € FS(M).
Then z and z' are Ipo-equivalent, denoted by x ~,, o', if there exist a process
N of M and two firing sequences y,y’ € T7 such that °N[y)N°, ¢n(y) = z,
°N[y')N°, and ¢n(y') = .

Note that the process N is unique modulo =j (cf. the remarks following
Theorems 92 and 122). Note also that, by Theorem 112, & =~y ' iff 2,2’ €
words(G) for some G € LPO(M).

FEzxample 36. The two firing sequences pefcep and ecpfpe given in Example 28 are
Ipo-equivalent, i.e., pefcep ~ip, ecpfpe.

Due to the relationship between pruned contracted processes and dependency
graphs of firing sequences discussed in the previous subsection, lpo-equivalence
can be characterized in terms of dependency graphs as follows (and for non-
contact-free EN systems we can take this as the definition of lpo-equivalence).
This characterization is a part of Theorem 3.12 of [NieRozThi90].
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Theorem 130. Let M be a contact-free EN system and let x,2' € FS(M). Then
x Ripo ' iff pru(depy,(z)) =g pru(dep,,(z')), where § is the identity on
use(Thr).

Proof. (Only-if) If z =p, o', then there exist a process N of M and two firing se-
quences y,y' of N with °N[y)N°, ¢n(y) = z, °N[y')N°, and ¢n(y') = z'. Hence,
by Theorem 122, pru(ctr(N)) =g pru(dep,,(¢~(y))) and pru(ctr(N)) =g
pru(dep (¢~ (y')))-

(If) By Theorem 123 there exists a process N of M such that pru(ctr(N)) =g
pru(dep,,(z)). Since v; - -- v, is a topological order of pru(dep,,(z)) (where
n = |z|), there is a topological order y of pru(ctr(N)) with the same la-
bels, i.e., ¢nx(y) = z. Then, by Theorem 112, °N[y)N°. Since pru(ctr(N)) =3
pru(dep,,(z')), analogously there exists y’ with ¢n(y') = 2’ and °N[y')N°. O

We will now show a very simple characterization of isomorphism of depen-
dency graphs, in terms of the independency relation ind(M) induced by the EN
system M. This characterization can be proved very generally, without reference
to EN systems; it is part of the theory of traces, see [HooRo0z95].

For a given independency relation we define an associated equivalence relation
on words as follows.

Definition 131. Let I be an independency relation over X.
The relation =; C X* x X* is defined as follows: for z,y € X*,
x =y y iff there exist a,b € X and x;,z2 € X*, such that
x = z1abrs, y = x1baxs, and (a,b) € I.
The relation ~; C X* x X* is then defined as the smallest equivalence relation
that contains =j. If x ~r y then x and y are trace equivalent (over I).

Thus, two words are trace equivalent if one can be obtained from the other
by interchanging independent symbols, repeatedly.

Lemma132. Let I be an independency relation over X, and let x,y € X*.

(1) x =5 y iff there exist n > 0 and xg,...,x, € X* such that zo = =z,
Tp =19y, and x; 1 =y x; for all 1 <i<mn.

(2) © ~r y implies |z| = |y|.

Intuitively the definition of trace equivalence is based on the following prop-
erty of firing sequences of an EN system M = (P, T, F,C;,): for z,y € T* and
s,t € T, if zsty € FS(M) and (s,t) € ind(M), then ztsy € FS(M). The proof
of this property is easy: If (s,t) € ind(M) then disj({s,t}). Let C;,[z)C][st)D.
Then st con C and disj({s,t}). This implies that {s,¢} con C' and thus (by
Lemma 17) that C[ts)D. Hence ztsy € FS(M). In other words, transitions in
ind (M) are interchangeable in a firing sequence, because they actually occur con-
currently. Thus, FS(M) is closed under ~inq(nr): if 2 € FS(M) and 2 Rina(nr) ¥s
then y € FS(M). A similar argument shows that, for z,y € FS(M), * Rina(m) ¥
iff x =; y, where I = {(s,t) € Tm x Tm | s # t,disj({s,t})} (the “usual”
independency relation, cf. the remark following Definition 117).
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Ezample 37. Again, let ¥ = {p, f,e,c} and I = {(p,e), (e,p), (p, ), (¢,p), (f,¢),
(¢, f)}. Then I is an independency relation, pefc =y epfc =p epcf, pefc =1 epcf,

and [pefe]r = {pefc, pecf, epfc, epcf , ecpf }.

For an independency relation I over X and an z € X*, [z]r denotes the
equivalence class of =~y that contains xz. An equivalence class of = is called a
trace over I; intuitively it is the set of all sequential observations of one run
of some system. In Example 37 [pefc]; is a trace over I. We will prove that
[z]r = words(dep;(z)). To this purpose we use the following well-known result
from graph theory (where the labelling of the graph is irrelevant).

Lemma133. Let G = (V,I,X,¢) be an acyclic graph. Let J CV x V be the
independency relation (of G) defined as follows: for all u,w € V,

(u,w) € J iff u#w, (u,w) ¢ I', and (w,u) ¢ I'.

Then, for every topological order uy - - -u,, of G,

top(G) ={w1---wp €V* |ug---up Rjwy--- Wy }.

*
Proof. (1) It is clear that {wy---w, € V* | uy---up =y w1---wy} C top(G)
for every uy - - - uy, € top(QG).

(2) Now it remains to show that top(G) C {wy---wp € V* | ug -+ -u, =y
wy -~ wp }. Let wy - -wy, € top(G). We prove by induction on k that for every
k, 1 < k < n + 1, there exists a topological order ¢; ---%, of G such that
t1--th =y wi---wpy and ¢; = u; for all 1 < ¢ < k—1. For k = 1 we
take t1---t, = wy---w,. For the induction step, assume that the statement
holds for k, and consider the topological order t; ---t, which satisfies the re-
quirements for k. There exists m, k < m < n, such that uy = t,,. Then
tk,---,tm_1 succeed u in the topological order u; ---u,. Hence there are no
edges (tg,tm),---, (tm_1,tm) in ' (and of course no edges in the other direction
because t; - - - t,, is a topological order). Thus (tx,tm),-- - (tm=1,tm) € J. This
implies that ¢, ---t, =y t1 - tk—1tmtr - tm-1tm+1 - -tn. And this is a topo-
logical order (according to (1)) that satisfies the requirements for k + 1. O

For I = ind(M), the next result is a refinement of Theorem 114, as can be
seen from Theorem 123.

Theorem 134. Let I be an independency relation over X, and x € X*. Then
[z]r = words(dep,(z)).

*
Proof. Let J be the independency relation of the graph G = dep;(z), as defined
in Lemma 133. Then it is easy to check that, for u,w € Vg, (u,w) € J iff
(¢(u), p(w)) € I. Hence, for all y € X*, x ~ y iff there is a wy - - - wy, € V4 with
V1t Up Ry Wy wy and y = @lwy) - p(wy,). Now vy -+ - v, is a topological
order of dep;(z). Hence, according to Lemma 133, vy ---v, =y wy---wy iff
wi - - - Wy is a topological order. Thus, for all y € X*, z ~; y iff there exists a
topological order w; - - -w, of dep;(x) such that y = ¢(w1) - - - p(wy,). O
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This implies that two words are trace equivalent iff they have isomorphic
dependency graphs.

Theorem 135. Let I be an independency relation over X, and let x,y € X*.
Then the following four statements are equivalent.

(1) rT=Rry,

(2) [z]1 = [ylr,

(3) dep;(z) =g dep;(y),

(4) pru(dep;(z)) =p pru(dep;(y)),

where (8 is the identity on X.

Proof. (1) implies (3): Assume z = ziabry and y = z1baxs, with xq, 1y € X*
and (a,b) € I. Then it is easy to see that dep;(z) and dep;(y) are isomorphic:
if |z1] = @ — 1, then take the bijection § : {v1,...,v,} = {v1,...,v,} such that
6(1)1) = Vi41, 5(1)“_1) = V;, and 5('11j) =vj for ] # Z,Z + 1.

(3) implies (2): This follows from Theorem 134, because dep;(z) and dep,(y)
have corresponding topological orders with the same labels. Likewise (4) implies
(2), because pru(dep;(z)) has the same topological orders as dep;(z). O

Note that Theorems 134 and 135 do not refer to EN systems. The equality of
Ipo-equivalence and trace equivalence of firing sequences of EN systems is now
a direct consequence of Theorems 130 and 135.

Theorem 136. Let M be a contact-free EN system and x,x' € FS(M). Then
T Ripo ' iff T Rinam) T

A trace language (over an independency relation I) is a set of equivalence
classes of ~y. Now the behaviour of an EN system M can also be defined as
the trace language TR(M) = {[z]inar) | # € FS(M)}, ie., the language
FS(M) in which trace equivalent words are grouped together. According to
Theorems 123 and 135 the function prudep : TR(M) — LPO(M), defined by
prudep([z]) = pru(dep,,(z)), is a bijection between TR(M) and LPO(M),
modulo isomorphism (and note that, by Theorem 134, words is its inverse).
Thus, TR(M) can also be seen as a formalization of the set of runs of the
system M (see Theorem 107). Theorems 130 and 136 (i.e., Theorem 3.12 of
[NieRozThi90]) show that the mapping that assigns a process with each fir-
ing sequence, as defined in Theorem 92, is a bijection between TR(M) and
PROC(M), modulo isomorphism. We can define two EN systems M and M’
to be trace equivalent if there exists a bijection 3 : use(Tar) — use(Tyr) such
that S(TR(M)) = TR(M'), where B(TR(M)) is defined in the obvious way.
Then, clearly, trace equivalence is the same as Ipo-equivalence.

8 Branching Processes

To obtain a more complete picture of the relationship between different runs of
a system that is not conflict-free, we will consider “branching runs” (also called
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“unfoldings”). Intuitively, a branching run combines several conflicting runs of
the system, with an indication of where the conflicts occur. At each point of
conflict, one may view the system as splitting into several “parallel” copies of
itself, one for each resolution of the conflict (just as a splitting universe in science-
fiction). In this section we model these branching runs by “branching processes”,
which are a natural extension of the processes that we have considered in the
previous sections.

The theory of branching processes or unfoldings was initiated in [NiePloWin81],
and developed in, e.g., [Win87, NieRozThi90, RozThi91, Eng91, NieRozThi95,
WinNie95a, WinNie95b]. In [McM93, McM95, Esp94, EspR6mVog96] branch-
ing processes are used to develop an efficient model checker for contact-free EN
systems, i.e., an algorithm that verifies logical properties of such systems (for
a fragment of so-called branching time temporal logic in [Esp94]). Most papers
consider the unique maximal unfolding of the EN system, which is a (usually infi-
nite) branching run containing all runs of the system. Here we consider arbitrary
(finite) branching runs, as in [Eng91].

Just as processes are based on process nets, branching processes are based
on branching process nets. A branching process net is like a process net, except
that its places may have arbitrary output-sets. A conflict is modelled by a place
with more than one transition in its output-set. Whenever a conflict occurs, the
conflicting parts of the branching run should be separated after the conflict. This
is formalized by requiring the following “conflict relation” to be irreflexive.

Definition 137. Let N = (P,T,F) be a net. The conflict relation of N is the
binary relation ® C Xy x Xy defined as follows: for all z1,22 € Xy, 21 ® o
if there exist distinct transitions t1,t, € T such that ®t; N °*ty # @ and t; F* x;
for i =1,2.

The conflict relation of a net N will also be denoted by ®y. Note that it is a
symmetric relation. We now use it to define branching process nets, introduced
in [NiePloWin81] (where they are called occurrence nets).

Definition 138. A net N = (P,T,F) is a branching process net, abbreviated
b-process net, if:

(1) N is acyclic,

(2) #(°p) <1for all p € P, and

(3) @y is irreflexive.

Note that the irreflexivity of ®x can also be expressed as follows: for all
distinct transitions t1,t2 € T, if *t; N %ty # &, then {xr € Xn | t; F* z}N{z €
Xn | t2 F* ¢} = @. Intuitively this means that conflicting transitions ¢; and ¢,
have disjoint futures.

As for process nets, we will view a b-process net N as an EN system with
initial configuration °N. Every process net is a b-process net, because Q@ is
empty for a process net V.

Example 38. The EN systems in Figs. 25, 26, 27, and 28 are b-process nets. This
shows that confusion can be present in b-process nets. The acyclic EN system
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in Fig. 33 is not a b-process net because #(*p3) = 2. The EN system of Fig. 37
satisfies (1) and (2) above but it is not a b-process net, because t3 ® t3. In fact,
°t1 N *ty # @ and both t; F* t3 and to F* t3. Thus, t3 is in the conflict relation
with itself and so ® is not irreflexive.

In a b-process net N we define the notion of a slice in the same way as for
a process net, but we additionally require that its places are not in the conflict
relation @ . We will denote the complement of ® v by ®u; note that it is a
reflexive symmetric relation (cf. Definition 65).

Definition 139. A slice of a b-process net N is a maximal (coy N ®n)-clique
C of N such that C C Py.

Example 89. Consider the b-process net N of Fig. 26. Its conflict relation is
on = {(=,9),(y,2) | © € {t3,pa},y € {t1,ps,t2,p3}. Theslices of N are {p1,p2},
{pa}, {ps,p2}, {P1,p3}, and {ps, p3}. Note that {ps} and {ps,p3} are not cuts.

If one systematically considers the relation coy N ®y instead of the re-
lation cop, then Lemmas 76, 77, and 78, and Theorems 79 and 81, also hold
for b-process nets. The details of the proofs are left to the reader. Thus, by
Lemma 78 and Theorem 81, b-process nets are contact-free and reduced. In the
next theorem we state the generalization of Theorem 79: the slices of a b-process
net are exactly its reachable configurations.

Theorem 140. Let N = (P,T, F,°N) be a b-process net and let C C P.
C € Cn iff C is a slice of N.

Based on b-process nets, we now define branching processes of an EN system,
see [Eng91]. They can be viewed as records of all events that occur during a
branching run of the system.

Definition 141. Let N = (Pn,Tn, Fn, ¢1,¢2) be a (X1, Xs)-labelled b-process
net and let M = (P, T, F,C;,) be a contact-free EN system.

Then N is a branching process of M, abbreviated b-process, if

(1)—(5) of Definition 88 hold, and

(6) for all s,t € T, if *s = *t and ¢2(s) = ¢=(t), then s = ¢.

For a contact-free EN system M, we denote the set of all b-processes of M
by BPROC(M).

Condition (6) above says that a conflict is always between two distinct tran-
sitions of M. This is a natural requirement that prevents the same run to appear
twice in the record of a branching run. However, many properties of b-processes
also hold without the requirement.

Ezample 40. (1) Let M be the (contact-free) EN system of Fig. 53. A branching
process N of M is drawn in Fig. 71. Note that the process of M that is given
in Fig. 58 is “part” of N, i.e., it is one of the runs of M that is combined in the
branching run corresponding to N.

101



ta [ tal | ts[ ] ts[ |
L

plf\p&%

p3<l>§© Pl@ Pz@

t4|:|

Ds

Fig. 71. A branching process of the EN system of Fig. 53.

(2) A b-process of the EN system of Fig. 5 (mutual exclusion) is drawn in
Fig. 72. Intuitively, it is a combination of four possible runs of the system: com-
ponent ¢ gets permission to access its critical section, and then component j gets
permission, for every combination of 4,j € {1,2}. This can be compared with
the process in Fig. 60, corresponding to one run during which components 1,2,1,
and 1 get permission, respectively.

It can be proved that Lemma 89 and Theorems 90 and 91 are also true for
b-processes (again with cony N ®n instead of coy). In fact, they are even true
when condition (6) is dropped from the definition of b-process (Definition 141);
this will be needed in the proof of Theorem 149.

As for processes, to compare the behaviour of two different EN systems we
are mainly interested in the events, and their relationships, rather than in the
conditions of a branching process. Thus, we will remove the conditions and con-
sider pruned contracted b-processes (see Section 6.4). In the case of branching
processes we are not only interested in the causal relationship between events
but also in their conflict relation. However, since the conflicts in a b-process are
modelled by places with more than one transition in their output-set, the conflict
relation is lost when the places are removed. Consequently, in pruned contracted
b-processes, we have to model the conflict relation explicitly.
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Fig. 72. A b-process of the mutual exclusion system of Fig. 5.

Just as a pruned contracted process represents a labelled partial order, a
pruned contracted b-process will represent a labelled partial order together with
a conflict relation. Such a partial order with conflict relation is called an “event
structure”, introduced in [NiePloWin81] (see also, e.g., [Win87, WinNie95a]).

Definition 142. An event structure is a triple (A4, p, ®) where
(1) (A4, p) is a partially ordered set,

(2) ® C A x A is an irreflexive symmetric relation, and

(3) for all a,b,a’,b' € A,ifa®b,apa’,and bpb, thenad @

Condition (3) relates the causal relation p to the conflict relation ®. It ex-
presses the fact that p inherits ®, in the sense that a conflict between a and b is
inherited by all p-descendants of a and b (as in a vendetta).

It is easy to see that for every b-process net N, (X N,FJJ\?, ®n) is an event
structure (cf. Lemma 74). For a b-process N of an EN system M, we will be
interested in the “labelled event structure”

(Tn,Fi N (Tn x Tn),®n N (Tn X Tn), Tras p2n)-
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As in the case of processes and labelled partial orders, we will represent such a
labelled event structure by an acyclic labelled graph, with an additional relation
that models conflict. We will call this a “labelled branching graph”, defined as
follows.

Definition 143. Let X be an alphabet. A (X-)labelled b-graph is a quintuple
G=(V,IN®,X, ¢), where (V,I', X ¢) is an acyclic X-labelled graph, and

® CV x V is the conflict relation of G, such that

=Jv1,v2,v €V 1 v ®vg, v1 '™ v, and v I'™* v.

It is left to the reader to define the appropriate notion of isomorphism of
labelled b-graphs and sets of labelled b-graphs (cf. Definitions 97 and 98). Note
that a labelled b-graph G can be viewed as a graph with two types of edges:
directed edges in I, and undirected edges in ®¢.

Example 41. Figure 73 shows an example of a labelled b-graph G. The conflict
relation of @ is indicated by undirected dashed lines. The nodes of G are labeled

o
Ny

im

Fig. 73. A labelled b-graph.

by the transitions of the mutual exclusion system of Fig. 5. We will see later
that G is in fact a contracted b-process of that EN system.

We now define the labelled event structure that is represented by a labelled
b-graph, cf. Definition 99.

Definition 144. Let G = (V,I,®, X, ¢) be a labelled b-graph. The transitive
closure of G, denoted by tra(G), is the labelled b-graph (V,I't tra(®), X, ¢),
where tra(®) = {(vi,v2) | I}, vh € V : v] @ vy and v] I™*v; for i = 1,2}. We
also say that G represents tra(G).

It should be clear that (V, 't tra(®)) is an event structure, and so tra(G)

is a labelled event structure. The pruned version of a labelled b-graph is defined
next, cf. Definition 100.
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Definition 145. Let G = (V, I, ®, X, ¢) be a labelled b-graph. The pruned ver-
sion of G, denoted by pru(G), is the labelled b-graph (V,I",®', X, $) with
I'={(v,w) €' - 3u €V : (vu) € I'*t and (u,w) € '} and Q' =
{(v1,v2) € @ | ~F(v},vh) € ®: (v],v}) # (v1,v2) and v} I'* v; for i = 1,2}.

It is not difficult to show that Theorems 101 and 102 still hold for labelled
b-graphs.

Ezample /2. Figure 74 shows the pruned version pru(G) of the labelled b-graph
G of Fig. 73.

in2

Fig. 74. The pruned version of the labelled b-graph of Fig. 73.

After discussing labelled b-graphs, we return to b-processes and show how
to contract and prune them, cf. Definition 103.

Definition 146. Let N = (P, T, F, ¢1, ¢2) be a b-process of an EN system M.
(1) The contracted version of N, denoted by ctr(NN), is the labelled b-graph
(T, I, ®,Thr, ¢2) such that, for all s,t € T,
(s,t) eiff s*N°*t# @, and (s,t) € Q iff *sN°t # 2.
(2) The pruned contracted version of N is the labelled b-graph pru(ctr(N)).

Example 43. Let N be the b-process given in Fig. 72. Its contracted version
ctr(N) and pruned contracted version pru(ctr(NV)) are shown in Figs. 73 and 74,
respectively. They can be compared with the contracted and pruned contracted
process of Fig. 64.

It is easy to see (using the analogue of Lemma 104 for ctr(N)) that, for
ctr(N) = (T, I, ®,use(Tu), ¢2), tra(®) = @n N (Tn x Tw). This implies that
ctr(V) is indeed a labelled b-graph, and that both ctr(N) and pru(ctr(N)) rep-
resent the labelled event structure (T, F3-N(Tw xTw), @ N (Tn XTN), Tar, ho2n)-
We note here that, by condition (6) of Definition 141, this labelled event struc-
ture is deterministic in the sense of [Vaa9l].

105



For a contact-free EN system M we denote by LES(M) the set of all pruned
contracted b-processes of M (where LES stands for Labelled Event Structures).
Hence

LES(M) = {pru(ctr(N)) | N € BPROC(M)}.

Definition 147. Two contact-free EN systems M and M' are les-equivalent if
LES(M) = LES(M").

Obviously, for every contact-free EN system M, LPO(M) = {G € LES(M) |
®g = @}. This implies that if two EN systems are les-equivalent, then they
are lpo-equivalent. To show that this also holds the other way around, we need
the concept of a “configuration” of an event structure. We define it for labelled
b-graphs. Intuitively, a configuration of a branching run is one of the conflict-free
runs that the branching run consists of.

Definition 148. Let G = (V,I,®, X, ¢) be a labelled b-graph.

A configuration of G is a subset R of V such that

(1) Yvi,v2 € R: = v1 ® v, and

(2) Yui,v2 € V:if vy € R and vy I" v, then vy € R.

For a configuration R of G, the (non-branching) labelled graph induced by R,
denoted G[R], is (R,'N(R X R),X,$ | R).

It is well known that configurations of unfoldings of an EN system corre-
spond to processes of the system (cf. Theorem 4.6 of [NieRozThi90] and the
discussion at the end of that paper). In the next theorem we show that, due to
this correspondence, LES(M) can be recovered from LPO(M) without knowing
M.

Theorem 149. Let M be a contact-free EN system, and let G = (T, [, ®, %, ¢)
be a labelled b-graph with ¥ = use(Tar).

Then, G € LES(M) iff

(1) pru(G) = G,

(2) G|R] € LPO(M) for every configuration R of G, and

(8) Vs1,82 € T: if 51 ® s2, then (¢(s1), P(s2)) € dep(M) and ¢(s1) # P(s2).
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Proof. (Only-if) This direction of the proof consists of verifying a number of
rather obvious properties of pruned contracted b-processes. Let G = pru(ctr(N))
for a b-process N = (P, T, F, ¢1,¢) of M. Property (1) is obvious. For a config-
uration R C T, let N[R] be the labelled net (P',T',F',¢},¢') with T' = R,
P’ =°NUnbh(R), and F', ¢!, ¢' are the restrictions of F, ¢1,¢ to P' and T". It
is straightforward to show that N[R] is a process of M with pru(ctr(N[R])) =
G[R]. This proves property (2). To show property (3), let s1, 52 € T with s; ® sa.
Then s; # s2 by Definition 143, and ®*s; N *sy # & by Definition 146. This im-
plies that *¢(s1) N°*P(s2) # @, and so (¢(s1), ¢(s2)) € dep(M). Now we assume
that ¢(s1) = ¢(s2) and derive a contradiction. Since s; # so, condition (6) of
Definition 141 implies that ®s; # ®so. Thus, there exist distinct places ¢; € *s;
and ¢» € *sy with the same label. Hence, by the b-analogue of Theorem 91(1),
either g1 liy g2 or ¢1 ® v g2. In both cases it is easy to see that there exist transi-
tions s, s, such that *si N°®sy # @, s, F* s; for i = 1,2, and (s}, s5) # (s1, $2)-
Since G is pruned, this contradicts the fact that s1 ® sa.

(If) This direction of the proof is based on Lemma 109 and on the proof
of Theorem 107. Let G = (T,I,®, X, ¢) satisfy properties (1-3). We have to
show the existence of a b-process N of M such that pru(ctr(N)) = G. The
construction of N is exactly the same as the construction of proc(G) (for G €
LPO(M)) in the proof of the If-part of Theorem 107, at the end of Section 6.
Thus, we define N to be the (Pys,use(Tss))-labelled net (P, T, F, ¢1, ¢), where
P, ¢1, and F are defined in exactly the same way as for proc(G). In what follows
we prove that N is a b-process of M such that pru(ctr(N)) = G. As usual, we
will drop the subscript of ¢ .

Conditions (1)-(5) of Definition 141 (see Definition 88) are all obvious, except
that we have to show that for every s € T, ¢(*s) = *(¢(s)) and ¢ [ ®s is
injective. For a given s, let Ry = {s' € T' | s' I'* s}. It is easy to see that R;
is a configuration of G, and so G[R,] € LPO(M). From the definitions of N
and proc(G[R;]), it should be clear that ®s contains the same places in N and
in proc(G[R,]), with the same labels. Since proc(G[R;]) is a process of M, it
satisfies the above two requirements.

Next we claim that

for s,s' €T, ' Ft siff s’ I'" s. (1)

In the Only-if direction this follows directly from the definition of N. In the
If direction it follows from an argument about proc(G[Rs]) similar to the one
above, using the fact that the partial order on the transitions of proc(G[R;]) is
represented by G[R,], see Lemma 104. Equivalence (1) implies that N is acyclic,
which is condition (1) of a b-process net, cf. Definition 138.

Similarly, for the conflict relations we claim that

for 51,80 €T, 81 Qn 82 iff (51, 82) € tra(®), (2)

where ® is the conflict relation of G.
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We first show the Only-if direction of equivalence (2). By equivalence (1), it
suffices to prove this for the case that ®s; N ®sy # &. Suppose that (s1,s2) ¢
tra(®). Then R={s €T |s ™ sy orsI™ sy} isa configuration of G, and so
G[R] is in LPO(M). Again, this implies that also ®*s; N ®ss # @ in proc(G[R)]),
contradicting the fact that this is a process of M. From this Only-if direction, and
the fact that tra(®) is irreflexive, it follows that ® y is irreflexive (condition (3)
of a b-process net, cf. Definition 138). Since condition (2) of a b-process net is
immediate from the definition of N, this shows that IV is a b-process net. Thus,
we have almost proved that N is a b-process: only condition (6) of Definition 141
is still missing.

Next we show the If direction of equivalence (2). By equivalence (1), it suf-
fices to prove this for the case that s; ® s». This implies, by property (3), that
(4(s1), P(s2)) € dep(M). Assume that — s; ®n so. If 51 liy 52, then, by equiv-
alence (1), s; I'* sy or so I'* s1, which contradicts the irreflexivity of tra(®). If
s1 coy S2, then (s1,s2) is in the relation coy N ®y. Thus, by the b-analogue
of Theorem 91(3) (which is also valid without condition (6) of Definition 141),
there exists C' € Cps such that {¢(s1), ¢(s2)} con C. This contradicts the fact
that (¢(s1), ¢(s2)) € dep(M).

Equivalences (1) and (2) show that pru(ctr(NV)) and G represent the same
labelled event structure. Hence, because they are both pruned, they are the same
(see Theorem 101). Note that we have applied ctr to N without knowing whether
condition (6) of Definition 141 is satisfied; it should be clear that Definition 146
can also be used in this case.

It remains to show condition (6) of Definition 141. Consider distinct transi-
tions s1, 82 € T with ®*s; = ®sy. It is straightforward to show that (s1,s2) is in
the conflict relation of pru(ctr(N)). Thus, since pru(ctr(N)) = G, s1 ® s2. It
now follows from property (3) that ¢(s1) # ¢(s2). O

We note here that the condition ¢(s1) # ¢(s2) in property (3) of Theorem 149
corresponds precisely to condition (6) of Definition 141. Theorem 149 is still true
when both conditions are dropped.

Theorem 149 allows us to show that lpo-equivalence implies les-equivalence.
This result can also be deduced from the results in [NieRozThi90, Eng91] to-
gether with Lemma 5.3 of [Vaa91].

Theorem 150. Let M and M' be two contact-free EN systems and let 3 be a
bijection from use(Tyr) to use(Tyr).
If LPO(M) =3 LPO(M"), then LES(M) =3 LES(M").

Proof. By Theorem 115, 3(FS(M)) = FS(M'). Hence, by Lemma 118, ind(M') =
{(B(s),B()) | (s,t) € ind(M)} (as in the proof of Lemma 124). It now follows
from Theorem 149 that LES(M) =3 LES(M"). O

Together with the remark after Definition 147 this shows that les-equivalence

is the same as Ipo-equivalence (and hence the same as firing sequence equivalence
by Theorem 126).
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Theorem 151. Two contact-free EN systems are les-equivalent iff they are Ipo-
equivalent.

The analogue of Theorem 107 also holds for b-processes, i.e., the function
pructr is a bijection between BPROC(M) and LES(M); the proof is by Lem-
mas 108 and 109, which also hold for b-processes (even when the conflict rela-
tions are dropped from the pruned contracted b-processes, because in this case
the system M is known).

It is shown in, e.g., [RozThi91, WinNie95a] that there is a general relationship
between trace languages and event structures, similar to the relationship between
traces and dependency graphs considered in Section 7.2. Possibly, this could be
used to give an alternative proof of Theorem 151 that is similar to the one of
Theorem 126 in Section 7.1.

In Sections 4-8 we have studied a number of equivalence relations between
contact-free EN systems and the relationships between them: isomorphism, which
implies configuration equivalence, which in its turn implies firing sequence equiv-
alence, which equals lpo-equivalence, weak configuration equivalence, trace equiv-
alence, and les-equivalence. This leaves us with one notion of equivalent structure
of EN systems (isomorphism), and essentially two notions of equivalent behav-
iour of EN systems, one stronger than the other: configuration equivalence, for
which we require the two systems to have the same state space, and firing se-
quence equivalence (or lpo-equivalence), for which we require the two systems to
have the same runs (i.e., “paths” in the state space). These are the two notions
of behaviour that play an important role in system theory in general.

9 P/T Systems

9.1 Informal Introduction

For the modelling of real-life systems, EN systems are not well suited in gen-
eral, because the EN systems that are obtained in this way are usually much
too large. This has led to the development of P/T systems, which yield much
more manageable size, because they allow to “fold” different parts of an EN
system. This is best illustrated by the following simple example. Recall from
Section 4.1 the producer/consumer problem, and now consider the EN system
of Fig. 75 which models the producer/consumer problem with three producers
and two consumers. Since all producers have the same structure, and so have
all consumers, this system can be modelled in a more compact way. In fact, by
“folding” the three producers and the two consumers, we obtain the P/T system
of Fig. 76 in which each producer and each consumer is represented by a token.
Thus, the main difference with the EN system model is that places may now
contain more than one token. As a matter of fact, this difference is quite drastic
because one may even have P/T systems where no a priori bound can be given
on the number of tokens that may be present in a given place during the exe-
cution of the system (think, e.g., of the dynamic creation of new producers and
consumers). Thus, there may be places with an unbounded number of tokens.
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Fig. 75. EN system for 3 producers and 2 consumers.
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Fig. 76. P/T system for 3 producers and 2 consumers.
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Fig. 77. A buffer with capacity 5.

The most important technical consequence of this fact is that the configuration
graphs of (even very simple) P/T systems may have an infinite number of nodes.
In fact, since in the P/T system model a token may be added to a place even if it
already contains tokens, the P/T system of Fig. 76 has an infinite configuration
graph because the buffer can contain arbitrarily many tokens (if the consumers
are not as fast as the producers). To model the producer/consumer problem with
a bounded buffer capacity of, say, five production units, one possibility is to ex-
plicitly declare the buffer place b to be of capacity 5. In this way EN systems
are the same as P /T systems with places of capacity 1 only. Another possibility
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Fig. 78. The readers/writers problem.

to obtain a buffer of capacity 5 is illustrated in Fig. 77: b has a complementary
place b which, at each moment, contains the remaining capacity of the buffer b
(in the figure, b contains one token and at most four tokens can be added to it).

As a last example of a P/T system we consider the readers/writers prob-
lem, depicted in Fig. 78, which generalizes the mutual exclusion problem of Sec-
tion 4.1. There are s readers and t writers, that wish to obtain access to the
same piece of memory, to read from it or write into it. They are represented by
s tokens in place w; and t tokens in place ws. Writers change the content of
the memory, but readers do not. Thus, a writer should have exclusive access to
memory, i.e., all other writers and readers have to wait. We also assume that at
most n readers can have simultanous access to memory. To realize these require-
ments, n permits are used, represented by n tokens in place p. A reader needs
just one permit, but a writer needs all n permits. Thus, when a writer wishes
to enter its critical section it has to take n tokens from place p, and when it
leaves its critical section it has to put n tokens back. This guarantees that the
writer has unique access to the memory. Thus, in a P/T system, a transition
can remove (add) more than one token from (to) a place, indicated by a positive
integer weight on the edge from (to) that place.
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9.2 Definitions

We first generalize the notion of a net and then the notion of an EN system.
These generalizations will be called multi-net and P/T system. The places of a
multi-net can contain more than one token, and a transition can remove more
than one token from an input place and add more than one token to an output
place. Each place has a capacity (in Ny U {w}): the maximal number of tokens
the place can contain (where capacity w means that the number of tokens is
unlimited).

Definition 152. A multi-net is a tuple N = (P, T, F,W, K), where
(1) (P,T,F) is a net,

(2) W : F — Ny is the weight function, and

(3) K : P — N; U {w} is the capacity function.

In a multi-net a configuration is thus determined by recording for each place
the number of tokens in that place. Hence, formally a configuration is represented
by a function C' : P — N, where, for each place p, C(p) indicates the number of
tokens in p. Such a function is also called a multi-set: it is a “set” of places such
that each place can occur several times in the “set”.

Definition 153. A configuration of a multi-net N = (P, T, F,W, K) is a function
C : P — N, such that Vp € P : if K(p) € N;, then C(p) < K(p).

A configuration C of a multi-net can also be seen as a vector: if P =
{p1,---,pn}, then C corresponds to the n-dimensional vector (vi,...,v,) for
which v; = C(p;) for 1 <4 < n. We will return to this point of view at the end
of this section.

We now define a P/T system as a multi-net with an initial configuration.

Definition 154. A place/transition system, P/T system for short, is a tuple
M= (P, T,F,W,K,C;,), where

(1) (P,T,F,W,K) is a multi-net, and

(2) Cin : P — N is a configuration of that multi-net: the initial configuration.

For a P/T system M as above we will use Py, Thr, Far, War, Ky, and
(Cin)m to denote P, T, F, W, K, and Cj,, respectively.

Graphically we represent a configuration C' : P — N by marking each place
p with C(p) tokens (and thus a configuration is once again called a marking
of the net as well). In the graphical representation of a P/T system M =
(P, T,F,W,K,C;,) we label an edge f € F with W(f), but we usually omit
the label 1. We also label each place p € P with its capacity K (p), but we usu-
ally omit the label w. Finally, we mark the initial configuration Cj, by tokens.

Ezample 44. Figure 79 is a graphical representation of a P/T system M =
(P,T,F, W, K, C@n) with: W(p2,t2) = 2, W(ps,t4) = 3, W(t4,p6) = 2, and
W (p,t) = W(t,p) = 1 for all other (p,t) and (¢,p) in F'; K(p2) =2 and K(p) = w
for all other p in P; Cjn(p2) = 2, Cin(ps) = 1, and Cj,(p) = 0 for all other p in
P. Figures 76, 77, and 78 are three other examples of a P/T system.
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Fig.79. A P/T system.

A P/T system is a multi-net with an initial configuration, while an EN system
is a net with an initial configuration. The dynamic (sequential) behaviour of a
P /T system is now defined completely analogous to that of an EN system, taking
into consideration the difference between a net and a multi-net (i.e., the weight
and capacity function). All terminology is carried over as much as possible.

Definition 155. Let M = (P, T,F,W, K,C;y,) be a P/T system and let t € T..
(1) Let C : P — N be a configuration of M. Then ¢ has concession in C (or
t can be fired in C, or t is enabled in C), written as ¢ con C, if:
Vp € *t: W(p,t) < C(p) and
Vp e t*: if K(p) € Ny, then C(p) + W(t,p) < K(p).
(2) Let C and D be configurations of M. Then ¢ fires from C to D, written
as C[t)D, if t con C and, for every p € P,
D(p) = C(p) — W(p,t) if p € *t,
D(p) =C(p) + W(t,p) if p € t*, and
D(p) = C(p) otherwise.

Note that the case distinction in the definition of D(p) is allowed, because
*tNt* = & according to Definition 1(4).

Definition 8 for EN systems can now be carried over litterally to P/T systems
(except that now M = (P,T,F,W, K, C;y,), and configurations are functions from
P to N rather than subsets of P). In this way we obtain, e.g., the definition of the
set FS(M) of firing sequences of M, of the set Cps of reachable configurations of
M, of the set usey (T) of useful transitions of M, and of liveness of transitions.

Ezample /5. (1) Consider the P/T system of Fig. 79. In the initial configura-
tion Cy, only ts has concession. Firing t5 leads to the configuration C' with
C(p2) = 0, C(ps) = 1, and C(p) = Cin(p) for the remaining places p. In C
only ¢; has concession. FS(M) contains, e.g., for every n the firing sequence
(tat1tat1t3)®"3"; this firing sequence leads from Cj, to the reachable configura-
tion Dna with Dn(pl) =0, Dn(pQ) =2, Dn(p3) =n, Dn(p4) =1, Dn(p5) =0,
and Dy (pg) = 4n.
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(2) Consider the P/T systems in Figs. 4, 76, and 77. In all these systems
K (p) = w for every place p. In Figs. 4 and 76 the buffer b can contain arbitrarily
many tokens: if the (or a) producer performs its cycle n times (and the consumers
remain idle), then b contains n tokens. By taking, e.g., K(b) = 5 instead of
K(b) = w, the capacity of the buffer is limited to 5. In Fig. 77 K(b) = w, but
still there can only be a maximum of 5 tokens in b.

Completely analogous to Definition 11 for EN systems we can also define the
sequential configuration graph SCG(M) of a P/T system M, the only difference
being that SCG(M) is now an infinite (or finite) edge-labelled graph (defined as
in Definition 9 but without the requirement that the set of nodes is finite). This
possible infiniteness of SCG (M) has the consequence that it is no longer as easy
as for EN systems to verify whether or not a given configuration is reachable
and whether or not a given transition is useful/live (however, these problems
are decidable). Naturally, it is easy to verify whether a given x € T* is a firing
sequence of M. Note that Theorem 12 does not hold for P/T systems, as the
following example shows.

Ezample 46. Consider the P/T system M in Fig. 12 (producer/consumer). It is
easy to see that FS(M) N (pf)*(ec)* = {(pf)™(ec)™ | 0 < m < mn+ 1}. Since this
is not a regular language, FS(M) is not regular. Similarly, an example of a P/T
system M for which FS(M) is not context-free can be presented.

Since there is a bijective correspondence between subsets of a set P and
(characteristic) functions P — {0, 1}, configurations C of a P /T system for which
C: P — {0,1} can also be considered as configurations of an EN system. Then
it is easy to verify, using the definitions of ¢t con C and C[t)D for EN systems
and for P/T systems, that EN systems are a special case of P/T systems.

Definition 156. (alternative) An EN system is a P/T system M with Ks(p) =
1 for all p € Pyy.

Note that, with this alternative definition, an EN system M can still have a
transition ¢ and a place p with Was(p,t) > 2 or Was(t, p) > 2. However, since all
places have capacity 1, such a transition ¢ is not useful. Hence we could directly
assume (as normal form) for EN systems that W (z,y) < 1 for all (z,y) € F; in
this way we would get “exactly” the old definition of an EN system.

A large number of facts for EN systems can be generalized to P/T systems,
but we will not do this all. We first note that Theorems 36 and 37 also hold for
P/T systems: for each P/T system M there exists a configuration equivalent
strongly reduced P/T system M'. The proof is the same, i.e., useless transitions
and isolated places can simply be omitted. We will see later that there is an
algorithm to verify whether a transition is useful.

Furthermore we note that P/T systems can also be made contact-free (cf.
Theorem 60). A P/T system has contact if a transition has input-concession
but does not have output-concession, because firing the transition would lead to
exceeding the capacity of one of its output places.
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Definition 157. Let M = (P, T, F, K,W,C;,) be a P/T system. M is contact-
free if for all t € T and C € Cyy, if W(p,t) < C(p) for all p € °t, then C(p) +
W (t,p) < K(p) for all p € t* with K(p) € N,..

Making a P/T system contact-free is analogous to the complement con-
struction in Theorem 57. For a given place py with K(pg) € Ny we add to
M a new place qo with K(qo) = K(po) (but more is also allowed), Cin(qo) =
K (po) = Cin(Po), *q0 = po®, q°* = *po and, for all t € T, W(qo,t) = W(t,po)
and W(t,qo) = W {(po,t). Then for every reachable configuration C' in the new
system C(qo) = K(po) — C(po), i.e., go contains the remaining capacity of py.
Then there is no risk anymore of exceeding the capacity of py (and of gp). As an
example, the P/T system of Fig. 77 has been constructed in this way from the
P/T system of Fig. 12 with K (b) = 5.

For this reason we will from now on consider contact-free P/T systems only.
Note that every P/T system M with Kj(p) = w for all p € Py is contact-free.
The other way around we can assume just as well that, for a contact-free P/T
system M, Ky (p) = w for all p € Py (without changing the behaviour of the
system). In other words: from now on we assume for every P/T system
M that Km(p) = w for all p € Py, and we denote M by (P, T,F, W, Ciy,).
Note that a configuration is now just a function C : P —+ N and that ¢t con C &
Vpe*t: W(p,t) < C(p).

Contact-free EN systems now correspond to those P/T systems that contain
at most one token in every place of a reachable configuration.

Definition 158. A P/T system M = (P,T,F,W,C;,) is safe if C(p) € {0,1}
for all C' € Cpy and p € P.

Definition 159. (alternative) A contact-free EN system is a safe P/T system.

We now introduce some terminology for configurations of a P/T system M =
(P, T,F,W,C;,), based on the fact that a configuration C : P — N of M actually
is a vector in N*, with n = #P. When we fix an ordering (p1,...,p,) of the
elements of P, C corresponds to the vector (v1,...,v,) with v; = C(p;) for all
1 <4 < n. For later usage we also introduce this terminology for vectors in Z",
i.e., for functions C : P — Z (which can be viewed as multi-sets in which places
can also occur negatively).

First we define a partial order for vectors. For vectors C,D : P - 7Z,C < D
iff C(p) < D(p) for every p € P (this is the generalization of set inclusion to
multi-sets). We write C < D for C < D and C # D (in other words: C < D
and there exists a p for which C'(p) < D(p)). It is easy to see that < is a partial
order on the set of vectors P — Z (and also on the set of vectors P — N, i.e.,
the set of configurations of M).

Furthermore, the usual operations on vectors are defined. For example, the
sum of two vectors C' and D is the vector C + D defined by (C + D)(p) = C(p) +
D(p) for every p € P. Also, for i € Z, iC is the vector with (iC)(p) =i - C(p),
i.e., the usual scalar multiplication of C by 4.
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9.3 A Finiteness Algorithm

Though the configuration graph of a P/T system can be infinite, there are a
large number of properties of P/T systems for which algorithms exist that de-
cide whether or not these properties hold. To get an idea of this kind of (quite
complicated) algorithms we will treat in this section an algorithm to decide, for
a given P/T system M, whether or not Cps is finite, i.e., whether or not M’s
sequential configuration graph SCG(M) is finite. This section and the next are
based on [Rei82, Fin90).

We first give a characterization of infiniteness of C,;. It is easy to give a
necessary condition, based on the following fundamental lemmas.

Lemma160. Let M = (P,T,F,W,C;,) be a P/T system, x € T*, and C,D,E
configurations of M. If C[x)D, then C' + E[z)D + E.

Note that this lemma does not hold for P/T systems with a capacity function
(and neither for EN systems): the addition of tokens (by E) can cause capacity
overflow.

Lemmal161. Let M = (P,T,F,W,Ci,) be a P/T system, x € T*, and C,D
configurations of M. If C[z)D and C < D then, for every n € N, C[z")D,,
where Dy, (p) = C(p) + n- (D(p) — C(p)) for every p € P.

Proof. Let E be the configuration with E(p) = D(p) — C(p) for all p € P. Then
C + E = D. Now, by Lemma 160 and with induction on n, for every n € N,
C[z")C + nE. Note that D, = C + nE. 0

The necessary condition can now be stated as follows.

Lemma162. Let M = (P,T,F,W,C;,) be a P/T system, © € T*, and C,D €
Cur. If Clz)D and C < D, then Cyr is infinite.

Proof. Directly from Lemma 161: D,, € Cps. And since there is at least one
p € P such that C(p) < D(p), all D,, are different. O

Ezample 47. (1) Consider the P/T system of Fig. 12. Let C;,[pf)D. Then C;, <
D. Repeatedly firing pf thus leads to infinitely many reachable configurations.

(2) Consider the P/T system that is obtained from Fig. 79 by first comple-
menting place p» and then turning all capacities into w. Let Cjp[tat1tstits)D.
Then C;, < D. Compare this to Example 45(1).

We want to show that Lemma, 162 is the only reason that Cy; can be infinite,
i.e., that the lemma also holds the other way around. This leads to the following
theorem.

Theorem 163. Let M = (P, T, F,W,Ci,) be a P/T system. Then Cps is infinite
iff there exist x € T* and C,D € Cpr such that C[z)D and C < D.
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The if-part of this theorem is Lemma 162. To prove the only-if-part we need
two basic lemmas: Dickson’s Lemma (cf. [Kru72]) and Konig’s Lemma. First we
prove Dickson’s Lemma (in which we only use that configurations are vectors
over N). We say that an infinite sequence of configurations Cy,Cs,Cs, ... of a
P/T system is increasing if C; < Cjyq for all ¢ > 1.

Lemma 164. (Dickson’s Lemma) Every infinite sequence of configurations of a
P/T system has an infinite increasing subsequence.

Proof. By induction on n we prove that every infinite sequence of vectors in
N" contains an infinite increasing subsequence. We start with the case n = 1.
Consider an infinite sequence of natural numbers a;,as, ... with a; € N for all
1 > 1. If there is a number that occurs infinitely many times in the sequence, then
we are done. If this is not the case, then for every k there exists an m > k such
that ar < a,, (because there are only finitely many natural numbers smaller
than aj and each of these occurs only finitely often). This implies that there
exists a subsequence a;, < a;, < a;, < ... (with for example i; = 1).

Now assume that it is proved for n—1 and consider the case n. Let a1by, asbs,
asbs, ... be an infinite sequence of elements of N*, with a; € N and b; € N*~ 1,
According to the case n = 1, proved above, there is an infinite increasing subse-
quence a;, < aj, < a;; <...o0f ai,a2,as,.... From the induction hypothesis fol-
lows that the infinite sequence b;,, b;,, bis, - . . contains an infinite increasing sub-
sequence: b;; < b;;, <b;; <....Then the sequence a;; b, ,ai;,bi;,, ai; bij, ..
is an infinite increasing subsequence of a; b, asbs,aszbs, .. .. O

To formulate Konig’s Lemma we use the following definition.

Definition 165. Let X be an alphabet and L C X* a language over Y. L is
prefiz-closed if for every x € L also all prefixes of z are element of L.

Note that, for a P/T system M, FS(M) is a prefix-closed language over Ty
(see the remarks following Theorem 12). Intuitively, Konig’s Lemma means that
an infinite tree of which each node has finitely many children, has an infinite
path.

Lemma 166. (Konig’s Lemma) If L C X* is an infinite prefiz-closed language,
then there is an infinite sequence ti,ta,ts,... with t; € X, such that, for all
n>0,t -t €L.

Proof. Choose t; € X such that LNty X* is infinite; such a ¢; must exist because
L is infinite and because L is the union of the (finitely many) sets L N tX*,
with ¢ € X. Since L is prefix-closed, t; € L. If ¢1,...,t,_1 are chosen such that
LNt ---t,—1X*) is infinite, then choose t, such that LN (¢ - -tp_1t,2*) is
infinite. O

We now prove the only-if-part of Theorem 163. Let M = (P, T, F,W, C;,) be
a P/T system and assume Cps to be infinite.
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A firing sequence t; - - - t,,, with t; € T', is acyclic if C;,,C1, ..., C, are all dif-
ferent, where Cjy, [ty - - - £;)C; for all 1 < ¢ < n. We denote the set of all acyclic fir-
ing sequences of M by AFS(M). Note that an acyclic firing sequence corresponds
to an acyclic path in SCG(M). Because every reachable configuration of M can
be reached via an acyclic firing sequence, also AFS(M) is infinite. Since AFS(M)
is prefix-closed, Lemma 166 implies that there exists an infinite sequence of tran-
sitions t1,t2,ts3, ... such that t; -- - ¢, € AFS(M) for all n. Intuitively this is an
infinite acyclic firing sequence of M. Let Ciy[t1---t,)Cy and consider the in-
finite sequence of configurations Cy,Cs,Cs,.... Since t1---t, € AFS(M), all
C1,C5,Cs,. .. are different. By Lemma 164 there exists an infinite increasing
subsequence of C,C2,Cs, . ... Hence there certainly exist configurations C; and
Cj, with ¢ < j, such that C; < C};. Since all configurations in the sequence are
different, C; < Cj. Now let & = t;4q---t;, C = C; and D = C;. Then Clz)D
and C < D.

On the basis of Theorem 163 we now present an algorithm to decide finiteness
of (CM .

Theorem 167. It is decidable, for an arbitrary P/T system M, whether Cpr is
finite or infinite.

Proof. Let M = (P, T, F,W,C;,). We try to find, in a systematical way, config-
urations C' and D in Cps and a firing sequence z that satisfy the requirements
of Theorem 163. For this purpose we construct, step by step, the sequential con-
figuration graph SCG(M) of M, meanwhile continuously verifying whether we
have already found C, D and z. If Cy; is finite, then the algorithm will halt
with the (finite) sequential configuration graph and if Cps is infinite, then the
algorithm will halt as soon as we find C, D and .

The algorithm uses a (finite) edge-labelled graph G = (V, I, X, vy,) with
V C Cu, vin = Cin, X C use(T), and I' C {(C,t,D) | C[t)m D} as variable.
Hence G is a finite subgraph of SCG(M). The algorithm works as follows.

(1) Initialization: V := {Cj,}, I' := @, ¥ := @ and vy, := Cjy.
(2) Forall C € V and t € T do:
if C[t)D then V := VU {D}, I':= T U{(C,t,D)}, and ¥ := S U {t}.
(3) If G did not change in Step (2), then Cy, is finite and G = SCG(M).
If G did change in Step (2), then test
whether there are C, D € V such that: C < D and there is a path in G from
C to D.
If this is the case, then Cys is infinite. If not, then goto (2).

We conclude with some remarks on the correctness of the algorithm.

If Cps is finite, then according to Theorem 163 the (second) test in Step (3)
is always negative. If in SCG(M) every C € Cys is reachable in < k steps, then
after < k iterations of Step (2) V = Cyr, after < k+1 iterations I' = {(C,t, D) |
C,D € Cp and C[t)D} and ¥ = use(T), and after < k + 2 iterations G no
longer changes and the algorithm halts with G = SCG(M).
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If Cpy is infinite, then, by Theorem 163, there exist C,D € Cyy and € T*
such that C[z)D and C < D. Then after |z| iterations of Step (2) the test in
Step (3) becomes negative and the algorithm halts. O

Ezample 48. (1) Consider the P/T system M that is given in Fig. 80. The algo-
rithm then constructs the edge-labelled graph in Fig. 81 where a configuration C'
is indicated as the vector (C(p1), C(p2), C(ps), C(p4)). After the 4-th iteration of
Step (2) the algorithm finds, in the test of Step (3), (3,6, 1, 0)[t1t1t2t3)(6,6,1,0)
and (3,6,1,0) < (6,6,1,0), and concludes that Cy, is infinite.

b3 —

to
.
4 V@pz
4

Fig.80. A P/T system M with infinite SCG(M).

Fig. 81. The computed part of SCG(M), of the P/T system of Fig. 80.

(2) Now consider the same P/T system M of Fig. 80 with the following
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changes: W(p1,t2) = 8 and Cj,(p2) = 3. The algorithm then constructs the
sequential case graph of M in Fig. 82, and concludes that Cy; is finite.

.

(11,1,1,0
BN
(15,0,1,0)  (3,3,0,1)
Y/V
(7,2,0,1)
N

(11,1,0,1)

3 t1‘
(15,0,0,1)

~—

Fig. 82. The computed SCG(M) of the P/T system of Fig. 80 with W (p1,t2) = 8 and

Definition 168. A P/T system M is bounded if there exists a k € N such that
C(p) < k for every C € Cpr and p € Pyy.

It is clear that a P/T system M is bounded iff Cps is finite. Hence it is
decidable whether an arbitrary P/T system is bounded (and the minimal bound
can be obtained from SCG(M)). This also implies that it is decidable whether a
P /T system is safe: then the bound has to be k = 1 (see Definitions 158 and 159).

Theorem 169. It is decidable, for an arbitrary P/T system M, whether or not
M is safe.

9.4 Covering Sets

To prove the decidability of several other properties of P/T systems we show
that for each P/T system M = (P,T,F,W,C;,) a so-called covering set can
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be computed. For this we use vectors C' : P — NU {w} which we will call
w-configurations of M. For w-configurations C1,C5, C; < Cs is defined as for
usual vectors, where n < w for all n € N U {w}. Furthermore we define, for
an w-configuration C, 2(C) = {p € P | C(p) = w}, the set of w-places of
C. Note that C is a (usual) configuration iff 2(C') = @. For w-configurations
C,D:P - NU{w} and t € T we define ¢t con C and C[t)D in the same way
as for configurations in Definition 155, where w+n =w—n =w for alln € N
(intuitively C'(p) = w means that p contains infinitely many tokens). Note that
if C[t)D, then 02(C) = (D).
We now define covering sets.

Definition 170. Let M = (P,T,F,W,C;,) be a P/T system. A covering set of
M is a finite set V of w-configurations for which:

(1) for every C' € Cys there exists D € V such that C < D, and

(2) for every D € V and every n € N there exists C € Cys such that

Vp e P:C(p) = D(p) if D(p) # w, and C(p) > n if D(p) = w.

If Ais a set of w-configurations, then (A, <) is a partially ordered set. Let A°
denote the set of maximal elements of A, even if A is infinite (see Definition 69).

Lemmal71. IfV is a covering set of a P/T system M, then so is V°.

Proof. Every subset of V also satisfies requirement (2) of Definition 170. Hence
it suffices to prove that for each C' € V there exists a D € V° with C' < D. This
follows from Lemma 70: V C 7 (V°). O

Theorem 172. There is an algorithm that constructs a covering set for each
P/T system M.

In what follows we prove this theorem. For a P/T system M = (P,T,F,W, Cy)
we first define a specific set Vs of w-configurations and then show that Vj is
a covering set of M (and hence Vjs° t00). This Vjs is defined on the basis of
a prefix-closed set L C T™* and a function « that associates an w-configuration
~v(z) with each z € L; then Vyr is {y(z) | z € L}. The pair (L,7) is called
the covering tree of M, since informally L and 7 can be drawn as a (node- and
edge-labelled) tree, in the following way: the elements of L are the nodes of the
tree; if x € L and zt € L (with x € T* and t € T'), then there is an edge from
z to xt labelled by ¢; A is the root of the tree; if x € L, then ~(z) is the label
of node z. Note that the names of the nodes can be omitted, because for every
node z the sequence of labels on the path from the root to z equals . Note also
that, in this tree, node u is an ancestor of node z iff u is a prefix of z. A priori
the covering tree can be infinite (i.e., L can be infinite), but we will prove that
it is always finite.

Definition 173. Let M = (P, T, F,W,C;,) be a P/T system. The covering tree
of M is the pair (L,~), recursively defined in (1) and (2).
(1) A € L and v(\) = Cyy,.
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(2)Ifxz e L, teT, vy(z)[t)D, and there is no prefix u of z with D < 7(u), then
xt € L with vy(zt) as defined in (3).

(3) If there is no prefix u of z such that both y(u) < D and 2(y(u)) = 2(D),
then y(xt) = D, otherwise v(xt) = D', as defined in (4).

(4) Let u be the longest prefix of = such that v(u) < D and 2(y(u)) = 2(D).
Let y(u) = C and thus C < D and 2(C) = 2(D). Then, for all p € P,

iy _ [ D(p) if C(p) = D(p)
D'(p) = {w if C(p) < D(p).

Finally Var = {v(z) | z € L}.

We observe that it is irrelevant that we take the longest prefix in (4); we
could just as well have taken, e.g., the shortest one.

It is clear that the covering tree can be computed systematically in a top-
down fashion, if it is finite (and this we will prove).

Ezample /9. The covering tree of the P/T system M; of Fig. 83 is given in
Fig. 84. The covering tree of the P/ T system M, of Fig. 85 is given in Fig. 86.

t2 h D’*/ t‘*
&

6

D1 y2
t5

Fig. 83. P/T system M;.

The following properties of the covering tree can easily be seen.

Lemma 174. Let (L,v) be the covering tree of a P/T system M and lett € Tiy.
(1) L is prefiz-closed.

(2) If x € L and vy(z)[t) D, then there exists y € L such that D < ~y(y).

(3) If x € L and zt € L, with v(x) = C and v(xt) = D, then 2(C) C 2(D) and
(C)=N2(D) & Ct)D.

Proof. (2) If there is a prefix u of  with D < «(u), then y = u, and otherwise
D < v(xt) and thus y = xt. O

We now prove that the covering tree is finite.
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(1,0,0,0,0)

tllw

(0,1,1,0,0)  (0,0,0,1,0)

Fig. 84. The covering tree of P/T system M; of Fig. 83.

b3

Fig. 85. P/T system Mo.

Lemma175. Let (L,v) be the covering tree of a P/T system M.
Then L is finite.

Proof. Suppose that L is infinite. Since L is prefix-closed, according to Konig’s
Lemma (Lemma 166) there exists an infinite sequence of transitions #i,ts, . ..
such that ¢, ---t, € L for every n € N. Let C,, = y(t1 - - t5,). By Lemma 174(3)
and the finiteness of Py, there exists k € N such that for all m,n > k: 2(C,,) =
2(Cy). It is not difficult to see that Dickson’s Lemma (Lemma 164) also holds
for w-configurations. Hence there is an infinite increasing subsequence of the
sequence Ck, Cg+1, - - .- Thus there definitely exist C; and C; with i < j, C; < Cj,
and 2(C;) = 2(C;). Then Lemma 174(3) implies C;_1[t;)C;. Now consider
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ty to
(0,1,0,0,0) (0,0,0,1,0)
t3‘ t5
(0,0,2,0,0) (0,0,0,0,2)
t4‘ te
(0,1,w,0,0) (0,0,0,1,w)
t4 te

(07w7w707 0) (07 07 ij,w)

Fig. 86. The covering tree of P/T system M, of Fig. 85.

Definition 173, with & = ¢, ---¢t;_1, t = t;, y(x) = Cj_1, and D = C;. From
the fact that zt € L and ~(z)[t)D it follows (by Definition 173(2)) that there
is no prefix u of z with C; < y(u). For u = t; - --t; this implies that C; # C;
and thus C; < Cj. Then u is a prefix of « such that y(u) = C; < C; = D and
2(y(u)) = (D). Hence, according to Definition 173(3,4), v(xt) # D (because
2(D) is a proper subset of 2(y(zt))). This contradicts the fact that v(zt) = C;.

O

We now show that Vjs is a covering set, i.e., has properties (1) and (2) of
Definition 170. In connection with property (2) we first introduce the following
terminology and prove a lemma.

Definition 176. An w-configuration D of a P/T system M is a covering vector
of M if for every n € N there exists a C € Cps such that, for all p € P,
C(p) = D(p) if D(p) # w, and C(p) > nif D(p) = w.

The set of all covering vectors of M is denoted by @y . Note that Cyy C Q.
Also note that a covering set is the same as a finite subset of Q) that satisfies
requirement (1) of Definition 170.

Lemmal77. Let M = (P, T, F,W, C;,) be a P/T system. For all w-configurations
Dy, Dy of M andt €T, if D]_[t)D2 and Dy € Qpy, then Dy € Q.

Proof. Define m = max{W (p,t) | (p,t) € F}. Since D; € Ou, for a givenn € N
there exists a C1 € Cyr such that for all p € P: Ci(p) = D1(p) if D1(p) # w,
and C1(p) > n+ m if D1(p) = w. Then there exists (by the choice of m) a Cs
with C1[t)C2 and for all p € P: Cy(p) = Da(p) if Da(p) # w and Ca(p) > n if
D5 (p) = w. This implies D2 € Oy . O
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Theorem 178. For every P/T system M, Vs is a covering set.

Proof. We prove that Vjs satisfies (1) and (2) of Definition 170. Let M =
(p,T,F,W,C;,) and let (L,~) be the covering tree of M.

(1) For every C € Cyy there exists D € Vy; with C < D.
We prove this by induction on C. It holds for C = Cj, since C;, € Vs by
Definition 173(1). Now consider C' € Cy and C[t)C’, and assume that D € Vs
and C < D. Determine the w-configuration E with C + E = D. It is easy to
verify that Lemma 160 also holds for w-configurations (with w +w = w). Hence
D[t)C' + E. Then according to Lemma 174(2) there exists D' € Vs such that
C'+E<D' And thus C' < D'.

(2) Var COp-
We thus must prove that () is a covering vector of M for every z € L. We do
this by induction on |z|. It is clear for z = A (since y(A\) = Ciy, € Cpr). Now take
z € L and assume (as induction hypothesis) that v(u) € Qy for every prefix
u of z. Now consider a t € T and a D such that y(z)[t)D and there does not
exist a prefix u of x with D < «(u). It remains to prove that y(xt) € Qp. If
~v(xt) = D (see Definition 173(3)), then y(xt) € Oy by Lemma 177.
* The other possibility (see Definition 173(4)) is that there is a prefix u of z,
such that for v(u) = C: C < D, 2(C) = (D), and ~(zt) = D' with for every
p € P:

D'(p) = D(p) if C(p) = D(p), and D'(p) = w if C(p) < D(p).

From 2(C) = (D) and Lemma 174(3) follows that Cly)D, where zt = uy.
Now take an arbitrary n € N. Since C < D and C[y)D, Lemma 161 (for w-
configurations) implies that C[y™)D,, for some D,, with, for every p € P:

Dy(p) = D(p) if C(p) = D(p), and D,(p) > n if C(p) < D(p).

By the induction hypothesis it follows that C' € Qs and thus Lemma 177 implies
that D,, € Q. Hence there exists C,, € Cpr such that

Crn(p) = Dy(p) if D,(p) # w, and Cyr(p) > n if D, (p) = w.

Then also
Cn(p) = D'(p) if D'(p) # w, and Cp(p) > n if D'(p) = w.

In fact, in the case that C(p) = D(p) it follows from the previous line because
D'(p) = D(p) = Dyp(p), and in the case that C(p) < D(p) it follows from
D'(p) = w and D, (p) > n (because D,,(p) > n implies C,,(p) > n). This proves
that D' € Qyy. O

All of this proves Theorem 172. According to Lemma, 171 also V,,° is a cover-
ing set. We now additionally show that, for all covering sets V, the covering sets
V° are all the same. We begin with a lemma that generalizes Definition 170(1).

Lemmal79. Let V be a covering set of a P/T system M. For every C € QO
there exists D € V such that C < D.
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Proof. Since C' € Qyy, there exist configurations C,, € Cyy, for every n € N,
such that for all p € P, C,(p) = C(p) if C(p) # w and Cy,(p) > n if C(p) = w.
According to Definition 170(1) there exist w-configurations D,, € V with C, <
D,,. Since V is finite, there exist a D € V and an infinite subset I of N such
that D, = D for all n € I. Hence D > C,, for all n € I and thus, for all p € P,
D(p) > C(p) if C(p) # w and D(p) > n if C(p) = w. Hence if C(p) = w, then
D(p) = w. This implies that D > C. O

Theorem 180. For every covering set V of a P/T system M, V° = Qys°.

Proof. (V° C Qp°). Let C € V°. Then C € Qy because V C Qy. Now it
remains to prove that C is a maximal element of Qp;. Let D € Qp and C < D.
We have to prove that C = D. By Lemma 179 there exists £ € V with D < E.
Hence C' < E. Since C' is maximal in V, C = E and thus C = D.

(Op° CV°). Let C € Op°. By Lemma, 179 there exists D € V with C' < D.
Since C' is maximal in Qy; and D € Qy, C = D. Hence C € V. Since C is
maximal in Qyy, it is certainly maximal in V (because V C Qyy). O

This implies that Vy° = Qp° is the (unique) smallest covering set of M:
firstly V,° is a covering set of M and secondly (by Theorem 180) Qy° C 'V for
every covering set V of M.

We now present several applications of Theorem 172. First we show that
now we can also verify for each place independently whether it is bounded (see
Definition 168).

Definition 181. A place p of a P/T system M is bounded if there exists a k € N
such that C(p) < k for every C € Cyr.

Note that a P/T system is bounded iff all its places are bounded.

Theorem 182. [t is decidable, for an arbitrary P/T system M and an arbitrary
place p € Pyr, whether or not p is bounded.

Proof. If V is a covering set of M, then: p is unbounded iff there exists a C € V
such that C(p) = w. Verify this yourself from Definition 170. O

Ezample 50. (1) Consider the P/T system M; of Fig. 83, with the covering
tree in Fig. 84. Then V,,, = {(1,0,0,0,0),(0,0,0,1,0),(0,1,1,0,0),(1,0,w,0,0),
(0,1,w,0,0),(0,0,w,1,0),(0,0,w,0,1)} is a covering set of M;. This implies that
ps is unbounded and all other places are bounded (with bound 1). The unique
smallest covering set of M; is Vy, ° = {(1,0,w,0,0),(0,1,w,0,0),(0,0,w,1,0),
(0,0,w,0,1)}.

(2) From Figs. 85 and 86 one can see that p; is bounded and that all other
places are unbounded. Here V,z,° = {(1,0,0,0,0), (0,w,w,0,0), (0,0,0,w,w)}.

(3) Consider the P/T system M3 in Fig. 87. The definition of covering tree
is such that we can also construct one path through the tree instead of the
whole tree. When we construct the path that corresponds to the sequence of
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transitions t1t4t3t4 then we get successively v(A) = (1,1,0,0), v(¢t1) = (0,1,1,1),
v(t1ts) = (1, w,w, 0), y(t1tat3) = (1,w,w,w), and y(t1t4tsts) = (w,w,w,w). This
implies that all places are unbounded. It also implies that Vs, ° = {(w,w,w,w)}.

ta

D2

Fig.87. P/T system M3.

We now show that usefulness of transitions is decidable.

Lemma 183. It is decidable for an arbitrary P/T system M and an arbitrary
configuration C' of M, whether or not there exists D € Cpy with C < D.

Proof. If V is a covering set of M, then: there exists D € Cy; with C' < D iff
there exists a D € V with C' < D. O

Theorem 184. [t is decidable, for an arbitrary P/T system M and an arbitrary
transition t € T, whether or not t is useful.

Proof. Let C; be the configuration of M with C¢(p) = W(p,t) if p € *t and
Ci(p) = 0 otherwise. Then: ¢ is useful iff there exists D € Cp with Cy < D.
Now use Lemma 183. From the proof of that lemma it follows that ¢ is useful iff
there exists D € Vp° with C; < D. O

Corollary 185. It is decidable, for an arbitrary P/T system M, whether or not
M is reduced.

Ezample 51. Consider the P/T system M = M; of Fig. 83. For Vj° see Ex-

ample 50(1). Then, for ¢t = t3, C; = (0,0,1,1,0). Now (0,0,w,1,0) € Va° and
(0,0,1,1,0) < (0,0,w,1,0). Hence t3 is useful. In the same way one can see that
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all transitions of M are useful. Hence M is reduced (and since M has no isolated
places, even strongly reduced).

If M would additionally have a transition t; with *¢; = {p1,psa}, then M
would still have the same covering tree. For t = t7, Cy = (1,0,0,1,0) and there
isno C € Vy° with C; < C. Hence we find that ¢; is not useful. Removal of
this useless transition obviously results again in the M of Fig. 83.

The next two theorems (cf. Lemma 183 and Theorem 184) are hard to prove
and are thus stated without proof. The first theorem states that the so-called
reachability problem is decidable; it took more than ten years before this theorem
could be proved. For a proof see, e.g., [Reu90].

Theorem 186. It is decidable, for an arbitrary P/T system M and an arbitrary
configuration C of M, whether or not C' € Cyr.

Theorem 187. It is decidable, for an arbitrary P/T system M and an arbitrary
configuration t of M, whether or not t is live.

9.5 Place Invariants

An invariant of a P/T system M is, in general, a function f of the configura-
tions of M which has the same value for all reachable configurations of M, i.e.,
f(C) = f(Cy) for all C € Cyy. Invariants are used to prove specific properties of
the system, i.e., to prove the “correctness” of the system (analogous to the use of
invariants for showing program correctness). In this section we treat invariants of
a special type, so-called “place-invariants”; these place-invariants can be deter-
mined automatically from the system M. We have already seen a simple case of
them for EN systems: for a sequential component S of a system M, #(CNS) =1
for all C € Cps (Theorem 49), i.e., the function f with f(C) = #(C' N S) is an
invariant of the system. We have already seen that such invariants can serve to
show the contact-freeness of a system (Theorem 59).

Consider as an example the P/T system M of Fig. 88. For this system the
total number of tokens in all places always equals 1, i.e., C(p1) + C(p2) = 1
for all C € Cyr; this means that C(p1) + C(p2) is an invariant of M (or more
precisely, the function f with f(C) = C(p1) + C(p2) is). If we add a place p3 as
output-place of to (resulting in the P/T system M’ of Fig. 89), then the total
number of tokens in all places no longer equals 1 (since ps is even unbounded).
But the fact that the sum of the number of tokens in p; and the number of
tokens in py always equals 1 does continue to hold, i.e., C(py) + C(p2) is an
invariant of M', with value 1. Note that this means that {p;,p»} is a sequential
component of M’ (if we would have defined the notion of sequential component
of a P/T system similar to Definitions 40 and 45 for EN systems). However, if
we increase the weight of the edges (t1,p2) and (p2,t2) to 2 (resulting in the
P/T system M" of Fig. 90), then this no longer holds. But now, the sum of two
times the number of tokens in p; and the number of tokens in p» is always equal
to 2, i.e., 2C(p1) + C(p2) = 2 for all C' € Cpyr . This means that 2C (p1) + C(p2)
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is an invariant of M", with value 2. Finally we consider the P/T system M;
of Fig. 91. For this system the sum of the number of tokens in p;, ps, ps always
equals the number of tokens in ps. Hence C(p1) + C(p2) + C(p3) = C(p4) for all
C € Cypy, - This means that C(py) + C(p2) + C(ps) — C(py4) is an invariant of My,
with value 0.

151

p1 }2
D ts

Fig. 88. P/T system M with invariant C(p1) + C(p2) = 1.

o
e

Fig. 89. P/T system M’ with invariant C(p1) + C(p2) = 1.

Fig.90. P/T system M" with invariant 2C(p1) + C(p2) = 2.

We will only consider invariants that, like in the above examples, are linear
combinations of the number of tokens in the places of the system, i.e., invari-
ants of the form i1C(p1) + i2C(p2) + - --inC(pn), where Pyr = {p1,...,pn}
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Fig.91. P/T system M; with invariant C(p1) + C(p2) + C(p3) — C(ps) = 0.

and 41,...,%, € Z. Such an invariant is completely determined by the vector
i = (i1,...,1,). Intuitively, this means that the weighted sum of all tokens is
constant, where a token in place py has weight ij. For two vectors vy,ve : P — Z
we define, as usual, their inner product as v1 -va = 3 pv1(p) - v2(p). Hence,
the above invariant can now be written as i- C, or as C'-i. We now give a formal
definition of this kind of invariants. For technical reasons we not only require
that C' - i = Cy, - i for all C' € Cypy, but even that for all configurations C, D of
M and all transitions ¢t of M: if C[¢t)D then C'-i = D-i. In Theorem 192 we will
show that these requirements are equivalent whenever M is reduced.

Definition 188. Let M = (P, T, F,W,C;;,) be aP /T system. A vectori: P - Z
is a place invariant (p-invariant for short) of M if for all configurations C, D :
P — Nandall t € T: if C[t)D, then C -9 = D - i. The value of i is the integer
Cin - 1.

A p-invariant i : P — N is a positive p-invariant of M.

A p-invariant i : P — {0,1} is a characteristic p-invariant of M (note that 7 is
the characteristic function of the set of places {p € P | i(p) = 1}).

A characteristic p-invariant with value 1 is a sequential component of M.

Later we will see that this definition of sequential component is consistent
with the one for EN systems.

Lemma189. Let M = (P,T,F,W,C;,) be a P/T system and let i : P — Z be
a p-invariant of M. Then C -i = Cjy, -1 for all C € Cpr.

Proof. We do this by induction on C. It is trivial for C;,. Now assume that it
holds for C' € Cps and that C[t)D. Then it holds for D because D -i =C -i =
Cin - 1. O

Ezample 52. (a) Let us verify that the invariant ¢ = (2,1, 0) discussed above, is
indeed a (positive) p-invariant of the P/T system M" of Fig. 90. Assume that
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C,D :P — N. If C[t;1)D, then 2D(p1) + D(p2) = 2(C(p1) — 1) + (C(p2) + 2)
2(C(p1) +1) + (C(p2) = 2) =2C(p1) + C(p2) + 2 =2 =2C(p1) + C(p2)-

(b) Likewise it is easy to verify that (1,1,1,—1) is a p-invariant of the P/T
system M; of Fig. 91.

For a p-invariant 4, C -4 — D - i must be zero, if C[t)D. Hence (C — D) - i
must be zero, where C' — D is the usual difference of the vectors C' and D. The
difference vector C' — D is completely determined by ¢. This is defined formally
in the next definition.

Definition 190. Let M = (P,T,F,W,C;y,) be a P/T system.
(1) For every transition ¢ € T the vector ¢t : P — Z is defined as follows: for

every p € P,

t(p) = W(t,p) if p € t°,

t(p) = —W(p,t) if pe*t, and
tip) =0 otherwise.

(2) The matrix M : T x P — Z is defined such that, for every ¢t € T and
every p € P, M(t,p) = t(p).
Matrix multiplication is defined in the usual way; in particular, if v : P — Z,
then M - v is the vector T — Z with for all t € T, (M - v)(t) = t- v (the inner
product of ¢ and v).

Note that the matrix M is, in principle, the usual incidence matrix of the
graph that represents the multi-net (P,T, F,W).

For a transition ¢, the vector ¢ is the difference between the configurations
before and after firing t.

Lemma191. Let M be a P/T system, let C and D be two configurations of M,
and let t € Tyr. Then C[t)D iff D = C + ¢.

Due to this lemma a P/T system is also called a Vector Addition System.
The token game of a P/T system M with n places consists of repeatedly adding
the vectors t € Z", with t € Ty, starting with the vector Cj, € N* and taking
care that all resulting vectors are in N.

Lemma 191 implies a simple linear-algebraic characterization of p-invariants.

Theorem 192. Let M = (P, T, F,W,C;,) be a P/T system and leti : P — Z.
Then the following three statements are equivalent.

(1) i is a p-invariant;

(2)t-i=0 forallt € T;

(8) M -i =0 (where 0 is the null vector T — 7).

If, moreover, M is reduced, then this is also equivalent with

(4) C-i=Cip-i for all C € Cyy.

Proof. (2) implies (1): Assume ¢-i =0 for all ¢t € T. If C[t)D, then according to
Lemma 191 D = C+t. Hence D-i = (C+t)-i = C-i+t-i = C-i. Thusi is a p-
invariant. We did this calculation in Example 52(a); in this example (see Fig. 90)
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t; =(-1,2,0) and ¢, = (1,—2,1), and for ¢ = (2,1,0) indeed ¢, - i = —2+2 =0
andty,-1=2-2=0.

(1) implies (2): For every t there is a configuration C' : P — N such that
t con C (take, e.g., C(p) = W(p,t) for p € *t and C(p) = 0 otherwise). Then
C[t)C+t according to Lemma 191. Thus, since i is a p-invariant, C+i = (C+t)-i =
C-i+t-i.Hencet-i=0.

(2) & (3): This follows directly from the definition of matrix multiplication,
see Definition 190(2).

(1) implies (4): That is Lemma 189.

(4) implies (2): Since t is useful, there exists C' € Cpr with ¢t con C. Then
also C+t € Cpr. Then C-i = Cypp-i and (C+t) -4 = Cyp-i. Hence C-i = C-i+t-i
andsot-i=0. O

Corollary 193. Let M = (P,T,F,W,C;,) be a P/T system and leti : P — N
be the characteristic function of S C P. Then i is a (characteristic) p-invariant

iff
S {Wp,t)|petnSt=> {W(tp)|pet* nS} foralteT.

If, in particular, W(z,y) = 1 for all (x,y) € F, then this is equivalent with:
#CEtNS)=#@*NS) forallt €T.

Proof. The two sums are equal iff ¢ -¢ = 0. O

Another corollary of Theorem 192 is that for reduced EN systems the new
definition of sequential component (Definition 188) is equivalent to the old one
(Definition 45), via the correspondence between a set S and its characteristic
function, Theorem 49(2), and the fact that an (old) sequential component is
completely determined by its set of places. Corollary 193 corresponds to Theo-
rem 49(3).

Fig.92. A P/T system to illustrate linear algebra.
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Ezample 53. Consider the P/T system M of Fig. 92. The changes of configura-
tion when firing transitions of M can be denoted by (column) vectors as follows;
below ¢; the vector ¢; is given.

Cin [t1) C1 [t2) Cs [ts) Cs [t1) Cy [t2
p(2) —2(0) 0 2

-1 1
1 1
4 0

The matrix M is

D1 P2 P3 P4
i [—241+1 0
ta 0-1+1+4
t3 \+2 0-2-3

It is clear that the firing of t3 does not alter the sum of the number of tokens in p,

P2, and ps. Hence, for i = (1,1,1,0), t5-9 = (2,0,—2,-3)-(1,1,1,0) =2—-2 = 0.
The same holds for #; and ¢, thus

211 0
M-i=| 0-1 1 4
2 0-2-3

O =

Consequently, the vector i is a p-invariant of M, with value C;, -i = (2,0,0,0) -
(1,1,1,0) = 2. Moreover, i is a characteristic p-invariant: ¢ is the characteristic
function of the set S = {p1,p2,ps}. In other words, the total number of tokens
in S always equals 2.

From the equivalence of (1) and (3) in Theorem 192 it follows directly that
the set of p-invariants of a P/T system is a linear subspace of the linear vector
space Z" (with n = #P). This is because it is the set of solutions of the system
of equations M -i = 0.

Lemma194. Let M be a P/T system and let A € Z. If iy and iy are p-invariants
of M, then so are i1 + iz and X - i1.

With the usual methods from linear algebra we can thus determine “all”
p-invariants, in the sense that we can compute a base for the set of all p-
invariants (i.e., a finite set B of linearly independent p-invariants, such that
every p-invariant is a linear combination of vectors from B and vice versa).

Ezample 54. (1) Consider again the P/T system M of Example 53 (Fig. 92).
The system of equations corresponding to M -i = 0 is as follows, where i =
($1,$2,$3,.'L'4):
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-2z + 22 + 3 =0,

— T2+ 23 +424=0,

211 — 223 —3x4=0.
Note that the first equation corresponds to #;, the second to ¢2, and the third
to t3. These equations are equivalent to 1 = z2 = 3 and x4 = 0. The solution
space thus consists of all vectors A -4 with 4 = (1,1,1,0) and X\ € Z. Hence in a
certain sense (1,1,1,0) is the only p-invariant of M (all other p-invariants are a

multiple of it).

51

D2
@\ ta
D1 / Ps
ts D
Ds
N
t3 D4 4

Fig.93. A P/T system with p-invariants A-(1,1,0,1,1) + g -(1,0,1,1,0).

(2) Consider the P/T system M of Fig. 93. The matrix M is
P1 P2 P3 P4 Ps

tr [—1 4141

t2 -1 +1
t3 | -1 +1

t4 +1-1+41
ts \+1 -1 -1

The p-invariants of M are therefore the solutions i = (x1, 22,23, T4,25) of the
following system of equations:

—x1 + x5 + T3 =0,
— T9 + x5 =0,
—x1 + x4 =0,
+x3—x4 +25=0,

+x1 — X3 —x5=0.

Solving this system of equations shows that the set of p-invariants of M consists
of all linear combinations of the vectors (1,1,0,1,1) and (1,0,1,1,0). The first
of these two p-invariants has value 2 and the second has value 1. They are both
characteristic p-invariants and the second is even a sequential component.

From positive p-invariants we can obtain useful structural information, as
the following result shows.
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Lemma195. Let M be a P/T system and let i be a positive p-invariant of M.
For S={pe€ Py |i(p) >0}, *S =5°.

With the obvious generalization of the notion of “subsystem” (Definition 45)
for P/T systems this means, according to Lemma 47, that S is a subsystem of
M.

We now show that the “positive” places of such a p-invariant are bounded
(see Definition 181). Whenever applicable, this provides a simpler method to
show boundedness than Theorem 182 does.

Theorem 196. Let M be a P/T system and let i be a positive p-invariant of
M. For all p € Py, if i(p) > 0, then p is bounded.

Proof. Let C € Cyy. Since i is a p-invariant, C - = Cj, - i. Because i is positive,

C(p) -i(p) < C -4. Hence C(p) -i(p) < Cin -4 and thus C(p) < C;z;)-z', o

Ezxample 55. According to Example 52(a), (2,1, 0) is a positive p-invariant of the
P/T system of Fig. 90. Then Theorem 196 implies that p; and p, are bounded
(but of course we already knew this).

Now consider the P/T system of Fig. 85. Though p; is bounded, this cannot
be proved with Theorem 196. Assume that 4 is a positive p-invariant with i(p;) >
0. Then by Lemma 195 also i(p2) > 0 must hold. Then, by Theorem 196, p- is
bounded. But p, is unbounded (see Example 50(2)).

Definition 197. Let M = (P,T,F,W,C;,) be a P/T system.
A collection {i1,...,i,} of positive p-invariants of M is a covering of M if for
every place p € P there exists k, 1 < k < n, with igx(p) > 0. Then M is covered

by {il, e ,Zn}

In case i1,...,in are sequential components, this definition equals Defini-
tion 52 (see Lemma 53 and the remarks after Corollary 193).

Theorem 198. If a P/T system M is covered by positive p-invariants, then M
is bounded.

We now show that one positive p-invariant suffices for such a covering.

Lemma199. A P/T system M is covered by positive p-invariants iff there exists
a p-invariant i of M such that i(p) > 0 for all p € Pyy.

Proof. Assume that for every place p there is a positive p-invariant i, with
ip(p) > 0. Then, by Lemma 194, i = ) {i, | p € P} is also a p-invariant of M.
Obviously i(p) > 0 for all p € P. O

A p-invariant ¢ with i(p) > 0 for all p € P means that the weighted sum of
all tokens is constant, where each token in place p has a positive weight i(p).
Intuitively each token represents a number of “components” and the sum of
all “components” is constant. A special case of this is a covering by sequential
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components Si, ..., Sy,. In that case (according to the proof of Lemma 199) there
is a p-invariant ¢ with, for all p € P, i(p) = #{k | p € Sk, 1 < k < n} and the
value of ¢ is n (verify this). This means that the “components” in this case are
exactly the sequential components.

Ezample 56. (1) According to Example 54(2) the P/T system M of Fig. 93 is
covered by the two positive p-invariants (1,1,0,1,1) and (1,0,1,1,0). Hence,
by Lemma 199, M is covered by the p-invariant (2,1,1,2,1) with value 3. By
Theorem 198, M is bounded.

(2) According to Example 21(3) the P/T system of Fig. 15 is covered by
two sequential components: {po, p1, P2, 4,6} and {po, p1,P3,P5,06}- Then M is
covered by the p-invariant ¢ with i(pg) = i(p1) = i(ps) = 2 and i(p) = 1 for the
remaining places. The value of i is 2.

(3) According to Example 21(4) the P/T system M of Fig. 5 (mutual ex-
clusion) is covered by three sequential components: {wy,¢1,71}, {wa,c2, 72} and
{p,c1,c2}. Then M is covered by the p-invariant ¢ with i(c;) = i(c2) = 2 and
i(p") = 1 for the remaining places p’. The value of i is 3.

D2 Da
ready ready
to read to write

writing

ready with

2 @ reading/writing

Fig. 94. Readers and writers.

We will now show by way of an example that p-invariants are useful to prove
the correctness of a system. Consider the P/T system M of Fig. 94 (a variant

137



of Fig. 78). The system contains 7 active components (where we once again use
the word “component” informally). In the initial configuration Cj, all 7 active
components are in place p;: every token is such a component. Each of these
components has access to the same piece of memory, to read from or write to.
The access to the memory should be restricted as follows: (1) if a component
writes to the memory, no other component has access to the memory and (2) if
no component writes, then at most 4 components are allowed to read from
the memory simultaneously. To guarantee this the system uses 4 permits, which
initially are in place pg; each of these permits can be seen as a passive component
of M. To show that requirements (1) and (2) are satisfied, we first determine
the p-invariants of M. Solving the system of equations

— T + 22 =0
— T2 + T3 — zg=0

+ — I3 + .’L'GZO
- + x4 =0
— x4 + x5 — 4w =0

+ 1z —25+ 426 =0

value of iy is Ci,, -1 = (7,0,0,0,0,4) - (1,1,1,1,1,0) = 7 and the value of i, is

results in the two p-invariants 4; = (1,1,1,1,1,0) and 45 = (0,0,1,0,4,1). The
Cin - i2 = 4. Now Lemma 189 implies that for all C' € Cy,;:

(i1) C(p1) + C(p2) + C(ps) + C(ps) + C(ps) =7 and

(i2) C(ps) +4C(ps) + C(ps) = 4.

From (i) follows that there are always 7 active components, distributed over the
places pi1,...,ps. Likewise it follows from (is) that there are always 4 passive

components, in places ps, ps, and pg. We now take a closer look at (iz). If a
component is writing, then C(ps) > 0. From (i2) it then follows that C(ps) =1
and C(p3) = 0: exactly one component is writing and no component is reading.
Now assume that no component is writing, i.e., C(ps) = 0. By (i2) we obtain
C(p3) < 4: at most 4 components are reading. This proves requirements (1) and
(2) mentioned above.

We now show two more properties of M. To begin with, note that the posi-
tive p-invariants 41 and i2 cover M. Thus, by Theorem 198, M is bounded. By
Lemma 194, M is covered by i = i1 +i2 = (1,1,2,1,5,1) with value 11 (see also
Lemma 199). Hence there are 11 components (viz. 7 active and 4 passive ones).
And, e.g., a token in ps represents 5 components (one active component and four
permits).

Another desired property of M is that it is “live”.

Definition 200. A P/T system M is live if all transitions of M are live.

We now show that the system M of Fig. 94 is live. Consider an arbitrary
C € Cp. We first show that there exists a y € T* with C[y)Csy,. If there
are tokens in ps, then by (repeatedly) firing ¢t3 we can reach a configuration
C'" with C'(p3) = 0. By firing tg we can moreover achieve C'(ps) = 0. Since
C'(p3) = C'(ps) = 0, invariant i» now implies C'(ps) = 4. This means that
if C'(p2) > 0 then tst3 con C’ and if C'(ps) > 0 then tstg con C'. Thus by
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repeatedly firing tot3 and t5tg tokens in py and pg can be transported to p;. For
the configuration D that is reached in this way with firing sequence y we have
D(ps) = D(p3s) = D(ps) = D(ps) = 0 and thus, by invariant i,, D(p;) = 7.
By invariant is moreover D(pg) = 4. Hence D = Cj,. Now t1tat3 con Cj, and
tytste con Cj,. This implies that yt; con C and ytit; con C and likewise for
t3,...,tg. This proves that M is live.

9.6 Marked Graphs

In the last two sections we will put a number of (structural) restrictions on
the underlying multi-nets of P/T systems, that simplify the analysis of those
systems. In particular we obtain in this way simple criteria for safeness and
liveness (see Definitions 158 and 200 and Theorems 169 and 187).

Definition 201. A marked graph (or T-system) is a P/T system M = (P, T, F,
W, Cin), where

(1) W(z,y) =1 for all (z,y) € F, and

(2) #(°p) = #(p*) = 1 for all p € P.

Thus, a P/T system is a marked graph if every edge has weight 1 and every
place has precisely one transition in its input-set and precisely one transition in
its output-set. Note that these are indeed restrictions on the underlying net. For
a place p we will denote the unique transition in ®*p also by *p and likewise for

p -
Since the places of a marked graph are “unbranching”, intuitively no conflicts

can arise (just as was the case with process nets, see Section 6.2). In particular
each marked graph which is also an EN system is conflict-free (see Definition 22
and the discussion following it).

Intuitively we can view the transitions of a marked graph M as the nodes
of an edge-labelled graph G (without initial node), where each place p of M is
represented by an edge of G with label p, from node ®*p to node p®. Then the
edges of G are labelled with tokens and if a node of G fires, then the tokens of
the incoming edges of the node are removed and tokens are put on the outgoing
edges of the node.

Ezample 57. The P/T system M of Fig. 95 is a marked graph. In Fig. 96 its
corresponding graph G is depicted (without marking). The P/T systems of
Figs. 48 and 49 are also marked graphs.

Definition 202. Let M = (P,T,F,W, C;,) be a P/T system.

(1) A sequence @ = (po,p1,---,Pm), withm > 0and p; € Pfor 0 <i <m,is
a path of M, from pg to pm, if p;® = *piy1 for every 0 < i < m — 1. If moreover
Pm® = °*po and all p;*, 0 < i < m, are different, then « is a (elementary) cycle
of M; for t € T we say that t is on a if t = p;® for an 0 < i < m.

(2) Let @ = (po, p1,---,Pm), m >0, be a path of M and let C' be a configu-
ration of M. Then }_."  C(p;) is the value of o in C and is denoted by C(a). If
C(a) > 0, then « is marked by C.

139



Fig.95. A marked graph.

Fig. 96. The graph corresponding to the marked graph of Fig. 95 (without tokens).

Note that for a cycle @« = (pg,p1,-..,pm) not only all transitions p;* are
different, but also all places p; are different; note also that m > 1, see Defini-
tion 1(4). Note finally that, intuitively, C'(«) is the total number of tokens on
the path a.

The next, important, lemma shows that the value of a cycle of a marked
graph always remains the same.

Lemma203. Let M = (P,T,F,W,C;,) be a marked graph. Let « = (po, - - -, Pm)
be a cycle of M and let Cy,, be the characteristic function of {po,...,pm}. Then
(1) Cy is a characteristic p-invariant of M, and

(2) C(a) = Cin(a) for all C € Cyr.

Proof. (1) Let S = {pg,-..,pm}- Consider a t € T. Then either #(*tN S) =
#@*NS) =1 (if t is on «) or, since M is a marked graph, #(*tN S) =
#(@* N S) =0 (if ¢ is not on ). Thus, by Corollary 193, C,, is a p-invariant.
(2) Tt is clear that for a configuration C, C(a) = C - C,. Now use (1) and
Lemma 189. O

From now on we call Cj,(a) the value of the cycle a; note that it also is the
value of the p-invariant C,.

As we will show next, marked graphs allow an elegant analysis of liveness
(see Definition 200), in terms of cycles. Moreover, a reduced marked graph is
always live. Note that a marked graph has no isolated places; “reduced” thus
means the same as “strongly reduced” for marked graphs.
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Theorem 204. Let M = (P, T, F,W, C;,) be a marked graph. Then the following
three statements are equivalent.

(1) M is live,

(2) M is reduced,

(3) all cycles of M have a value > 0.

Proof. (1) implies (2): Clear.

(2) implies (3): Assume that M is reduced, i.e., all transitions are useful.
Consider a cycle a = (po, - ..,pm) and take a transition ¢ on «, i.e., t = p;* for
some 4. Since t is useful, there exists C € Cys with ¢ con C. Hence C(p;) > 0
and thus C(a) > 0. Then Cj,(a) > 0 by Lemma 203(2).

* (3) implies (1): Assume that Cj,(a) > 0 for every cycle a. We will prove
that M is live. Consider an arbitrary configuration C' € Cyp; and an arbitrary
transition ¢ € T. We prove the existence of an x € T* such that zt con C, by
induction on #empty(C,t), where empty(C,t) is the set of all places p € P for
which there exists a path a from p to a place in *t, such that « is not marked
by C. If #empty(C,t) = 0, then all places in *t are marked by C and thus
t con C (and we can take z = A). Now assume that #empty(C,¢) > 0. By
following the directed edges of the net of M from an unmarked place in °¢ in
the reverse direction, we can find a place p € empty(C,t) such that *p con C,
since otherwise there would be a cycle in empty(C,t) which contradicts our
assumption by Lemma 203(2). Let t; = *p and let C[t1)C;. From the fact that
M is a marked graph, it can be seen after some thinking that empty(Cy,t) =
empty(C,t) — t1°; note for instance (for the inclusion from left to right) that
every path from a place of *¢; to a place of *¢, must contain a place of ¢;°. Hence
#empty(Cq,t) < #empty(C,t) and so, by induction, there exists y € T* with
yt con C;. Thus t1yt con C (and we can take z = t1y). O

Reduced marked graphs also have an elegant characterization of safeness (see
Definition 158), in terms of cycles and in terms of sequential components.

Theorem 205. Let M be a reduced marked graph. Then the following three
statements are equivalent.

(1) M is safe,

(2) M is covered by sequential components,

(8) every place of M belongs to a cycle of M with value 1.

Proof. (3) implies (2): Directly clear from Lemma 203(1) and Definition 188.

(2) implies (1): Clear (for every P/T system) from Definitions 197 and 188
and Lemma 189.

(1) implies (3): Let M = (P,T, F,W, Cjy). Since M is reduced, Theorem 204
implies that all cycles have a value > 1. Assume that there exists a p € P such
that all cycles to which p belongs have a value > 1 (note that this includes the
case that p belongs to no cycle). It remains to prove that M is not safe. Because
M is reduced, there exists a C' € Cpy such that p® con C' and thus C(p) >
0. Let C, be the characteristic function of {p} and consider the configuration
Ci1 = C — G, (ie., remove one token from p). Now Ci(a) > 0 for all cycles .
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Thus, according to Theorem 204, the marked graph (P, T, F, W, C}) is reduced.
Hence there exist Cy and z € T™ with C;[z)Cy such that p® con Cy and thus
Cy(p) > 0. Then, by Lemma 160, C; + Cp[z)Cs + Cy, i.e., Cx)Cs + Cp, and thus
C2 + Cp € Cyy. Since (Cy + Cp)(p) = Ca(p) +1 > 1, M is not safe. O

Corollary 206. A marked graph M is live and safe iff every cycle of M is
marked by (Cin)nm and every place of M belongs to at least one cycle of which
the value in (Cin)nr equals 1.

Ezample 58. (a) The marked graph M of Fig. 95 has two cycles. Since both
cycles have value 1 and every place belongs to one of the cycles, M is live and
safe.

(b) The marked graph M of Fig. 12 (producer/consumer) has two cycles.
Both cycles have value > 0, but place b is not part of any cycle. Hence M is live,
but not safe.

(c) The marked graph of Fig. 39 is live since both cycles have value > 0,
but not safe since p;, p2, and ps do not belong to a cycle with value 1. If we
remove the token from pz, then M is no longer live because a cycle with value 0
is created.

(d) The marked graphs of Figs. 48 and 49 are live and safe.

The next result should be compared to Theorem 59 and the remark following
Theorem 60.

Corollary 207. Let M be a reduced EN system which, moreover, is a marked
graph. Then M is contact-free iff M is covered by sequential components.

Proof. (If) Theorem 59.

(Only-if) Since M is contact-free, we can view M as a safe P/T system
according to (the alternative) Definition 159. Since M is reduced, Theorem 205
then implies that M is covered by sequential components (and see the discussion
following Corollary 193). 0

Given a marked graph M = (P, T, F,W, C), we say that M can be started with
a live and safe configuration if there exists a configuration C' such that M' =
(P, T,F,W,C") is live and safe. This is therefore a property of the underlying
multi-net (P, T, F,W).

Theorem 208. Let M be a marked graph. Then M can be started with a live
and safe configuration iff each place of M belongs to a cycle.

Proof. (Only-if) Directly from Corollary 206.

x (If) Let M = (P,T,F,W,C). Consider M, = (P,T, F,W,C;) where C1(p) =
1 for all p € P. By Theorem 204 M; is live. Now consider a p € P. If every
cycle to which p belongs has a value > 1 in C, then we consider a configuration
C{ € Cy, with p* con C] and thus Cj(p) > 0 (which is possible since My is
live). Let Cy = C] — Cp where C), is the characteristic function of {p} (i.e., we
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remove a token from p). Let My = (P, T, F, W, C5). Since all cycles of M, have a
value > 0, Theorem 204 implies that M, is live. Now if there is a cycle through p
of which the value (in C2) equals 1, then we are ready with this p. Otherwise we
repeat the procedure above until we obtain a marked graph M; = (P, T, F, W, C;)
such that there is a cycle through p of which the value (in C;) equals 1 (note
that there is at least one cycle going through p).

We repeat this procedure for every place p € P (every time starting from the
configuration where we ended up before). Now let C' be the final configuration.
Then we are sure that every p € P belongs to a cycle of which the value (in C')
equals 1. Theorem 204 guarantees that we always construct live marked graphs in
the procedure. Hence, by Theorem 205, the marked graph M' = (P,T,F,W,C")
is live and safe. O

9.7 Free-Choice Systems

Definition 209. A free-choice system is a P/T system M = (P,T,F,W,C;,)
such that

(1) for all (z,y) € F, W(z,y) =1, and

(2) for all (p,t) e FN(P xT), p* = {t} or *t = {p}.

Requirement (1) again means that all edges have weight 1. Requirement (2)
means that in a free-choice system there cannot exist (different) places p and
p' and (different) transitions ¢ and ¢’ with (p,t'), (p,t), (p',t) € F, as shown in

A

t ] Lt

Fig. 97. Forbidden in free-choice systems.

For a safe system (i.e., a contact-free EN system) requirement (2) implies
that there is no confusion in the system, see Section 4.5(4). To see this, note
firstly that in a contact-free EN system there are only input-conflicts (or more
precisely, if there is an output-conflict, then there is also an input-conflict, be-
tween the same two transitions). Now assume that (C,t1,t2) is a confusion (see
Definition 24). Then there is a transition ¢ such that firing ¢, brings ¢ into an
input-conflict with ¢; or takes it out of an input-conflict with ¢;. This means
that ¢, and ¢ can be depicted as in Fig. 97, with ¢; = ¢ and C(p) = 1, and that
the firing of ¢, puts a token in p' or removes a token from p', respectively. Since
Fig. 97 is not allowed in a free-choice system, there is no confusion. Compare
Fig. 97 with Fig. 25 (where p = p3, t = t3, and p' = p4), with Fig. 26 (where
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p = p1,t = t3, and p' = ps), and with Fig. 27 (where p = p4, t = t4, and
p' = ps, and also p = py, t = t3, and p’' = py). It shows that the P/T systems of
Figs. 25 - 28 are not free-choice systems.

Note that all marked graphs are free-choice systems.

Ezample 59. The P/T systems of Figs. 87 and 98 are free-choice systems (ignore
the dashed lines in Fig. 98). The P/T systems in Figs. 5 (mutual exclusion)
and 83 are not free-choice systems.

Fig. 98. A free-choice system with a siphon.

For free-choice systems there are characterizations of liveness and safeness
which we will discuss now.

Definition 210. Let M be a P/T system and let S C Pyy.
(1) S is a siphon if *S C S°.
(2) Sis a trap if S®* C*S.

Note that, according to Lemma 195, the “positive” places of a positive p-
invariant are both a siphon and a trap. Hence, in particular, a sequential com-
ponent is both a siphon and a trap, and so are the places of a cycle of a marked
graph (by Lemma 203(1)). According to Lemma 47, sets of places that are both
a siphon and a trap correspond to subsystems.

Intuitively Definition 210 means the following. (1) If S is a siphon and S
contains no tokens in a configuration, then from this configuration S can never
get to another configuration, in which S does contain tokens. (2) If S is a trap
and S contains at least one token in a configuration, then S also contains at least
one token in every further configuration. Hence, in short: a siphon can never be
entered, and a trap can never be left.

This intuition is formally described in the following theorem.
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Theorem 211. Let M = (P, T, F,W,C;,) be a P/T system and let S C P.

(1) If S is a siphon and Cip(p) = 0 for every p € S, then C(p) = 0 for every
C €Cy and everyp e S.

(2) If S is a trap and there is a p € S with Ci,(p) > 0, then for every C € Cyy
there is a p' € S with C(p') > 0.

Ezample 60. Let M be the P/T system of Fig. 87. The siphons of M are &,
{p17p27p4}7 {p15p35p4}; and PM; whereas the traps are @, {P23p4}7 {plap3ap4}a
{p2,p3,p4}, and Ppr. Note that M has a siphon that is not a trap and a trap
that is not a siphon.

We now present the characterization of liveness, without (the quite compli-
cated) proof.

Theorem 212. Let M be a free-choice system without isolated places. Then M
is live iff every nonempty siphon contains a trap that has at least one token in

(Cin) .

Ezample61. (1) Let M be the free-choice system of Fig. 98. Obviously, M is
reduced. The set of places S = {p1, p2, ps, ps, pr} (indicated by dashed lines) is a
siphon, because *S C S® = Ts. However, this siphon does not contain any trap
with a token. Thus, by Theorem 212, M is not live. By the way, this can also
be seen immediately: in the reachable configuration C with C(ps) = C(ps) =1
and C(p) = 0 for every other p, no transition has concession. Note that with any
other initial configuration M neither is live!

(2) Let M = (P,T,F,W,C;,) be the free-choice system of Fig. 87 (see Ex-
ample 60). Every nonempty siphon of M either contains the trap {p2,ps} or the
trap {p1,ps, ps}. Since both traps have a token in Cj,, Theorem 212 implies that
M is live.

Now consider the free-choice system M’ with the same multi-net as M, but
with only a token in p; in the initial configuration C},. It is easy to see that
M is reduced. Of course M’ has the same siphons and traps as M. The siphon
{p1,p2,ps} contains one trap only, viz. {p2,ps}, which does not contain tokens
in C},. Hence, by Theorem 212, M is not live. Note that firing o (from Cj},)
empties the siphon. Then, since each transition needs a token from the siphon,
no transition has concession anymore.

The next theorem generalizes Theorem 205. Once again we do not give the
(complicated) proof.

Theorem 213. Let M be a live free-choice system without isolated places. Then
M is safe iff M is covered by sequential components.

Corollary 207 thus also holds for EN systems that are live free-choice systems
(without isolated places).

The theory of free-choice systems is investigated in [Hac72, DesEsp95]. In
[DesEsp95] a more general definition is used: there, a P/T system is said to be
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free-choice if, for all transitions ¢; and ts, ®t; N *ty # @ implies *t; = *t3. A
proof of Theorem 213 can be found in Section 4.2 of [Hac72] or Theorem 5.6
of [DesEsp95] (the so-called S-coverability Theorem), where the result is even
shown for strongly connected sequential components (which means that the cor-
responding graphs are strongly connected).
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54

covering, 54, 136

covering set, 122

covering tree, 122

covering vector, 125

cut, 63

cycle, 139

dense, 63

dependency graph, 91
dependency relation, 91
diamond property, 24
Dickson’s Lemma, 118
disjoint set of transitions, 22

edge, 80

edge-labelled graph, 20
element, 9

elementary net system, 13
EN system, 13

enabled, 15, 18, 22

event, 14

event structure, 104

fire, 15, 18, 22, 114

firing sequence, 18

firing sequence equivalent, 40
flow relation, 9

free-choice system, 143

graph, 20, 80

independency relation, 91
induced, 106
initial configuration, 14, 113



initial node, 20

inner product, 131
input-concession, 15

input-set, 10

isolated place, 10

isomorphic, 11, 20, 34, 73, 74, 81

Konig’s Lemma, 118

labelled b-graph, 104
labelled branching graph, 104
labelled edge, 20

labelled event structure, 104
labelled graph, 80

labelled net, 72

labelled partial order, 81
labelled partially ordered set, 81
labelled process net, 72
labelling, 80

les-equivalent, 106

line, 63

line relation, 62

linearly ordered set, 62

live, 138

live transition, 18
Ipo-equivalent, 84, 96

marked, 139
marked graph, 139
marking, 13, 113
maximal clique, 62
multi-net, 113
multi-set, 113
mutual exclusion, 8

neighbourhood, 10

net, 9

node, 20, 80
node-labelled graph, 80

observation equivalence, 38
occurrence, 15

occurrence net, 65
w-configuration, 122
w-places, 122
output-concession, 15
output-set, 10
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p-invariant, 131

P-simple, 10

P/T system, 2, 113

partial order, 62

partially ordered set, 62
path, 139

persistent, 30

place, 9

place invariant, 131

place labelling, 72

pom-set, 80

positive p-invariant, 131
post-set, 10

pre-set, 10

prefix-closed, 118

principle of extensionality, 17
process, 74

process net, 64
producer/consumer, 8
producer/consumer problem, 109
proof by induction, 18
pruned contracted process, 83
pruned contracted version, 83, 105
pruned dependency graph, 91
pruned version, 81, 105

reachability problem, 129
reachable configuration, 18
readers/writers problem, 112
reduced, 42

represent, 81, 105

S-component, 52

S-system, 45

safe, 60, 116

scalar multiplication, 116

sequential, 45

sequential component, 47, 131

sequential configuration graph, 20,
115

sequential step, 15

sequentialization property, 25

set of labels, 20

o-clique, 62

siphon, 144

slice, 65, 101



state machine, 45

state machine component, 52
strongly reduced, 42
subsystem, 47

subsystem determined by, 47
sum, 116

symmetric confusion, 33

T-simple, 10

T-system, 139

token, 13

token game, 15
topological order, 88
trace, 98

trace equivalent, 97, 100
trace language, 99
transition, 9

transition labelling, 72
transition system, 20
transitive closure, 81, 105
transitive edge, 81

trap, 144

trivial subsystem, 47

underlying net, 14, 72
unfolding, 100
useful transition, 18

value, 139
Vector Addition System, 132

weakly configuration equivalent, 38

weight function, 113
word, 88
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Woordenlijst Engels-Nederlands

Dit dictaat is recentelijk uit het Nederlands vertaald. De opgavebundel en
alle oude tentamens bestaan echter (nog) alleen in het Nederlands. Bovendien
zijn ook de docenten en recidivisten vertrouwd met de Nederlandse begrippen
en wordt het college in het Nederlands gegeven. Om de overschakeling naar een
(overigens ook flink aangevuld en sterk verbeterd) Engels dictaat voor eenieder
te vergemakkelijken, volgt hieronder een woordenlijst Engels-Nederlands. Hierin
staan de belangrijkste begrippen op alfabetische volgorde. Voor sommige be-
grippen wordt een nieuwe terminologie gehanteerd; in zo’n geval wordt de oude
(Nederlandse) term tussen haakjes vermeld.

bounded
branching

capacity function

causality

characteristic p-invariant
characteristic pair

clique

complementary

concession

concurrency

configuration

configuration equivalent
configuration graph

conflict

conflict relation

conflict set
conflict-decreasing confusion
conflict-free
conflict-increasing confusion
confused

confusion

contact

contact-free

contracted process
contracted version

covered by invariants
covered by sequential components
covering

covering set

covering tree

covering vector

cut

begrensd
vertakkend

capaciteitsfunctie
causaliteit (sequentialiteit)
karakteristieke p-invariant
karakteristieke paar

clique

complementair

concessie

concurrency

configuratie (situatie)

configuratie-equivalent (situatie-equivalent)

configuratiegraaf (situatiegraaf)
conflict

conflict relatie

conflictverzameling
conflict-verminderende verwarring
conflict-vrij
conflict-vermeerderende verwarring
verward

verwarring

contact

contact-vrij

samengetrokken proces
samengetrokken versie

overdekt door invarianten

overdekt door sequentiéle componenten
overdekking
overdekkingsverzameling
overdekkingsboom
overdekkingsvector

snede
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dense

dependency graph
dependency relation
diamond property

event
event structure

fire

firing sequence

firing sequence equivalent
flow relation

free-choice

free-choice system

independency relation
induced

initial configuration
input-concession
isolated place

line

line relation
live

live transition

marked

marked graph
marking

mutual exclusion

neighbourhood

occurrence
output-concession

permission, permit

place

place invariant

post-set

pre-set

principle of extensionality
process

process net

dicht (K-dicht)
afthankelijkheidsgraaf
afhankelijkheidsrelatie
ruiteigenschap

gebeurtenis
event structure

vuren
vuurrij
vuurrij-equivalent
stroomrelatie

vrije keuze

vrije keuze systeem

onafhankelijkheidsrelatie
geinduceerd

beginconfiguratie (beginsituatie)

input-concessie
geisoleerde plaats

lijn

lijn relatie
levend

levende transitie

gemarkeerd
gemarkeerde graaf
markering

wederzijdse uitsluiting

omgeving

optreden, plaatsvinden
output-concessie

vergunning

plaats

plaats-invariant
output-verzameling
input-verzameling
extensionaliteitsprincipe
proces

procesnet
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pruned contracted process
pruned contracted version
pruned dependency graph
pruned version

reachability problem
reachable configuration
record

reduced

represent

safe

scalar multiplication
sequential

sequential component
sequential configuration graph
sequential step
sequentialization property
siphon

slice

state

strongly reduced
subsystem

token
token game
trace
transition
trap

useful transition
value

weakly configuration equivalent
weight function

These lecture notes were processed using the ETEX macro package with LLNCS style

gesnoeid samengetrokken proces
gesnoeide samengetrokken versie
gesnoeide afhankelijkheidsgraaf
gesnoeide versie

bereikbaarheidsprobleem

bereikbare configuratie (bereikbare situatie)

registreren
gereduceerd
representeren

veilig

scalaire vermenigvuldiging
sequentieel

sequentiéle component

sequentiéle configuratiegraaf (sequentiéle situatiegraaf)

sequentiéle stap
sequentialisatie-eigenschap
sifon (deadlock)

schijf

toestand

sterk gereduceerd
deelsysteem

teken
tekenspel
trace
transitie
val

nuttige transitie

waarde

zwak configuratie-equivalent (zwak situatie-equivalent)

gewichtsfunctie
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