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Theorem 54. For every EN system M there exists a reduced
EN system M’

that is configuration equivalent with M and

that is covered by at most # P;, sequential components.
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Fig. 39. An EN system with two nontrivial subsystems:
{p3,p5} (a sequential component) and {p1,p2,p3,p4s}.



Definition 55. Let M be an EN system and let p,q € P),.

Then p and g are complementary, denoted by p com gq, if

p® = %q and ®°p = ¢°.



Lemma 56. Let M = (P, T,F,C;,) be a reduced EN system.
For all p,q € P,

{p,q} is a sequential component of M
iff

#(Cin,N4{p,q}) =1 and p com gq.
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48. The result of complementing p1, po2, pa in Fig.

39.



Theorem 57. Let M be a reduced EN system and let pg € Pyy.

Then there exists a reduced EN system M’ that is configuration
equivalent with M, such that:

(1) Pyp = Py U{qo} with go & Py,
(2) {po,qo0} is a sequential component of M’, and
(3) for every S C Py,

S is a sequential component of M iff

S is a sequential component of M.



Fig. 12. Subsystems: {p1,p>}, the producer; {cq1,cp}, the
consumer; and {p1,p2,c1,co}; otherwise trivial. The buffer is
NOT a subsystem



Fig. 49. The producer/consumer system
with three sequential components.






Definition 58. Let M = (P, T, F,C;,,) be an EN system.
M is contact-free if for all t € T and C € C,,,

if *tC C thent*NC = o.
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Theorem 59. If a reduced EN system M

IS covered by sequential components,

then M is contact-free.

12



P1

p2 P3

Fig. 51. A contact-free EN system without sequential
components.
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Theorem 60. For every EN system there exists
a configuration equivalent reduced contact-free EN system.
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Fig. 47. A sequential EN system.
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Fig. 15. Covered by (two) sequential
components. Hence contact-free.
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Fig. 5. The mutual exclusion problem.



Theorem 61. Let M = (P,T,F,C;,) be an EN system.
M is contact-free and conflict-free
iff for all C € Cj; and all U C T with U # &,

if *U C C, then U con C.
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6. Processes

Definition 62. Let A be a finite set.

A binary relation p C A x A is a partial order on A if
p is irreflexive and transitive;

(A, p) is also called a partially ordered set.

A subset B of A is linearly ordered if
for all a,be B: a pborbpaora=nha.
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Definition 63. Let (A, p) be a partially ordered set.

Thenli, C Ax A and cop C Ax A
are the binary relations such that, for every a,b € A,

(1) ali,biffapborbpaora=>a, and
(2) aco, biff ~apband - b pa.
li, is called the line relation of p and

co, is called the concurrency relation of p.
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Lemma 64. Let (A,p) be a partially ordered set.
Then, for every a,b € A,

(2) (alip b and a co, b) iff a =b.
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Definition 65. Let A be a finite set, let 0 C A X A be a reflexive
symmetric relation, and let B C A.

B is a o-clique if
a o b for all a,b € B, and

B is a maximal o-clique if
B is a o-clique and
for every a € A — B there exists b € B such that — a o b.
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Lemma 66. Let A be a finite set and
let 0 C A X A be a reflexive symmetric relation.

For every o-clique B
there exists a maximal o-clique C with B C C.
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Definition 67. Let (A,p) be a partially ordered set.
A maximal li,-clique is a line of p and

a maximal cop-clique is a cut of p.

Definition 68. Let (A, p) be a partially ordered set.

The ordering p is dense if every line and every cut of p have a
nonempty intersection.
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Definition 69. Let (A,p) be a partially ordered set and let
B C A. Then

(T"B)p={acA|FbeEB:apbora=>b},
(B7)p={acA|IbeB:bpaorb=a},
(°B),={be B| -3/ € B:V p b}, and

(B)p={be B |- €B:bplth}.
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Lemma 70. Let (A,p) be a partially ordered set and
let B C A.

Then BC (°B)~ and B C —(B°).

Theorem 71. Let (A, p) be a partially ordered set and let B be
a cut of p.

(1) °A and A° are cuts of p,
(2) (CA)7T = A, 7(PA) =°A, (A°)7 = A°, and 7(A°) = A,
(3) 7T BUB” = A and " BNB~ =B,

(4) °(T”B) =°A, ("B)° =B, °(B~) =B, and (B~)° = A°.
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Lemma 70. Let (A, p) be a partially ordered set and let B C A.
Then BC (°B)~ and B C 7(B°).

Lemma 72. Let (A, p) be a partially ordered set
with A %= @ and let L be a line of p. Then

LN°A# @ and LN A° # &.
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Definition 73. A net N = (P,T,F) is a process net if:
(1) N is acyclic, and

(2) #(°p) <1 and #(p°®) <1 for all p € P.

Lemma 74. For every process net N,
F]Q" IS a partial order on Xy.
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