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Abstract

Milner’s structural congruence is decidable for the pi-calculus without restriction, in exponential space.
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0. Introduction

In the most basic and elegant version of the π -cal-
culus, introduced by Milner in [13] and incorporated
in [14,17], replication is viewed as a structural rather
than behavioural operation on processes. The structure
of a replicated process !P is determined by the struc-
tural law !P ≡ !P | P which unfolds !P into ‘an unlim-
ited number of copies of P able to run concurrently’
[14, p. 90]. Clearly, any notion of structure that satisfies
this law is necessarily infinite. This raises the question
[14, Exercise 9.15] whether the resulting structural con-
gruence relation is decidable, i.e., whether it is decid-
able whether or not two π -calculus processes have the
same structure.

Despite the fact that [14] considers the decidability
of structural congruence an exercise (for ‘experienced
logicians’, admittedly), to our knowledge this question
is still open. In [6,7] we have shown that adding four
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new structural laws, the resulting ‘extended congru-
ence’ is decidable (see [10] for an alternative proof, with
one law less, and see [5] for a similar result for the am-
bient calculus [4]). It should be noted that this addition
does not change the behaviour of processes, only their
structure. In [8] the same result was shown for ‘middle
congruence’, which is much closer to the original con-
gruence of [13].

Due to the existence of these decidable versions of
structural congruence, the original version seems to be
of historical (and recreational) interest only. For in-
stance, extended congruence was taken as the basis for
the semantics of the spatial logic of [3].

In the present paper, as an exercise, we prove the de-
cidability of Milner’s structural congruence for a special
case, viz. for the π -calculus without restriction. Essen-
tially, we solve the word problem for a free commutative
semigroup with a replication operation, as suggested
in [15] (where, by definition, a replication operation
is a unary operation ! satisfying !x = !x ◦ x, for the
semigroup operation ◦). We reduce this problem to the
reachability problem for Petri nets, which was shown
to be decidable in [11] (see also [16]). More precisely,
we reduce it to the reachability problem for reversible
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Petri nets, which is the same as the uniform word prob-
lem for (finitely presented) commutative semigroups.
As shown in [12], the uniform word problem for com-
mutative semigroups is complete in exponential space.
The existence of an exponential space algorithm was
essentially already known in the twenties of the 20th
century, as explained in [12] (the algorithm is based on
techniques from linear algebra to solve linear equations
over the ring of polynomials with rational coefficients).
It leads to an exponential space algorithm for deciding
Milner’s structural congruence, for the π -calculus with-
out restriction.

The result of this paper, without the complexity
bound, was obtained independently by Sobociński [18].
In the unpublished technical report [9] we have shown
the decidability of a larger subset of the π -calculus
of [13], but without the complexity bound and with a
more complicated proof.

We note that this paper does not rely on the concepts
and results of [6–8], where Petri nets are used (as, e.g.,
in [1,2]) to express the full behaviour of π -calculus
processes rather than just their structure.

1. Composition and replication

We start with a version of the π -calculus that has no
restriction, no guarding, and no null process. Guarding
and the null process will be added in the next section.
Instead of guarding, this version of the π -calculus has
‘actions’.

The set of actions is denoted by A. In this section, a
process is a term obtained by the syntactical description

P ::= a, P | P, !P
where a is an action from A, P | Q is the parallel com-
position of the processes P and Q, and !P is the repli-
cation of P .

By ≡ we denote the smallest congruence satisfying
the structural laws

P | Q ≡ Q | P,

P | (Q | R) ≡ (P | Q) | R and

!P ≡ !P | P.

Thus, P ≡ Q if and only if P →∗ Q, where P → Q

means that Q is obtained from P by the application
of one of the structural laws (in either direction) to a
subterm of P , and where, as usual, →∗ is the transi-
tive reflexive closure of →. The first two laws will be
called the composition laws, and the last one the replica-
tion law. Congruence ≡ will also be referred to as Mil-
ner’s structural congruence. Note that, modulo ≡, the

processes form the free commutative semigroup with a
replication operation (as discussed in the introduction)
generated by the set A of actions, with parallel compo-
sition as the semigroup operation.

Any process obtained from (· · · ((P1 | P2) | P3) | · · · |
Pm−1) |Pm by applying the second composition law (of
associativity of composition) will be denoted P1 | · · · |
Pm. We will say that a process is a web if it is not of the
form Q | R, i.e., it is an action or a replication. Thus,
every process P is uniquely of the form P = P1 | · · · |
Pm, m � 1, with Pi a web for all i: the webform of P .

For a process P , we let ρ(P ) be the replication
depth of P , i.e., the nesting depth of replications in P :
ρ(a) = 0, ρ(P | Q) = max(ρ(P ),ρ(Q)), and ρ(!P) =
ρ(P ) + 1. It is easy to see that congruent processes
have the same replication depth, i.e., if P ≡ Q then
ρ(P ) = ρ(Q).

For a setR of processes, we denote by ≡R the small-
est congruence satisfying the structural laws, but such
that the replication law is valid for P ∈ R only. The
one-step relation →R is defined as above.

For a process P , we define desc(P ) = {R | !R is
a subterm of P }: the set of descendants of P . We will
need the following two lemmas, which hold for all
processes P and Q, and every set R of processes.

Lemma 1. If P ≡R Q and T ∈ desc(Q), then there ex-
ists S ∈ desc(P ) such that S ≡R T .

Proof. Clearly, if P →R Q and T ∈ desc(Q), then ei-
ther T ∈ desc(P ) or there exists S ∈ desc(P ) such that
S →R T . �
Lemma 2. !P ≡R !Q if and only if P ≡R Q.

Proof. Assume that !P ≡R !Q. Note that ρ(P ) =
ρ(Q). Since Q is a descendant of !Q, there is a descen-
dant S of P such that S ≡R Q, by Lemma 1. Hence
ρ(S) = ρ(Q) = ρ(P ). Since P is the only descendant
of !P with the same replication depth as P , S = P and
P ≡R Q. �

We will show the decidability of P ≡ Q in exponen-
tial space by proving first that, for finite R, P ≡R Q is
decidable in exponential space, and then that P ≡ Q if
and only if P ≡desc(P ) Q. In the first proof we use the
notion of a Petri net, which can be viewed as a vector
addition system (see, e.g., [16]) or as a multiset transi-
tion system (see, e.g., [6]). A multiset v is a finite set
Dv, the underlying set of v, together with a mapping
φv :Dv → {1,2,3, . . .} that defines the multiplicity of
the elements of Dv in v. By convention, we let φv(x) = 0
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for x /∈ Dv. The empty multiset ∅ satisfies D∅ = ∅ and
φ∅ = ∅. The union of multisets is obtained by adding the
multiplicity of each element: v1 ∪ v2 is the multiset with
Dv1∪v2 = Dv1 ∪ Dv2 and φv1∪v2(d) = φv1(d) + φv2(d)

for every d ∈ Dv1∪v2 . For a finite set D, v is a multiset
over D if Dv ⊆ D. Note that such a v can be viewed as
an n-dimensional vector of nonnegative integers, where
n is the cardinality of D, and that union is just vector ad-
dition. Note also that the set of nonempty multisets over
D is the free commutative semigroup generated by the
elements of D, with union as the semigroup operation.
We use the Parikh mapping Φ to turn a sequence into
a multiset, as usual, e.g., Φ(b,b, c, a, b, a) is the mul-
tiset v with Dv = {a, b, c}, φv(a) = 2, φv(b) = 3, and
φv(c) = 1.

A Petri net (more precisely, a P/T net) is a tuple
N = (P,T ), where P is a finite set of places and T is
a finite set of transitions. Each transition is of the form
u → v where u and v are nonempty multisets over P .
A multiset over P is called a marking of N . For mark-
ings x, y we write x ⇒N y if there exist markings u, v,w
such that u → v is a transition in T , x = u ∪ w, and
y = v ∪ w. The reachability problem asks, for a Petri
net N and markings x and y, whether or not x ⇒∗

N y;
it is shown to be decidable in [11]. The Petri net N is
reversible if T is symmetric, meaning that if u → v is
in T then v → u is in T . A reversible Petri net is the
same as a finite presentation of a commutative semi-
group, and the reachability problem for reversible Petri
nets is therefore the same as the uniform word problem
for commutative semigroups. It is shown in [12] that this
problem is decidable (and even complete) in exponen-
tial space, i.e., in space cn for some constant c, where
n is the size of the problem instance. The precise com-
plexity of the general reachability problem is open.

We now translate processes into nonempty multisets.
Let [P ]R denote the equivalence class containing P

of the congruence ≡R, i.e., [P ]R = {Q | Q ≡R P }.
For a process P , the decomposition of P is dR(P ) =
Φ([P1]R, . . . , [Pm]R), where P = P1 | · · · | Pm and Pi

is a web. Thus, dR(P ) is the multiset of the equivalence
classes of the webs in the webform of P . By πR(P ) we
denote the underlying set of these equivalence classes,
i.e., πR(P ) = {[P1]R, . . . , [Pm]R}. We will need a few
simple properties of decomposition.

Lemma 3. For processes P and Q, set R of processes,
and multiset w,

(1) dR(P | Q) = dR(P ) ∪ dR(Q),
(2) if dR(P ) = dR(Q), then P ≡R Q, and
(3) if dR(P ) = dR(Q)∪w with w �= ∅, then there exists

a process R such that P ≡R Q |R and dR(R) = w.

Lemma 4. It is decidable in exponential space, for
processes P and Q and for a finite set R of processes,
whether or not P ≡R Q.

Proof. We may assume that ρ(P ) = ρ(Q) (because
otherwise they are not congruent), and that ρ(R) <

ρ(P ) for every R ∈R (because every R with ρ(R) �
ρ(P ) can be dropped from R: the corresponding in-
stance !R ≡ !R | R of the replication law cannot be
applied to P or to any process congruent to P ).

The proof is by induction on the replication depth n

of P and Q. Thus, we assume that P ′ ≡R Q′ is decid-
able for processes P ′,Q′ of replication depth < n. For
given P and Q of replication depth n we construct a
Petri net N with the following places and transitions.
The set of places is

πR(P ) ∪ πR(Q) ∪
⋃{

πR(!R | R) | R ∈R}
,

and the set of transitions consists of all

dR(!R) → dR(!R | R) and

dR(!R | R) → dR(!R)

with R ∈ R. Note that, by definition, the Petri net N

is reversible. It is important to realize that N can in-
deed be constructed, due to the induction hypothesis.
Each place is the equivalence class of either an action
a ∈ A or a replication !S with ρ(S) < n. Since, obvi-
ously, [a]R = {a} for every action a, equality of these
equivalence classes can be decided by the induction hy-
pothesis and by Lemma 2.

We now claim that P ≡R Q if and only if dR(P ) ⇒∗
N

dR(Q). By the decidability of the reachability problem
of Petri nets, this implies that P ≡R Q is decidable.

For the only-if direction of the claim it suffices to
show that if S →R S′ and dR(S) is a marking of N ,
then dR(S) = dR(S′) or dR(S) ⇒N dR(S′). The first
conclusion clearly holds when a composition law is ap-
plied to (a subterm of) S or when the replication law
is applied to a proper subterm of a web of the web-
form of S. Thus, it remains to consider S = !R | T

and S′ = !R | R | T with R ∈ R, where T may also
be absent. By Lemma 3(1), dR(S) = dR(!R) ∪ w and
dR(S′) = dR(!R | R) ∪ w, where w = dR(T ) or w = ∅
(when T is absent). Hence dR(S) ⇒N dR(S′).

For the if direction of the claim it suffices, by
Lemma 3(2), to show that if dR(S) ⇒N y then there
exists a process S′ such that dR(S′) = y and S ≡R S′.
Let dR(S) = dR(!R) ∪ w and y = dR(!R | R) ∪ w with
R ∈R (the reverse case is similar). Assume that w �= ∅
(the case that w = ∅ is similar, using Lemma 3(2)). By
Lemma 3(3), there exists T such that S ≡R !R | T and
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dR(T ) = w. Then S′ = !R | R | T satisfies the require-
ments.

It remains to show the existence of an exponen-
tial space algorithm. Let MM be the exponential space
algorithm of [12] for the reachability problem for re-
versible Petri nets. For given P,Q,R, let D be the set
desc(!P) ∪ desc(!Q) ∪ ⋃{desc(!R) | R ∈R}, with car-
dinality d . It should be clear from the inductive proof
above, that there is an algorithm for deciding P ≡R Q

that, for i = 0, . . . , n, decides for every two processes
S,T ∈ D of replication depth i whether or not S ≡R T ,
and stores that information in its workspace. Since this
algorithm calls MM at most d2 times, for subterms of P ,
Q, or R ∈R, it clearly works in exponential space. �
Lemma 5. If P ≡ Q then P ≡desc(P ) Q.

Proof. We show that P →n Q implies P ≡desc(P ) Q,
by induction on n. The case n = 0 is trivial. Assume
now that P →n Q → Q′. By induction, P ≡desc(P )

Q. We only need to consider the case that Q → Q′
by an application of the replication law. Suppose that
Q = T [!R] and Q′ = T [!R | R], where T [·] is a con-
text. Since R ∈ desc(Q), there exists S ∈ desc(P ) such
that S ≡desc(P ) R by Lemma 1. Then P ≡desc(P ) Q =
T [!R] ≡desc(P ) T [!S]. In one step T [!S] ≡desc(P ) T [!S |
S], because S ∈ desc(P ). And finally T [!S | S] ≡desc(P )

T [!R | R] = Q′. Thus P ≡desc(P ) Q′. The case that
Q = T [!R | R] and Q′ = T [!R] is similar. �
2. Guards and null

Next we consider the π -calculus without restriction
and still without the null process. In other words, we add
guards (but keep the actions).

The set of names is denoted by N. The rule P ::=
g.P is added to the syntax, where the guard g can ap-
pear in two forms: as an input guard x(y), or as an
output guard x̄z, with x, y, z ∈ N. In a guarded term
x(y).P the name y is bound in P . As usual, process P

is α-congruent to process Q, denoted by P ≡α Q, if P

can be converted to Q by a change of bound names. The
structural laws are the same as before, plus the α-law
which says that P ≡ Q whenever P ≡α Q.

For a process P , we let γ (P ) be the guarding depth
of P , i.e., the nesting depth of guards in P : γ (a) = 0,
γ (P | Q) = max(γ (P ), γ (Q)), γ (!P) = γ (P ), and
γ (g.P ) = γ (P ) + 1. Obviously, congruent processes
have the same guarding depth, i.e., if P ≡ Q then
γ (P ) = γ (Q). Moreover, for a process P , we define the
set gua(P ) = {[g.R] | g.R is an outer subterm of P },
where ‘outer’ means that g.R is not in the context of

another guard of P , and where [g.R] is the equivalence
class of g.R with respect to ≡. It is easy to see that if
P ≡ Q then gua(P ) = gua(Q).

Lemma 6. For a guard g and processes P and Q,
g.P ≡ Q if and only if there exists a process Q′ such
that Q ≡α g.Q′ and P ≡ Q′.

Proof. The if-part is trivial. For the other part we first
observe that if S ≡ T then there exists U ≡α T such that
S ∼ U , where ∼ is the smallest congruence satisfying
the laws of ≡ except the α-law. This can easily be shown
by induction on the number of applications of ≡ laws.
Hence, if g.P ≡ Q then there exists U such that g.P ∼
U ≡α Q. Since the α-law is the only law that affects
guards, g.P ∼ U implies that U = g.Q′ for some Q′
with P ∼ Q′ (and so P ≡ Q′). �

Clearly, the processes Q′ with Q ≡α g.Q′ are all α-
congruent. Thus, to check whether g.P ≡ Q it suffices
to consider one such Q′ and check whether P ≡ Q′.
Note that if such a Q′ does not exist, then g.P �≡ Q.
Note also that γ (Q′) = γ (Q) − 1.

The proof of decidability of P ≡ Q for this version
of the π -calculus is by induction on the guarding depth
n of P and Q. For n = 0 we are back in the case of
the previous section. Assume now that n > 0 and that
P ′ ≡R Q′ is decidable for processes P ′,Q′ of guarding
depth < n. For processes P and Q of guarding depth n,
it follows from the induction hypothesis and Lemma 6
that it is decidable whether or not gua(P ) = gua(Q). If
not, then P and Q are not congruent. Assume now that
gua(P ) = gua(Q). Let P ′ and Q′ be obtained from P

and Q by replacing each outer subterm S = g.T by the
action a[S], where the mapping [S] �→ a[S] is injective,
and the actions a[S] are ‘new’, i.e. do not yet occur in
P or Q. In other words, every outer guarded subterm is
replaced by a new action, in such a way that congruent
subterms are replaced by the same action. Observe that
if P ′ = Q′ then P ≡ Q. We now claim that P ≡ Q if
and only if P ′ ≡ Q′, which is decidable by the previous
section. In the only-if direction it suffices to show that if
P → Q then P ′ = Q′ or P ′ → Q′. The first conclusion
holds for any application of the α-law, and whenever a
law is applied to (a subterm of) an outer subterm g.R

of P ; otherwise, clearly, the second conclusion holds.
In the if-direction it suffices (by the above observation)
to show that if P ′ → R then there exists T such that
P → T and T ′ = R; that is easy to show.

It should be clear that the above proof leads to an
exponential space algorithm, by an argument similar to
the one at the end of the proof of Lemma 4.
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Finally, we add the null process 0. The syntax is
extended with the rule P ::= 0, and the structural law
P | 0 ≡ P is added: the zero-law. This produces the
π -calculus without restriction (and still with actions).
To show the decidability of P ≡ Q, let P ′ and Q′ be
obtained from P and Q by iteratively applying the zero-
law in the direction from left to right, and then replacing
each subterm !0 by a!0 and each subterm g.0 by g.a0,
where a!0 and a0 are two distinct new actions. It is left
to the reader to show that P ≡ Q if and only if P ′ ∼ Q′,
where ∼ is the smallest congruence satisfying all laws
of ≡ except the zero-law. This brings us back to the pre-
vious case of the π -calculus without the null process.

3. Conclusion

We have proved that Milner’s structural congruence
is decidable for the π -calculus without restriction, in
exponential space.

The decidability of Milner’s structural congruence
for the full π -calculus is left as an exercise (for the more
experienced logician). To be honest, we ourselves are
not sufficiently experienced to do that exercise (and we
could even imagine undecidability). The main problem
is the intricate ‘interplay’ between restriction, with its
scope extrusion law, and replication. The technique of
this paper can be used to simplify the proof of [9], where
Milner’s structural congruence is shown to be decidable
for a fairly large, behaviourally complete subset of the
π -calculus (including all restriction-free processes).

Another problem that we are not able to solve is
whether or not Milner’s structural congruence is com-
plete in exponential space.

We finally observe that extended structural con-
gruence, see [6,7,10], can easily be decided for the
π -calculus without restriction. Thus, the complicated
algorithm (for the full π -calculus) in [7] is entirely due
to the above-mentioned interplay between restriction
and replication. Let us briefly discuss how structural
congruence can be decided for the processes in Sec-
tion 1 when the structural laws !(P | Q) ≡ !P | !Q and
! ! P ≡ !P are added. Every process is now congruent
with a process of the form !a1 | · · · | !am | b1 | · · · | bn,
where the ai are distinct actions and the bj are (not
necessarily distinct) actions with bj �= ai . This normal
form can easily be obtained by first iteratively applying
the above two laws from left to right, and then itera-
tively applying the replication law !P | P ≡ P and the
derived law !P | !P ≡ !P , also from left to right (with,

of course, the composition laws taken for granted). It is
not difficult to show, and easily follows from the proofs
in [7,10], that two processes of that form are structurally
congruent if and only if they are the same (modulo
the two composition laws). The same proof holds after
adding the null process 0, with the law P | 0 ≡ P and
the additional law !0 ≡ 0: view 0 as an action, and apply
these two laws (from left to right) in the final phase. For
the addition of guarding, the proof is entirely the same
as in Section 2.
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