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Abstract

The recursively enumerable binary relations are the smallest class containing all singleton relations and closed under union,

concatenation, Kleene star, composition, and transitive closure.
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There are many characterizations of computability,
but the one presented here does not seem to appear ex-
plicitly in the literature. Nevertheless, it is a natural and
simple characterization, very similar to Kleene’s char-
acterization of the regular languages as the smallest
class of languages containing all finite languages and
closed under union, concatenation, and Kleene star. As
such it deserves more attention. Traditionally, the the-
ory of computability centers around the notions of a
(partially) recursive function and of a recursively enu-
merable set. It is well known, and easy to see, that a
partial function f is (partially) recursive if and only if
the set {(x,y) | y = f(x)} is recursively enumerable.
Also, obviously, a set A is recursively enumerable if
and only if the set {(x,x) | x € A} is recursively enu-
merable. Since both these sets are binary relations, it
therefore suffices to give a characterization of the recur-
sively enumerable binary relations.

We consider binary relations R for which there ex-
ists an alphabet X with R C X* x X* (ie., R is
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a binary relation on the set of strings over alphabet
2'). The relevant operations on such string relations
are the following. First, the usual set-theoretic oper-
ations of union, composition, and transitive closure:
RUS={(x,y)|(x,y)eRor (x,y)e S}, RoS =
{(x,2) | Jy: (x,y) €R, (y,2) € S} (note the order), and
Rt =Jp2, R" with R! = R and R"*! = R o R". Sec-
ond, (coordinate-wise) concatenation and Kleene star:
R - § = {(x1x2, y1y2) | (x1,y1) € R, (x2,y2) € S} and
R* = U2, R" with, this time, R® = {(A, 1)} (where A
denotes the empty string) and R"T! = R - R". Note that
composition combines relations in a sequential way (in
time), whereas concatenation combines them in a par-
allel way (in space). Moreover, transitive closure and
Kleene star are the iteration of composition and con-
catenation, respectively. This makes our characteriza-
tion into a kind of “double” Kleene result.

Let us denote by RER the smallest class of binary
relations that contains the empty relation ¢ and all sin-
gleton binary relations (i.e., all relations {(«, v)} where
u and v are strings over some alphabet), and is closed
under the above five operations. We now show that RER
is the class of all recursively enumerable binary rela-
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tions. In one direction this is obvious: singleton relations
are recursively enumerable, and the five operations pre-
serve recursive enumerability (an easy exercise). In the
other direction we proceed as follows.

A rewriting system (or semi-Thue system, or Chom-
sky type O grammar) is a finite binary relation P C
A* x A* (for some alphabet A). The derivation relation
of the rewriting system is defined as usual: for strings
x,y € A*, x = p y if and only if there exist (u, v) € P
and x1, xo € A* such that x = xjuxy and y = xjvxp. It
is a straightforward exercise (for the reader familiar with
elementary theory of computation) to show that a binary
relation R on X'* is recursively enumerable if and only
if there exists a rewriting system P on some A* such
that R = {(x,y) € X* x X* | #x# =>;§ v}, where # is a
distinguished symbol that is in A but not in X'\

Since a nonempty finite set is the union of single-
tons, RER contains all finite relations (i.e., all rewrit-
ing systems). Hence, for an alphabet A, RER contains
{(x,x) | x € A*} (the identity on A*) because it equals
id’, where id, is the rewriting system {(a,a) | a € A}.
And so, for any rewriting system P on A*, RER con-
tains both the derivation relation = p which equals
id%, - P -id’, and its transitive closure :>J}§. Conse-
quently, it also contains the recursively enumerable bi-
nary relation R = {(x,y) € X* x X* | #x# :>}E v} =
iny o (=p)T oouty withiny = {(&,#)} -id%; - {(1, #)}
and outyx = id%},. This proves that RER is the class of
recursively enumerable relations.

It is well known that the smallest class of relations
containing the empty set and all singleton relations, and
closed under the operations of union, concatenation,
and Kleene star, equals the class of rational transduc-
tions, i.e., the class of relations that can be computed
by finite-state transducers (see Theorem X.3.2 of [3],
or Theorem II1.6.1 of [2]). It follows from the above
proof that RER is the closure of the class of rational
transductions under the operations of composition and
transitive closure (because = p, iny;, and outy are ra-
tional transductions). The closure of the class of length-
preserving rational transductions under the operations

of composition and transitive closure is studied in [7]
(where transitive closure is called iteration): it equals
the class of relations that can be computed by nonde-
terministic Turing machines in linear space. It is well
known that iterated rational transductions can be used
to generate the recursively enumerable languages, see,
e.g., [8,1]. Characterizations of the recursively enumer-
able languages form an active field of investigation, see,
e.g., [5,6,4].

It also follows from the above proof that RER is
the smallest class of relations containing all finite re-
lations and closed under the operations of concatena-
tion, Kleene star, composition, and transitive closure
(because union was only needed to obtain the finite re-
lations from the singletons). In the same vein (but in
the opposite direction), RER is the smallest class of re-
lations closed under the five operations and containing
all singleton relations of the form {(A, a)} or {(a, L)},
where a is a symbol. That is because ¥ = {(A,a)}
o {(b,M)} with a # b, {(u,v)} = {(u, )} o {(1,v)},
{(uv, M)} ={(u, 1)}-{(v, 1)} and similarly for {(A, uv)},
and {(A, 1)} ={(*, a)} o {(a, 1)}
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