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(automata on) trees



formal model
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bottom-up evaluation
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bottom-up tree automaton

∨∨∨∨
0000

00000000

∨∨∨∨
((((

((((0000

∨∨∨∨
((((

0000((((

∨∨∨∨
((((

((((((((

∧∧∧∧
0000

00000000

∧∧∧∧
0000

((((0000

∧∧∧∧
0000

0000((((

∧∧∧∧
((((

((((((((

�.
0000((((



postorder evaluation
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walking along the edges
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tree traversal
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boolean tree-walk
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basic models
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‘a(bc)’ not by deterministic twa
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‘a(bc)’ by nondeterministic twa
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basic models
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single head on trees
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first-order logic for trees
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‘a(bc)’ as FO tree language
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extensions
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(unary) transitive closure
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transitive closure
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extensions

�6�
	�
�������������


789�
�������������

��
,��	�����������


.3
�����1��!�����������

����.;
����	������
��	���

�<.3
��	������%%��	

���������	�



nested pebbles
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‘a(bc)’  1-pebble deterministic
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single head on trees
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logic to nested pebbles
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atomic formulas, connectives, …
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transitive closure
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transitive closure
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ϕ-tree
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walking the ϕ-tree backwards
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walking the ϕ-tree backwards
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nested pebbles to logic

�<.3! ⊆ ����.;!

) 
�����������-�.;�1����	����	
) ����
����������%%��	

ϕ�:������'���%�����∧∧∧∧ ∃�&��/��&����
∧∧∧∧ ��≠ �2 ∧∧∧∧ ��(�����

	��������� ,����	������ ���:@
��������� 1������%������
	�
����
������������%%����2�
�������������,��	��
������ ����

/

(
�

�

,���������%��	�,�����%%��	



transitive closure ‘with states’
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Kleene
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getting rid of the pebbles
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results
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single head on trees
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single head on strings

���

��

.3
����.;'�<.3

�.3

�����	.;'<.3

�6�'789

���.;

Buchi

/�1� ���������

Shepherdson



from trees to graphs



graphs
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nested pebbles to logic 
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walking the torus
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graphs with a guide
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mazes



mazes
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searching with many heads

����.;! ' �<.3!

,���,������	��,�!�	���
��%�� ����	

! ����	�����������	��
��1������%%��	
��	��	���
��������������	�����
��H�����	

��"�	
��� ��������	

����������� 
��������@����������������%%��

Cook & Rackoff
‘Jumping Automata’



as promised
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single head on trees
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thank you … 
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paths of even length
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