
Numeration-automati
 sequen
esJeroen F. J. LarosApril 11, 2005

1



Contents1 Introdu
tion 32 De�nitions 33 Equivalen
e between substitutions and automata 53.1 Substitutions in general . . . . . . . . . . . . . . . . . . . . . . . 53.2 Substitutions with �xed points . . . . . . . . . . . . . . . . . . . 64 Numeration-automatism 84.1 The Fibona

i substitution . . . . . . . . . . . . . . . . . . . . . 84.2 Fibona

i's `brother' . . . . . . . . . . . . . . . . . . . . . . . . . 105 A generalization 105.1 The expansion algorithm . . . . . . . . . . . . . . . . . . . . . . . 116 Survey 137 Combining automata 158 Reverse reading 189 Numeration systems 2210 Con
lusion 2411 More on numeration-automatism 2412 A
knowledgements 25

2



1 Introdu
tionThe Fibona

i substitution [1℄, page 51 
aught our interest be
ause it de�nes anumeration system and we wondered if there are other substitutions having thesame property. We present a 
lass of substitutions whi
h generate numerationsystems. For more information about Automata and formal language theory,see [2℄ and for more on numeration systems see [3℄.2 De�nitionsFirst we shall give a 
ouple of de�nitions whi
h we will use in this do
ument.De�nition 2.0.1 (Finite automaton). A �nite automaton A = fS;�; Æ; I; F; Y; 'gis a tuple in whi
h:� S is the �nite set of states.� � is the �nite set of labels.� Æ � S ��� S is the 
olle
tion of transitions.� I � S is the 
olle
tion of initial states.� F � S is the 
olle
tion of �nal states.� Y the output alphabet.� ' is a fun
tion from S to Y named the output fun
tion or exit map.We represent an automaton by a dire
ted graph with a set of verti
es S 
alledstates, a set of edges Æ 
alled transitions and spe
ially marked subsets of statesI and F , the initial and �nal states.All through this do
ument we shall take I = f�g as the only initial state andF = S as the 
olle
tion of �nal states and we shall take � � N unless statedotherwise.Furthermore we shall usually take Y = S and ' = Id as the output alphabetand the exit map.Note that the output fun
tion applies to the states and not to the labels.De�nition 2.0.2 (Regular language). The language L(A) of a �nite automa-ton is 
alled a regular language. The language of an automaton is the 
olle
tionof strings that are a

epted by the automaton (all paths in the automaton thatlead from the initial state to a �nal state).De�nition 2.0.3 (Regular expression). Let A be an alphabet. Then a reg-ular expression E over A is de�ned re
ursively as one of the following types:� ?.� �. 3



� a, where a 2 A.� (E1 [ E2), where E1 and E2 are regular expressions and the [ operatordenotes a union.� (E1 � E2), where E1 and E2 are regular expressions and the � operatordenotes 
on
atenation.Apart from the types in 2.0.3 we shall use some other notations.� E�, where E is a regular expression and the � operator denotes the unionof all powers of E, so (E� = [n2NEn).� E+ is an abbreviation for E �E�.We usually omit the � in a regular expression. The [ is sometimes written as`+' or `,'.Note that a regular expression must be of �nite length. Otherwise we 
all it anin�nite automaton.De�nition 2.0.4 (Substitution). A substitution � is a fun
tion from an al-phabet A to A��f�g of nonempty �nite words on A. It extends to a substitutionon A� by 
on
atenation. So �(ww0) = �(w)�(w0). We set �(�) = �, with � beingthe empty word.De�nition 2.0.5 (n-word). An n-word of a substitution � is the unique word�n(�), � 2 A being the initial letter.Sometimes we need to refer to an element in an n-word. We use the notation�n(�)i when we want to refer to the i-th element of �n(�).De�nition 2.0.6 (Fixed point). A �xed point of a substitution � is an in�nitesequen
e u with �(u) = u.De�nition 2.0.7 (kmax). Let � � N be the 
olle
tion of labels. De�ne kmax =j�j � 1.Equivalently, let � be a substitution. De�ne kmax as the greatest length of theimages in � subtra
ted by 1.De�nition 2.0.8 (Numeration system). In general a numeration system isa stri
tly in
reasing sequen
e U = (Ui)i2N su
h that� U0 = 1 (to represent all n 2 N),� supUi+1Ui <1 (to have a �nite alphabet of digits).An expansion of an integer n 2 N in su
h a numeration system is a �nite se-quen
e (ai)k�i�0 su
h that n =P0i=k aiUi. We write this expansion as ak : : : a0,the most signi�
ant bit is in the �rst position. Note that there are more thanone expansions in general, but one of them is 
alled the normal or greedy rep-resentation. We shall dis
uss this in Se
tion 5.1.4



It is quite natural to express the expansion of Ui as 1 00 : : :0| {z }i . It is also 
ommonpra
ti
e to give the following restri
tion 0 � ai � dsupUn+1Un e.In general more than one expansion 
an be found for an integer.De�nition 2.0.9 (Full numeration system). A full numeration system is anumeration system that has the extra property:� If A = akak�1 : : : a0 and B = bkbk�1 : : : b0, with ai+ bi � Ui for all i, thenthe sum A+B equals (ak + bk)(ak�1 + bk�1) : : : (a0 + b0).For more on numeration systems, see [3℄, 
hapter 7 and in parti
ular Se
tion7.3.3 Equivalen
e between substitutions and automata3.1 Substitutions in generalA substitution � on an alphabet A de�nes an automaton in the following way:� Let S = A be the 
olle
tion of states.� Add a transition from state a to state b (a; b 2 S) labeled i if b o

urs in�(a) at position (i + 1).� Let � be the initial state.� Let all states in S be �nal states.Every automaton in turn de�nes a regular language (by de�nition).Lemma 3.1.1 (Automata and substitutions). Let � be a substitution whi
his in bije
tion with an automaton A, let L(A) be the language of the automatonand let i > 0. Then �n(�)i is the state the automaton will be in after it is fedwith the i-th word of length n of its (lexi
ographi
al ordened) input language.Proof. If we write the automaton as a 
omputation tree, the equivalen
e is easierto see. We �nd �n(�) by reading all states at depth n in the tree. Let us assumethat all words in L(A) of length n are in order. Now we look at words of lengthn + 1. Every word of length n + 1 
omes from a word of length n. At the i-thword of length n, the automaton is in state �n(�)i. The words of length n + 1that are possible by extending the word of length n are exa
tly those whi
h areextended with the elements from �n(�)i. These are added in order. �Example 3.1.2. In Figure 3.1.1 we see an automaton A in bije
tion withsubstitution �.
5



� : 8<: a ! bab ! 
b
 ! ba b 
01 01 0*Figure 3.1.1: An automaton in bije
tion with substitution �The 
omputation tree of A a

epts the same language as the automaton.a �0(a) = ab a �1(a) = ba
 b b a �2(a) = 
bbab 
 b 
 b b a �3(a) = b
b
bba
0 10 1 0 10 0 1 0 1 0 1

+

Figure 3.1.2: A 
omputation tree in bije
tion with �The language a

epted by both automata is 1�+(1�0(1+00)�(0+ �)). The �rstfew elements of this language are:L(A) = f �;|{z}0 0; 1;|{z}1 00; 01; 10; 11;| {z }2 000; 010; 011; 100; 101; 110; 111;| {z }3 : : :gIf for example we feed all strings of length 3 of its input language, we shall endrespe
tively in the states b, 
, b, 
, b, b, a, whi
h is exa
tly the string �3(a).3.2 Substitutions with �xed pointsOf 
ourse Lemma 3.1.1 is also valid for substitutions with a �xed point. If wehave a �xed point, the resulting automaton will a

ept leading zeroes in its input6



language; leading zeroes do not 
hange the state of the automaton, so 0�w endsin the same state as w. This is one of the 
onditions to make a numerationsystem. From now on we shall only look at substitutions with a �xed point. Weshall also ignore words in L(A) with leading zeroes.Corollary 3.2.1 (Automata and substitutions with a �xed point). Let� be a substitution whi
h is in bije
tion with an automaton A, let u be the �xedpoint of the substitution and let L(A) be the language of the automaton. Thenui is the state the automaton will be in after it is fed with the i-th word of itsinput language.Proof. This follows dire
tly from Lemma 3.1.1. �
� : 8<: a ! abb ! 
b
 ! ba b 
0 1 01 0* Figure 3.2.3: An automaton with a �xed pointExample 3.2.2. The �xed point of � shown in Figures 3.2.3 and 3.2.4 with aas the initial letter is:u = ab
bb
b
bb
bb
b
bb
b
bb
bb
b
bb
bb
b
bb
b
bb
bb
b
bb
...andL(A) = f�; 0; 1; 10; 11; 100; 110; 111; 1000; 1001; 1100; 1110; 1111; 10000; : : :g
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a �0 = aa b �1 = aba b 
 b �2 = ab
ba b 
 b b 
 b �3 = ab
bb
b
0 10 1 0 10 1 0 1 0 0 1

+

Figure 3.2.4: A 
omputation tree with a �xed point4 Numeration-automatismAlthough Corollary 3.2.1 is valid for all automata that are in bije
tion witha substitution whi
h have a �xed point (that means a fairly large group ofautomata), it is not as useful as it might seem at �rst glan
e. The problem isthat in general we 
an not give the n-th word of a language L a priory.However, there is an obvious 
lass of automata for whi
h we 
an give the n-thword, the so-
alled k-automata. In this 
lass ea
h letter has a substitution wordof length k. For this 
lass of automata the n-th word of its input language isthe k-base expansion of n.There are also some non-k-automata for whi
h we 
an des
ribe the n-th wordwithout mu
h 
al
ulation. This 
lass has the property that we 
an de�ne anumeration system in whi
h the expansion of n is the n-th word of L(A). Weshall refer to these substitutions as numeration-automati
 substitutions. In gen-eral however, a substitution is neither k- nor numeration-automati
. Sometimesthere even exist numbers n for whi
h we 
an not �nd a valid expansion.4.1 The Fibona

i substitutionThe Fibona

i substitution and its automaton 
an be seen in Figure 4.1.5.
8



� : � a ! abb ! aa b0 10*(0 + 10)�(�+ 1) Figure 4.1.5: The Fibona

i automatonIf we take a as the initial letter the substitution gives the following �xed point:u = abaababaabaababaababaabaababaabaababaababaabaababaaba...The �rst elements of the language the automaton de�nes are:L(A) = f�; 0; 1; 10; 100; 101; 1000; 1001; 1010; 10000; 10001; 10010; 10100; : : :gThis language has no 
onse
utive ones. We will 
all the (n+ 2)-th word in thissequen
e the Ze
kendorf expansion of an integer n.De�nition 4.1.1 (The Fibona

i sequen
e). Let (Fi)i2N be the sequen
e ofintegers de�ned by F0 = 1; F1 = 2 and for any integer i > 1; Fi+1 = Fi�1 + Fi.De�nition 4.1.2 (The Ze
kendorf expansion). If n =Pki=0 aiFi with ak =1; ai 2 f0; 1g and 8(i < k)faiai+1 = 0g, we say that Ze
k(n) = akak�1 : : : a0 2f0; 1gk+1 is the Ze
kendorf expansion of the integer n.The Ze
kendorf algorithm is a
tually an instan
e of the greedy, or Eu
lideanalgorithm. We shall dis
uss this in more detail in Se
tion 5.1.If we write the partitions of N as Fa and Fb ,Fa = fn 2 N;Ze
k(n) 2 f0; 1g�0gFb = fn 2 N;Ze
k(n) 2 f0; 1g�1gThen Fa = f0; 2; 3; 5; 7; 8; 10; 11; 13; 15; : : :gFb = f1; 4; 6; 9; 12; 14; 17; 19; 22; 25; : : :g:Hen
e we get an a at position n if n ends with a 0 in the Ze
kendorf expansion,we get an b otherwise.So if we want to 
al
ulate the n-th word of the language this automaton de�nes,we only have to expand n with the Ze
kendorf algorithm.
9



4.2 Fibona

i's `brother'In Figure: 4.2.6 we see another substitution that is numeration-automati
.� : � a ! abb ! ba b0 1 0*0�(�+ 10�) Figure 4.2.6: A Fibona

i-like automatonExample 4.2.1. The numeration system for this substitution is based on thesequen
e (n)n2N+ . So the �rst few expansions are as follows:0 -> 01 -> 12 -> 103 -> 1004 -> 1000...5 A generalizationCan we �nd a more general 
lass of automata that have similar properties? Wewill show that the answer is yes for a (possibly small) 
lass of substitutions.This 
lass 
an be found by 
al
ulating the sequen
e on whi
h the expansion isbased from the substitution itself. If we look at the Fibona

i substitution, wesee that for ea
h word �n:j�nja = j�n�1ja + j�n�1jbj�njb = j�n�1jaOr in matrix form: F = � 1 11 0 �If we now de�ne the initial matrix as:� 10 �and multiply it from the left repeatedly with the (2 � 2) matrix F , we obtain:� 10 � ;� 11 � ;� 21 � ;� 32 � ;� 53 � ;� 85 � ;� 138 � ; : : :10



and if we add the elements of the matri
es we obtain the Fibona

i sequen
e(note that the elements of the ve
tors also form the Fibona

i sequen
e).The matrix for the `brother' of the Fibona

i sequen
e is� 1 01 1 � ;whi
h applied to the initial matrix yields the sequen
e �1n�n2N.By using this method we �nd a numeration system for any automaton. And byusing a greedy generalized Ze
kendorf expansion we 
an 
over all k-automata,the Fibona

i automaton and its `brother'.Lemma 5.0.2 (Substitutions and numeration systems). If a substitu-tion � has a �xed point, then the sequen
e j�j; j�(�)j; j�2(�)j; : : : is a numerationsystem.Proof. A sequen
e of integers is a numeration system when it 
omplies to therestri
tions of De�nition 2.0.8. The �rst demand is adhered to be
ause � is aletter, so j�j = 1. The se
ond demand is adhered to as well, be
ause supUi+1Ui �kmax and the sequen
e is in�nite, otherwise there would be no �xed point. �Note that this proof also holds for most substitutions, as long as �n(�) < �n+1(�).5.1 The expansion algorithmFrom a substitution we 
an extra
t a numeration system, but we still need anexpansion algorithm to generate L(A).De�nition 5.1.1 (General Ze
kendorf expansion). Let U be a full numer-ation system. If n =Pki=0 aiUi, with 0 � ai � kmax for i = 0; 1; : : : ; k � 1 andak > 0, we say that akak�1 : : : a0 is the expansion of n in the U numerationsystem.This algorithm is also known as the greedy or Eu
lidean algorithm. Hollander[4℄ has des
ribed the 
lass of re
urrent fun
tions whi
h des
ribe a numerationsystem of whi
h the Eu
lidean expansion is re
ognized by automata. This how-ever is not the entire 
lass of numeration-automata. We shall dis
uss this 
lassin Theorem 9.0.13.Automati
 expansion Let U be a numeration system, let A be an automatonand let Am be the state in whi
h the automaton will be after reading the �rstm letters of an input word. Let t(Am) be the set of outgoing transitions of stateAm. Assume that t(Am) = f0; 1; : : : ; jt(Am)j � 1g. If we 
an write any integern � 0 as n = Pki=0 aiUi with ai 2 t(Ai) for i = 0; 1; : : : ; k � 1 and ak > 0 ina unique way su
h that the automaton a

epts the expansion, then Auto(n) =akak�1 : : : a0 is said to be the automati
 expansion of the integer n.11



Sin
e we are only interested in a mapping from N+ to the regular language theautomaton a

epts, it makes sense to look at it this way: does the automati
expansion of an integer represent the integer itself?We have devised an algorithm that should answer that question for any substi-tution:De�nition 5.1.2 (Automati
 expansion). The automati
 expansion is anextension of the standard greedy algorithm.1. Given n and the numeration system (Ui)i2N. Let Ui be the largest elementin U su
h that n � Ui(jt(A0)j � 1). Let m = 1.2. Let ai be the largest element in t(Am) su
h that aiUi � n3. Repla
e n by n� aiUi, i with i� 1, m with m+1 and repeat step 2 untiln = 0.If this algorithm fails, the number n 
ould not be expanded.� : 8<: a ! aabb ! 

 ! aa
a b 
0, 1 2 00, 1 2*(0 + 1 + (202�(0 + 1)))�202� + 2 + �Figure 5.1.7: A numeration-automatonExample 5.1.3. The substitution shown in Figure 5.1.7 de�nes the followingnumeration system:f1; 3; 7; 17; 43; 109; 275; 693; 1747; 4405; 11107; : : :gSuppose we want to expand the de
imal number 41.Ui = 17, this makes i = 3. The expansion goes as follows:The �rst element is 2 be
ause 2 � 17 � 41 < 3 � 17, this leaves 41� (2 � 17) = 7to be expanded. Go to state b (follow label 2).The se
ond element is 0 be
ause this is the only transition going out of state b.Go to state 
.The third element is 2 be
ause 2 �U1 = 2 � 3 � 7, this leaves 7� (2 � 3) = 1 to beexpanded. Go to state 
 (follow label 2).The last element is 1. We 
on
lude that this automaton 
an expand the number41 
orre
tly with the given algorithm.Observe that the generalized Ze
kendorf expansion does not work in this 
ase.The greedy algorithm would have expanded the number as 2100, but this is nota

epted by the automaton. 12



6 SurveyNow we look at whi
h substitutions are numeration-automati
. We have alreadyseen that the Fibona

i automaton and the k-automata have this property.The extended Fibona

i automata Figure 6.0.8 gives another example ofa substitution of whi
h we shall prove that it is numeration-automati
.� : 8<: a ! abb ! a

 ! ba b 
0 10 10*(0 + (1(10)�0))�(�+ (1(10)�(�+ 1)))Figure 6.0.8: A numeration-automatonExample 6.0.4.From Figure 6.0.8 on we will omit the regular expressions be
ause it is tediouswork and be
ause the automaton gives a more insightful pi
ture of the languagethan the regular expression.Just like the Fibona

i automaton, this one has a 
ouple of `brothers and sisters',the most important of whi
h are shown in Figures 6.0.9, 6.0.10 and 6.0.11.� : 8<: a ! abb ! a

 ! aa b 
0 10 10* Figure 6.0.9: A numeration-automaton� : 8<: a ! abb ! a

 ! 
a b 
0 10 1 0* Figure 6.0.10: A numeration-automaton13



� : 8<: a ! abb ! 

 ! aa b 
0 1 00* Figure 6.0.11: A numeration-automatonWe 
an keep adding states as shown in Figure 6.0.12 � : 8>><>>: a ! abb ! a

 ! add ! 
a b 
 d0 10 10 10* Figure 6.0.12: A numeration-automatonWe 
an further in
rease the number of transitions. See e.g. Figure 6.0.13.� : 8<: a ! aabb ! aa

 ! aa b 
0,1 20,1 20* Figure 6.0.13: A numeration-automatonAnd here we stumble upon a 
lass of automata whi
h have in
iden
e matri
esof the form 0BBBBBBB� x0;0 x0;1 x0;2 x0;3 : : : x0;n1 0 0 0 : : : x1;n0 1 0 0 : : : x2;n0 0 1 0 : : : x3;n... ... ... . . . : : : ...0 0 0 : : : 1 xn;n
1CCCCCCCAHere x0;0 must be larger or equal to 1 and x0;1; x0;1 : : : x0;n and x1;n; x2;n : : : xn;nmay be any value between 0 and kmax.
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� : 8<: a ! abb ! 
a
 ! aa b 
0 11 00* Figure 6.0.14: A non-numeration-automatonHaving an in
iden
e matrix of this form is not suÆ
ient, be
ause the substitutionin Figure 6.0.14 has su
h a matrix, but is not numeration-automati
.The expansion sequen
e is as follows:f1; 2; 4; 7; 13; 24; 44; 81; 149; 274; 504; 927; : : :gThe automaton 
rashes when we try to expand the number 5.Theorem 6.0.5 (�0-automatism). Let �0; : : : ; �m be a substitution and let0 < i; j � m. If �0 ! �0+��and �i ! �0���then the asso
iated automaton is numeration-automati
.Proof. The numeration system (Ui)i2N of � is given by Ui = j�i(�)j. Consider alevel ` of the in�nite tree asso
iated with �, and number the nodes from 0 toj�`(�)j = U`. Consider a string a`�1 : : : a1a0 leading to state x with number nat level `.Call the states that the path will en
ounter: x`; : : : ; x1; x. Ea
h node xi has aisiblings to the left and all these siblings are labeled by �. In the i remainingsteps these ai �'s generate aij�i(�)j symbols to the left of x. The total number is`�1Xi=0 aij�i(�)j = `�1Xi=0 aiUiThus the representation of n by the automaton is a`�1 : : : a0 too. �7 Combining automataThe automata des
ribed above are `basi
' automata, whi
h means that the au-tomata de�ne their own numeration system and that the automata are minimal.With minimal we mean that there is no automaton that de�nes the same nu-meration system, but has less states. We 
an use these automata as a basis forother automata. 15



The produ
t automaton Let A and B be automata, let � be the initial stateof an automaton. Let SA be the states of A and SB the states of B. We de�nea superstate as a state 
onsisting of a tuple (a; b) with a 2 SA and b 2 SB . Wemake the produ
t automaton as follows.� Start in the superstate (�; �) and make this state the initial state.� If both A and B have a transition from � labeled i, make a new superstate(a; b) (the endpoints of the transitions in both automata) and make a newtransition from (�; �) to (a; b) labeled i.� Do the same for all other states.
a b0 10* � a b0 11 0*

(a; a) (b; b)(a; b)(b; a)
0 1 0 010*= a b
d

0 1 0 010*=
Figure 7.0.15: Combined automataExample 7.0.6. In Figure 7.0.15 we have 
ombined the Fibona

i automatonwith the Prouhet-Thue-Morse automaton by applying the produ
t 
onstru
tionto the two automata.The result is an automaton that generates the Prouhet-Thue-Morse sequen
e inthe Fibona

i numeration system. By using the following exit map (proje
tionon the se
ond 
oordinate): ' : 8>><>>: a ! ab ! b
 ! bd ! aWe obtain the Prouhet-Thue-Morse sequen
e again, and by using this exit map16



(proje
tion on the �rst 
oordinate):' : 8>><>>: a ! ab ! b
 ! ad ! bWe get the Fibona

i sequen
e again.Combining automata 
an result in a substitution for whi
h it is not dire
tly
lear that it is numeration-automati
.Example 7.0.7. When we 
ombine the substitutions�A : 8<: a ! abb ! a

 ! 

with �B : 8<: a ! abb ! 

 ! a
we obtain (after renaming a := (a; a); b := (b; b); 
 := (a; 
); d := (b; 
); e :=(
; 
); f := (
; a); g := (
; b))�A�B : 8>>>>>>>><>>>>>>>>:
a ! abb ! 

 ! add ! aee ! fef ! fgg ! eand the indu
ed in
iden
e matrix is not of the previously de�ned form0BBBBBBBB� 1 0 1 1 0 0 01 0 0 0 0 0 00 1 0 0 0 0 00 0 1 0 0 0 00 0 0 1 1 0 10 0 0 0 1 1 00 0 0 0 0 1 0

1CCCCCCCCA :Still this substitution is numeration-automati
, be
ause this automaton has ex-a
tly the same behavior as its `parents'.Theorem 7.0.8 (Produ
t of �0-automata). The produ
t automaton of �0-automata is �0-automati
. 17



Proof. Every state x has jt(x)j outgoing transitions, the �rst jt(x)j � 1 of themare pointing to the initial state. We determine the produ
t of two states xand y. Assume that jt(x)j � jt(y)j, this will result in a node with the �rstjt(x)j � 1 transitions pointing to (�; �). Therefore the resulting automaton is�0-automati
. �Theorem 7.0.9 (Produ
t of �0- and k-automata). The produ
t automatonof a �0-automaton and a k-automaton is numeration-automati
.Proof. If the kmax of the �0-automaton is larger than the k of the k-automaton,then the kmax of the produ
t automaton will be k. Thus, when we leave out alltransitions higher than k in the original �0-automaton, the resulting produ
tautomaton will be the same. Therefore we may assume that kmax � k.Consider the 
omputation tree of the �0-automaton. When we apply the produ
t
onstru
tion to this tree, the stru
ture of the tree does not 
hange but the statesare re-labeled. The �rst 
oordinate indi
ate the original state. Thus Theorem6.0.5 still applies. The �xed point of the substitution is still 
omputed 
orre
tlyby the automaton be
ause of Lemma 3.1.1. �The produ
t automaton of two k-automata is k-automati
. If for example we
onstru
t the produ
t automaton of a 2- and a 3-automaton, the result will bea 2-automaton.8 Reverse readingWe know from the theory of k-automata [1℄, page 15 that if a k-automaton indire
t reading exists, there also exists a k-automaton in reverse reading thata

epts the same input language and gives the same mapping to the outputalphabet. The only di�eren
e is that the automaton in reverse reading readsthe elements of its input from right to left instead of the normal order. Theproof of this relies upon the existen
e of a k-kernel.In general we 
an not make a k-kernel. However, we 
an 
onstru
t an automa-ton in reverse reading from an automaton in dire
t reading without having to
onstru
t a kernel.We know this is possible be
ause the theory of formal languages [2℄, page 419states that a regular language is 
losed under the operation of mirroring, but thistheory does not give an algorithm to make su
h an automaton. This is be
ausethe theory of formal languages does not apply to k-automata and numeration-automata dire
tly. For example, the Prouhet-Thue-Morse automaton should beredu
ed to an automaton with one state and two loops with labels 0 and 1a

ording to this theory, be
ause this is the minimal automaton that a

eptsf0; 1g�. Moreover, all 2-automata should be redu
ed to this automaton.Reversing an automaton To reverse an automaton, we only have to makeall �nal states initial states and vi
e versa and we must 
hange the dire
tionof the transitions. By doing this, we probably end up with a non-deterministi
18



automaton. Fortunately, the non-deterministi
 automaton 
an be 
onverted to adeterministi
 one using the subset 
onstru
tion [2℄, page 118. This 
onstru
tiondoes not take into a

ount that the set of �nal states may have partitions. Sin
eour automata have output in their �nal states, the output indu
es a partition ofthe set of �nal states. General automata do not have an output in their states,a state is simply a �nal state or not.Analogous to the subset 
onstru
tion we make our automaton in reverse reading,but we take into a

ount the possibility of partitions by in
luding the outputfun
tion in the state.Example 8.0.10. We have an automaton shown in Figure 8.0.16. Sin
e theautomata we are going to make do not ne
essarily 
onsist of �nal states only,we shall mark the �nal states in the following automata with an inner 
ir
le.� : 8<: a ! abb ! 

 ! 

����a ����b ����
0 1 0 0,1*Figure 8.0.16: A deterministi
 automaton in dire
t reading� First we swap �nal- and initial states and we 
hange the dire
tion of thetransitions as shown in Figure 8.0.17.
����a b 
0 1 0 0,1* * *Figure 8.0.17: A non-deterministi
 automaton in reverse reading� Now we shall apply the subset 
onstru
tion [2℄, page 120 on ea
h of theinitial states as if we were dealing with three automata. We shall denotethe state of the three automata in one state, so if the automata are in statesfag; fbg; f
g respe
tively, we shall notate this as ffag; fbg; f
gg, be
ause ais the initial state of the �rst automaton, b the initial state of the se
ondand 
 is the initial state of the third automaton.����a b 
0 1 0 0,1* Figure 8.0.18: Automaton 119



����a b 
0 1 0 0,1*Figure 8.0.19: Automaton 2
����a b 
0 1 0 0,1*Figure 8.0.20: Automaton 3Reading a 0 in state ffag; fbg; f
gg will result in state ffag;?; fb; 
gg,be
ause automaton 1 stays in state a when reading a 0, automaton 2
rashes when reading a 0 in state b and automaton 3 goes to state fb; 
gbe
ause there are two outgoing bran
hes labeled 0 in state 
.We also have to determine the output fun
tion of ea
h state. This is doneby observing in whi
h 
oordinate the initial symbol (in this 
ase a) ofthe original automaton is. For example the state ffag;?; fb; 
gg will havea as output and the state f?;?; fa; b; 
gg will have 
 as output. This isbe
ause when we have rea
hed the initial state in reverse reading, we havealso rea
hed a �nal state in dire
t reading. For 
larity, we write the outputpre
eded by a slash. In the �rst instan
e we write ffag; fbg; f
g=ag If nooutput 
an be found, we use � as output. This means that the state inquestion is not a �nal state.When we start in state ffag; fbg; f
g=ag and follow the labels 0 and 1,we get two new states. We now apply the same 
onstru
tion to these newstates. The result is shown in Figure 8.0.21.
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fag; fbg; f
g=afag;?; fb; 
g=a ?; fag; f
g=b?;?; fa; 
g=
 ?; fag; fb; 
g=b ?;?; f
g=�?;?; fa; b; 
g=
 ?;?; fb; 
g=�
0 10 1 0 10 1

01 0 1
0

1
01

+

Figure 8.0.21: A deterministi
 automaton in reverse reading� If we simplify the nodes to standard notation, we get the automaton asshown in Figure 8.0.22.
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����a=a
����b=a ����
=b����d=b����e=
 f=�
����g=
 h=�

0 10 1 0 10 1
01 0 1

0
1

0
1

+

Figure 8.0.22: A simpli�ed deterministi
 automaton in reverse reading9 Numeration systemsThe 
lass of numeration-automati
 substitutions has an interesting sub
lass: thesub
lass of substitutions that de�ne a full numeration system. We believe thatthis is the 
lass of �0-automata with the restri
tion that the 
ardinality of theimages of the substitution do not in
rease, so j�0j � j�1j � : : :. In this se
tionwe show that the 
ondition suÆ
es.Without loss of generality, we 
an write a �0-substitution in the following way�0 ! �0+�1: : :�k�1 ! �0��k�k ! �0���We assume this spe
ial form throughout this se
tion.First we derive a lemma for general �0-automata.Lemma 9.0.11 (The re
urrent fun
tion of a substitution.). If � is asubstitution of �0-automati
 type with k substitution rules, then the numerationsystem is a linear re
urrent fun
tion of at most order k.Proof. Sin
e ea
h substitution rule is of the form�i ! �ji0 �i+1; ji � 022



and the �rst rule is of the form�0 ! �j00 �1; j0 > 0;we 
an extra
t part of the re
urrent fun
tion from the �rst substitution rule.This results in a relation depending on �0 and �1: an = j0an�1 + bn�1. Hen
ebn�1 
an be expressed as an�j0an�1, analogously we 
an write the next equationas bn = j1an�1+ 
n�1. This yields 
n�1 = bn� j1an�1 = an+1� j0an� j1an�1.In this way we 
an su

essively write bn�1; 
n�1; dn�1; : : : as linear 
ombinationsof an; an+1; an+2; : : :. Finally we get a linear homogeneous re
urren
e relationwith 
onstant 
oeÆ
ients of the numbers an. The order of this re
urren
e equalsthe number of substitution rules. �Example 9.0.12. Consider the following substitution s
heme.� : 8>><>>: a ! abb ! aa

 ! dd ! a
First we write the substitution rules as re
urrent fun
tions.an = an�1 + bn�1bn = 2an�1 + 
n�1
n = dn�1dn = an�1 + 
n�1Now we start eliminatingbn�1 = an � an�1
n�1 = bn � 2an�1 = an+1 � an � 2an�1dn�1 = 
n = an+2 � an+1 � 2anSo an+3 � an+2 � 2an+1 = an�1 + an+1 � an � 2an�1an+3 = an+2 + 3an+1 � an � an�1And the �nal result is: an = an�1 + 3an�2 � an�3 � an�4, whi
h is the re
ur-ren
e that generates the sequen
e 1; 2; 5; 10; 22; 45; 96; 199; 420; 876; : : : (with theappropriate initial 
onditions jaj; j�(a)j; j�2(a)j; j�3(a)j).Theorem 9.0.13 (Full numeration systems and numeration-automatism).If � is a �0-substitution, with j�(�0)j � j�(�1)j � : : : � j�(�k)j, then the asso-
iated automaton generates a full numeration system.23



Proof. Consider the 
omputation tree asso
iated with the substitution �. Choosen su
h that j�n(�0)j � x < j�n+1(�0)j.Let a be a state with �(a) = �`a0 a0, with a0 2 f�; �1; : : : ; �kg.The state a results in j�m+1(a)j states m levels deeper in the tree. Be
ausej�m(�0)j = Um, these states 
an be partitioned in `a sets of Um states and oneset of j�(a0)j states with j�m(a0)j < Um be
ause �(a0) < �(�0).We now iterate the following pro
edure starting with the triple (x; �0; n).Consider the triple (x; a;m) with x an integer su
h that x < Um+1 and a astate. We write x = `mUm+x0 with 0 � x0 < Um. Then `m < Um+1Um � kmax+1,hen
e `m � kmax. If `m < `a, then x is the result of state �0 when we go mlevels higher. If `m = `a, then x is the result of state a0 when we go m levelshigher. In the former 
ase, we repla
e the triple (x; a;m) by (x0; �0;m � 1), inthe latter 
ase by (x0; a0;m� 1). Re
all that if a0 = �i; a = �j , then i � j andtherefore j�(�i)j � j�(�j )j.Obviously x = `nUn + `n�1Un�1 + : : : + `0U0. However, by 
onstru
tion wehave that `n`n�1 : : : `0 is the expansion of x in the 
omputation tree. Hen
e thenumeration system is full. �We remark that the extra 
ondition 
an not be dropped. See Example 5.1.3.10 Con
lusionWe have seen that with the automati
 expansion we 
an su

essfully �nd numer-ation systems for a 
lass of automata. The most important �ndings are that thesubstitution de�nes a numeration system and that the automaton de�nes an ex-pansion algorithm. Combine them and we get the 
lass of numeration-automati
sequen
es.The sequen
es whi
h are not numeration-automati
 remain interesting, be
ausethe asso
iated automaton 
al
ulates most of the letters in the �xed point 
or-re
tly, but it leaves gaps. Maybe it is somehow possible to `repair' the automatonto 
orre
t this behavior, for example by using a sta
k automaton, but this isbeyond the s
ope of this do
ument.11 More on numeration-automatismThe following website has a program that 
he
ks a substitution for numeration-automatism.http://www.lia
s.nl/~jlaros/semi/The \On-Line En
y
lopedia of Integer Sequen
es" is a huge database of integersequen
es. The author has 
ontributed some sequen
es and 
ommented on someother sequen
es. Seehttp://www.resear
h.att.
om/~njas/sequen
es/Seis.html24



for the main page, or one of the following pages.http://www.resear
h.att.
om/
gi-bin/a

ess.
gi/as/njas/sequen
es/eisA.
gi?Anum=A000045http://www.resear
h.att.
om/
gi-bin/a

ess.
gi/as/njas/sequen
es/eisA.
gi?Anum=A101197http://www.resear
h.att.
om/
gi-bin/a

ess.
gi/as/njas/sequen
es/eisA.
gi?Anum=A101168http://www.resear
h.att.
om/
gi-bin/a

ess.
gi/as/njas/sequen
es/eisA.
gi?Anum=A101169http://www.resear
h.att.
om/
gi-bin/a

ess.
gi/as/njas/sequen
es/eisA.
gi?Anum=A101399http://www.resear
h.att.
om/
gi-bin/a

ess.
gi/as/njas/sequen
es/eisA.
gi?Anum=A10140012 A
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