Pattern Solution
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Q2.1 

Local Minima x1,x2,x3,x4,x5,x6,x7,x8

Saddle Points x9, x11, x12, x14, x18

Q2.2
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Q2.3
Locally efficient points := Points which are not dominated by any neighbouring point. These are x1,x4, x8, x7, x6, x5, x2, x3

Globally efficient points := Points which are not dominated by any point. The only globally efficient point is x1
The valley below x14 can be defined as the set of points that can be reached via paths starting from x14, such that no point on the path is either incomparable to x14 nor dominating x14.

Using this definition, the valley below is {x9, x7, x12, x4}.

Q3
f(y1,y2)= w1 y1 + w2 y2

(sqrt(y1)+sqrt(y2))^0.5-1 = 0

Apply Lagrange Multiplier Rule:

L= l1 f(y1,y2) + l2 g(y1,y2)

To simplify computation we substitute s1=sqrt(y1), s2=sqrt(y2)

We get the new problem formulation:

w1 s1^2 + w2 s2^2 -> min

s.t. s1^2 + 2 s1 s2 + s2^2 -1 = 0 (I)
DL/Dy1 = 2 l1 w1 s1 + 2 l2 s1 + 2 l2 s2 = 0 (II)
DL/Dy2= 2 l1 w2 s2 + 2 l2 s2 + 2 l2 s1 = 0 (III)
Case 1: l1 = 0

· l2 != 0

with (II) (A) l1 = l2 = 0 or (B) s1 > 0, s2 < 0 or  (C) s2 > 0, s2 < 0

Since  s1, s2 > 0 (B) and (C) cannot be the case. Moreover, (A) cannot be the case because l2 !=0

Therefore: Case1 yields no solution

Case 2: l1 = 1

From (I) we get s2 as an expression of s1:  s2 = 1-s1

This we insert in (II) and (III):

(II+) 2 l1 w1 s1 + 2l2 s1 + 2 l2 – 2 l2 s1 = 2 w1 s1 + 2 l2 = 0

(III+) 2 w2 s1 + 2 w2 + 2 l2 – 2 l2 s1 + 2l2 s1 = -2 w2 (1- s1) + 2 l2 = 0

From II+ we get l2 = -w1 s1. We insert it in (III+): -2 w2 s1 – 2 w2 – 2 w1 s1 = 0

s1 = (2 w 1) / (2 w 2 + 2 w 1) <=> s1 = w1 /(w2+w1) = w1, s2 = 1- w1 (w2+w1) = 1- w1

Re-substitute:

y1 = w1^2, y2 = 1-w1^2

This means that the optimum is obtained at the vector y = (w1^2, 1-w1^2).

Q4.1

The distribution of solution with the SMS-EMOA looks similar to this one:
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For the VEGA approach the distribution is more unbalanced. The reason for this is that the weighted sum scalarization does favour extreme solutions in the concave case and because the concentration of points in areas once covered in a population increases over time, as they are more often reproduced (winner takes it all dynamic).

The SMS-EMOA explicitly addresses diversity in the ranking criterion and therefore leads to more evenly distributed point sets.
Q5.1+5.2

It essential to set the Nswap value to a value that is much higher than 1, to avoid getting stuck in local optima. Improvement of the algorithms could be for example:

· Mutate only in a way that changes the active part of the permutation

· Do not produce infeasible solutions – i.e. solutions with 1000 in their paths.

· Use local search heuristic to find best solution in neighbourhood of the one produced by mutation

Of course there are many other possibilities …
Q5.4

Speed/efficiency:

Complete enumeration is usually much less efficient than Branch and bound. Both guarantee optimal solutions. Heuristic search does not guarantee optimal solutions. However, it may find better solutions faster than branch and bound. In the given case, branch and bound outperforms the simple heuristic in efficiency as it can effectively reduce the search space by preventing to explore the many infeasible paths that can be coded.

Implementation/transparency:

Enumeration is the most simple to implement. It is in the given example difficult to decide wether heuristics and branch and bound algorithms are more complicated. Typically heuristics are comparably easy to understand, when compared to deterministic optimizers.

Flexibility

The enumeration approach can be used with any objective function. For the branch and bound algorithm the knowledge of the objective function is essential for developing the bounding criterion. The heuristic algorithm can be used, even if the objective function is changed slightly. However, the performance of it depends on how well the operators are adapted to the characteristics of the objective function.
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