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5. THE POISSON-TRANSFORM

In this chapter we shall define the Poisson-transform #, from B(G/P;s) into
B(G/H; M;). The main theorem of this paper states that for generic s, £ is an
isomorphism between these two spaces. This will be shown by exhibiting an
explicit inverse, namely the boundary value map.

Let dg be a Haarmeasure on G, and dx a G-invariant measure on X. Using
these measures, continuous functions can be considered as distributions.
Furthermore, right H-invariant distributions on G are identified with distri-
butions on X. Let ie {1,2}.

LEMMA 5.1. The Poissonkernels Ps1 and PSZ, as defined in Chapter 2, are for
Re s<n—1 locally integrable on G and on X. They are meromorphically
extended to C as distributions on G and X. The set of poles is contained in Z.
The extensions satisfy (M,) on X, and their behaviour under left translation by
elements of P is the same as that of the original functions.

PROOF. Choosing suitable coordinates on X, one is led to integrals like

§ lxy|Mf e d(x,y) and § |x[}f(x)dx
Rr? R

for A € C and CZ-functions f (Cf. [Kosters, 9]). These integrals can be handled
as in [Gel’fand, Shilov, 4]. Furthermore, for Re s sufficiently small, P/ satisfies
(M,). This follows from Corollary 2.3.3 in [Kosters, 9], or from direct compu-
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tation using Lemma 4.1. Uniqueness of analytic continuation yields the desired
properties. The details are left to the reader. |

Now we want to give a meaning to the integral

| fOPIk™'9)dk (g€ G)
K

for hyperfunctions f on K. In order to describe hyperfunctions on X, let
{Q;},c1 be an open cover of X such that every @, has compact closure, which
is contained in some coordinate patch on X. A hyperfunction # on X is given
by elements

he A(Q))/A(32) = B(Q)).

Here the primes denote topological duals, in the well-known sense. Now fix
le L. Take Fe A(f2)), so Fis a real analytic function on some open neighbour-
hood of @,. Let for k€K and xe X:

(L F)(x) = F(kx).
Then [, Fe A(k~'Q,). Consider the integral
| PioUF)x)dx.
‘ s
Using coordinates as in the proof of Lemma 5.1., this integral can be mero-

morphically extended to C. Indeed, the problem reduces to the continuation of
1ntegrals like

5 |xyllf(x,y)d(x,y) (Aec feA(Q))

for sultable compact subsets Q of R2. Note that the expression analytically
depends on k. Using the fact that B(K) is the dual of A(K), #'f can be defined
by . . - , : ,

(FBLFY=fh), | PO F)0)dx)

k'Q,
for fe B(K). This expression continuously depends on F.
Now take the class of % fin B(£2;) and remark that on intersections £, N,
the definitions coincide. Therefore, we see that #/fe B(X) for fe B(K).
If £ happens to be in C(K), then #/fis a function on X:

()= [ Pl '9f Uk (g€G)..
This remark uses the embedding C(K )—>B(K ), given by
23 W= Sf(k)'//(k)dk (fe C(K), y € A(K)).
The next step is to show that #/f satisfies (M,) on X * Therefore, we need

to describe the action of [ on B(X ). Take {Q,},., as before and defme for
he B(X )

(O Fy = <h, DF) (FeAQ)).
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Note that for C>-functions this definition is compatible with the usual one.
Indeed, if he C(X), then

(h,Fy= | h(x)F(x)dx

. 3
defines a hyperfunction on X. Now use the fact that [ is self-adjoint with
respect to dx, and note that all boundary value terms that occur are zero in
B(Q)).
An easy application of Lemma 5.1 shows that

OFf=("~e)f
whence #/fe B(G/H;M,). Now we can define the Poisson-transform Z,f of
an element f of B(G/P;s). Therefore, write f=f+f, with f;€B;(G/P;s)
(/=1,2), restrict f; to K, and define

Pof =B+ PLfy.

Combining all these remarks we get:
LEMMA 5.2. Let seC, s¢Z. Then # maps B(G/P;s) into B(G/H;M,). B

LEMMA 5.3. Let seC, s¢Z, feBi(G/P;s), geG. Then #(7(2)f)=
=n,g) % f: &% is G-equivariant.

PROOF. We only consider i=1. If ge G, define k(g) e K/KNM and t(g)eR
by g€ k(g)Ma,, N (Cf. Theorem 2.9.). For ¢ e C(K/KNM) we have

§ ok)dk= | p(x(gh)e **dk (geG)

([Varadarajan, 16], p. 294). By transposition, this formula is also valid for
¢ € B(K/KNAM). Let Q, be as before. We get

 fk)y § Py F)(x)dxdk =
X k™ 'gG,
= [ flk(gh)) | Pl 1e@n)x)dx e 2Nk =
K K(gh)~'g&
= 1 f@6k) T Pinia o hF)9dx el e dk =
K Mg nG,
= [ flgk) | PIx)(F)x)dxdk
K k7',

where gk = k(gk)maygyn with me M, ne N. From these equations the lemma
easily follows. |

Now we can state the main theorem of this paper:

THEOREM 5.4, Let se€C, 2s¢Z. Then %, is a G-equivariant isomorphism of
B(G/P;s) onto B(G/H; M,).
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The proof of this theorem is based on two lemmas:

LEMMA 5.5. Let seC, 2s¢Z, ie{l1,2}. Then there exist nonzero complex
numbers c;(s) such that for all fe B(G/P;s): ;% f=ci(5)f.

PROOF. This is given in Chapter 6. There the c;(s) are explicitly computed.
|

LEMMA 5.6. Let seC, 2s¢ Z. Then f; is injective.
PROOF. This is given in Chapter 7. |
Now we can give the

PROOF OF THEOREM 5.4. We only need to show that % is injective and sur-

jective. .
i) & is injective. Suppose that #f=0 for some feB(G/P;s). Then

Lemma 5.5 implies that '

0=B,2f=BAZf1 + o) =1 () fi + 9)f

whence fi=/,=0.
ii) 2 is surjective. Let ue B(G/H; M;). Define

u'= —16 g@l(ﬁsll)l + m @Z(BSu)Z

Then u’e B(G/H;M,), and fB.(u—u’)=0, which follows from Lemma 5.5.
Applying Lemma 5.6 we see that 4 —u’=0, thereby showing that

u= g»( (Botiy + (ﬁsu)z> n
a®

o)

6. PROOF OF LEMMA 5.5

From now on i€ {1,2}, se C, 2s¢Z. In this chapter we compute P, using
the theory of Bruhat as it is presented in [Kashiwara et al., 7], Appendlx Note
that for j=1,2:

(B,P));€ B;(G/P;s).

In order to compute B,P!, we derive some properties. The G-equivariance of
B, implies that

(BsP))j(ma,ng) = e (B Pg);(g)

(B:P?);(mayng) = x(m)e** P (B,P2)(g)

for _me]VI, teR, neN and geG. It appears that these properties determine
B.P; uniquely.
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Consider the following distributions on G:

BLfY=1 1 | fiman)e®*dmdtdn
M R N

BLEY=1 § | fiman)y(m)e ' dmdtdn
M R N

for fe D(G); here dm and dn are Haarmeasures on M and N, resp., and df is
the Lebesguemeasure on R. Using the commutation rules for elements of M,
A and N, derived in Chapter 2, it is easily seen that ! has the same properties
as (B,P));. We shall prove:

LEMMA 6.1. B.Pi=c,(s)d! for certain complex numbers c;(s).

The proof of this lemma requires some preparations. Using the techniques
of [Faraut, 2], it is casily proved that
Gl fd=§ [flkrm)ydm

KNM

(i fr= | flkryx(ndnm
KnM
for fe D(K), where dm is the normalized Haarmeasure on KN M.

Now we give the Bruhat-decomposition of G with respect to P: we want to
describe the structure of P\ G/P. The Weylgroup W is by definition the
quotient M /M., where M is the normalizer of Ay, in K. It is well-
known that W is isomorphic to S, the group of permutations of {1,2,...,n}.
In the diagonal-form, W can be realized in G as the set of matrices with exactly
one 1 in every row and column, and eventually a minus sign in the last column
to insure determinant one. Define:

(1 &
W1= * B
e 1
0 1
t -1
0 0 1 0 9
1 i )

W2= . - . : ’W3= " s
0 6 1 N :
o 0 ~1
: 0 0 -1

. 1 00 0
L% 01 %
Wy = 1 , Wg= . . s
© (1) -1 00 6 1 0
0 1 0 0
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010 01
0 00 -1 1 0 <
: 1 6 0 1

We= |- - - : , Wy= 1
00 6 10 - 01
1 0 00 1 0

Of course, w, is only defined for n>3. We have:

LEMMA 6.2. 1) G=_, P'w,P’, a disjoint union (n>3)
2) G=°_, P'w, P, a disjoint union (n=>3).
Here primes denote the diagonal-form.

PROOF. [Warner, 18], 1.2.4. shows that there is a one-to-one correspondence
between P\ G/P and S, \ S,/S}, where S,={oe€S,lc(1)=1, a(n)=n}. For
n=3, S;={1}. For n>3, one easily finds the representatives {wy,..., ws} for
N WATS .

It is also possible to proceed more directly, without the use of the general
theory from [Warner, 18]. Then we use the Bruhat-decomposition with respect
to P.;, and arguments like those in the proof of Lemma 2.4. |

Notice, that this proves Theorem 2.8. 1). -

LEMMA 6.3. Let ue B(G). Suppose that for all t,xeR, n,n’eN, geG:
u(anga,n’)=e+ O+ (g)

1) If u(mgm’y=u(g) for all mym'e M, ge G, then u=cé! for some ceC.

2) If u(mgm’)=x(mm"u(g) for all m,m’ e M, g e G, then u=cd? for some
ceC. ’

3) If u(mgm’) = x(m)u(g) for all m,m’e M, ge G, then u=0.

4) If u(mgm”) = x(m"Hu(g) for all mym’ e M, ge G, then u=0.

PROOF. The proof of this lemma is a copy of the proof of the proposition on
p. 33 in [Kahiwara et al., 7]. Let us consider case 1). Define

1
H1= 6 €a’
-1

and
xi(man, myan)=eC 6" (m m e M';t,xeR,nn eN’).

Here the primes refer to the diagonal-form. y; is a character of the group
P’x P’. Note that H, acts on

gp=0/(m'+a+n"+Ad (w~ 1)(m’+ a’+n’))

130



for we W. In particular, we are interested in the eigenvalues of ad #, on g,
and in the numbers dy,(Ad (W)H,, H)), for we {w,, ..., w;}. All these facts are
given in Table 6.1. Instead of giving the whole proof, the reader is asked to fit
in the details. Here, we shall sketch the main ideas. In [Kashiwara et al., 7] a
sufficient condition is given for the (non-)existence of hyperfunctions on a
manifold, which have certain transformation properties under the action of a
Lie group. This condition is an integrality condition on certain eigenvalues. An
application in our case yields that a hyperfunction ¥ on G, with the properties
mentioned above, has its support in P, and is unique up to a complex constant,
under the condition that s& Z. In fact, one uses the previous lemma and a case
by case examination of the subsets P’wiP’ (i=1,...,7). For example, for w, we
get the integrality condition s¢{n—4,n—-5,...}. For ws and wg we get the
condition 3s¢ {n-3,n—5,...}. In order to handle the case 3seZ, s¢Z, H,
can be replaced by

1 B
1 6
H2= 0' . eﬂ;.
0
R'a -2

Then the condition becomes s& {—1, —2, —3,...}. The only set that possibly
carries a hyperfunction with the properties mentioned above is P’; furthermore
there is — up to a scalar — at most one such hyperfunction. The fact that &)
satisfies the same properties as #, and is nonzero, now gives the lemma. The
proof even works for 2seZ, s¢Z. ‘

Case 2) is handled in a similar way. Now let us consider case 3).

Arguing as before, we come to the conclusion that u is a distribution on G,
with support contained in P’, of the form

(ufy=§ § § fGmamHm,t,n\dmdrdn (feD(G))
R N

M

where H is a real analytic function on M xR x N, The fact that u is a distri-
bution also comes from the theory of Kashiwara et al. The right N-invariance
shows that H(m,t,n) does not depend on n. It is easy to prove that
H(mm my, t,e) = x(m)H(m,, t,e) for all m,m;,myeM, teR. Some special
choices for m, m; and m,, using the element
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of M, easily imply that H(m, #,n)=0 for all me M, te R, ne N. Whence u=0.
Case 4) is handled in the same way. We finish the proof by giving the table
which was used in case 1).

Table 6.1.
w Ow eigenvalues of ad H; on g‘; dx(Ad(w)H H,)
0
* Rea —1 (2n -4 times)
" : -2 (once) %
* x 0
17 {(6)} none —2s
y RS —1 (n—2 times) —5+3e
3 ... % 0 —2 (once) 2
0
w * —1 (n—2 times) ~s5+30
4 S -2 (once) 2
*
.y —3s+0
s 0 +0...0 —1 once ; 2
-
0
* - 35+
W 5 10 6 —1 (once) ——Z—Q
0
L N
r
0
wy 4 0 © -1 (twice) -5+
*
0 0 0
Lyt

Now it is easy to give the proof of Lemma 6.1, because this is a direct conse-
quence of the previous lemma and the transformation properties of the hyper-
functions involved. ‘
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Take fe B;(G/P;s). Then:
BAZ) =B § [k Pidk)= | f(K)-(B,P))dk =
X K

= § SR -(BsPS)dk = | fk)el, 10 dk=cf

where c=c|(s)eC, and [ Pl(x)=Plkx) (xe G/H,keK). Here we used the
G-equivariance of 8, Lemma 6.3, and the argument of [Kashiwara et al., 7],
p. 22, which enables one to take B, under the integral. So we have

BB f=ci(5)f (feBi(G/P;s)).

In the same way it can be proved that:

B Ff=c)s)f (f€By(G/P;s)).

In order to complete the proof, we have to show that ¢;(s) #0. Therefore these
numbers are explicitly computed.

LEMMA 6.4. If 2s¢Z, then

2 ~n+3
1()-(” ! 52 Sr()r(ST”*) cos—z—scosz—z( s=n+3)

cy(s) = — tg? % (—s—n+3)-¢(s).

In particular c¢(s)#0 and c,(s)+0.

PROOF. First we compute the Poisson-transform of the element of B,(G/P;s)
which is equal to 1 on K; this element is unique and will be denoted by 1. We
have:

(1)@= | Pik '9)dk (2€G)
K
In [Kosters, 9], p. 106 ff, we find, with k€KX, teR, he H:

)
(% 1) (ka,h) = 2 4 ) (chany-s-on

_nr<—-s+ 1)
2

To prove this formula, note that %1 is left K- and right H-invariant, and use
the fact that #!1 satisfies the equation (M;). This leads to a hypergeometric
differential equation on A, which has a unique analytic solution. That #!1 is
analytic will be shown in the proof of Lemma 7.1. Moreover,

(#'1)e)= | P/(k)dk
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can be computed directly. Note that y_lsl =d(s) .?gll, for some d(s) e C. Since
B PN =c,(s)-1 and f_;#1 =c|(s)-1, for certain complex numbers c(s) and
ci(s), 9”511 has analyti¢ boundary values, and therefore‘?gll is a so-called
ideally analytic solution of (M) (cf. [Oshima, Sekiguchi, 13], p. 25, 26 and
59). This implies that it is possible to compute B,(#.!1)(e) by taking a limit:

ﬁs(ﬁ’g‘l)(e)ﬂipa 15~ pl)a(r)) =
f211]

—s—0+2\?
27 /n n—1 F(%) F( - 4Q ' )
=—F<—>F< > 5>— (Re s>0)
7 2 2 F(_S+ 1> 1,<s+_.g> :
2 4
according to some well-known properties of the hypergeometric function (cf.
{Sekiguchi, 15], p. 180 or [Erdélyi, 1], Chapter 2). Using the formula

I@) _ Iy cosnz, o
(-z+1) vr

(cf; [Erdélyi, 1], Chapter 1) and the fact that

B(Z 1)) = c1()1(e) = ¢1(s)

the first part of the lemma is easily proved. However, the limiting process used
above is only justified for Re s>0. Meromorphic continuation extends the
result to C—4Z. Note that the meromorphic continuation of ¢(s) has zeroes
contained in {1,3,5,7,...}U{—-n+1, —n—3, —n—17,...} and poles contained
in {0,-2,-4,...}U{—-n+3,—n+7,—n+11,...}, perhaps cancelling one
another. In particular, ¢;(s)#0 if 2s¢ Z.

It is also possible to compute ¢;(s) using the methods of [Sekiguchi, 15], § 7.
Now we compute ¢,(s). Therefore we consider the function Y in B,(G/P;s)
defined by

Y(k) =2(klnknl - kllknn) (keK)

This function plays an important role in [Kosters, 9] and will also be of great
importance in Chapter 7. A computation, similar to that of #'1, yields:

2(”‘9)/241“(%) r(—s,—49+ 4)2
(#2Y)(a,h) = th 2¢ (ch 2£)(-5-@2

n(n—1) r<—s+ 1>
2

o+5+2 p+s+2 0+2 , ‘
F s ; ; th® 2
2 ‘( 4 4 o
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for te R, he H (cf. [Kosters, 9], 4.6). Again, #2Y is an ideally analytic solu-
tion of (M), so we can take a suitable limit, and derive:

—26)(8) =lim £°7 ARV Ya(0) =
$H0

— 21 —s— '
_ (n 22)' 23—s1-'(s)['<_‘_g_2_n_+_3> COS%SCOSZ%(_S_H+ 1) Res>0)
n

from which the lemma easily follows. | |

7. PROOF OF LEMMA 5.6

In this chapter we prove that for complex s with 2s& Z, f; is injective. Note
that it is sufficient to show that if ueB(G/H;M,) satisfies Bu=0, then
p_su=0. This is a consequence of Proposition 2.15 in [Oshima, Sekiguchi,
13], where it is proved that X has an open neighbourhood ¥ in X with the
following property: if weB(G/H;M,) satisfies Bu=p_u=0, then
ulynx+=0. Now the G-equivariance of g, implies Lemma 5.6. Throughout
this chapter seC, 2s¢ 7.

Let us give a brief outline of the contents of this chapter. Take
ue B(G/H;M;) with Bu=0. Then Lemma 7.1 shows that (8_,u),=0.
However, it is more difficult to prove that (8_,u), =0. Therefore, we consider
a certain representation of G and some of its matrix coefficients. These are used
to construct a cyclic vector for a certain principal series representation of G.
The argument is completed by some careful integral manipulations.

LEMMA 7.1. Let ue B(G/H;M,). If Bu=0, then (B_u),=0.

PROOF. (Cf. [Sekiguchi, 15], Lemma 8.3.)
Take an arbitrary u in B(G/H; M,); ge G. Define the hyperfunction V, by

V(&)= | u(gkghdk (g'€G).

K

Then V, is a hyperfunction on X and satisfies (M), because u € B(G/H; M)
and [ is G-invariant. Note that V/ is left K-invariant and hence real analytic,
because it can be considered as an cigenfunction of the Casimir-operator on
K\ G, which is elliptic. It is easy to see that #'1|, and V|, satisfy the same
differential equation (see p. 106 in [Kosters, 9]), which has only one real
analytic solution. The fact that #'1], is a nonzero solution shows that there
is a complex number v(g) such that

V,=v(g) 1.
Using Lemma 5.5 one derives

Bs Vg = v(g)cl (5)1 .
Furthermore, following [Schlichtkrull, 14], p. 75, it can be seen that

Bs( § u(gk-)dk)= | Bsu(gk-)dk
X K
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and it follows that
v(g)ei(s)=BsVy(e) = | (Bsu)(gk)dk.
K

Now suppose that S =0. The fact that ¢,(s)#0 implies that v(g) =0, whence
Ve=0. Thus

§ (B-su)gk)dk=0 (geG).

Because of the transformation properties under right translation by w, it is
easily seen that

§ (B_su)(gk)dk=0 (geG)

and therefore

| (B_gu)y(eh)dk=0
K

for all ge G. By Lemma 2.4, (8_,u); € B(G/P;,; A(—5)). Now Lemma 2.2 and
Theorem 2.3 imply that (§_u),=0. |

REMARK. It is also possible to avoid the use of Theorem 2.3: one can use
methods from the second part of this chapter; the details are left to the reader.

Consider the representation 7 of G on g, defined by

n(@X=Ad (9X=gXg™' (¢€G, Xeqc)

LEMMA 7.2. A) 7 is irreducible.
B) 7t|g splits up into two irreducible components for n#4: gc=¥f:®Dyc.
For n=4, t again splits up into two minimal invariant subspaces.

PROOF. A) This is an easy consequence of the fact that s/(n, C) is simple.
B) Of course, fc and pe are K-invariant. If n#4, so(n,C) is simple,
implying that fc is minimal invariant. For n=4,

are easily seen to generate irreducible subspaces of f-. Now consider pc. Note
that Hy=E,; + E}, is the unique vector X in gc — up to a scalar — with the
following property:

(k)X =x(k)X for all ke KNM.
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Suppose UC p¢ is an invariant subspace. Then there is a K-invariant subspace
V of pe with po=U®@V. Using Hy, one easily shows that either Hye U or
Hye V. Suppose Hye U. It is well-known, that n(K)H, spans p, completing the
proof. N

For matrices X, Y € g¢, define (X, Y)=trace (XY). Let

-1
Xlz_‘ '9' Ef

and define Ye A(K) by Y(k)=(n(k)X}, X}) (cf. the proof of Lemma 6.4 and
[Kosters, 9], p. 105 where 2Y is used).
LEMMA 7.3. Let ue B(G/H;M,). If Bu=), then for all g G:

§ (B_su),(gk)Y(k)dk =0.

K

PROOF. Take an arbitrary u in B(G/H;M,) and ge G. Define
V(g = | u(gk ‘g Y(k)dk (g'€G).
K
As in the proof of Lemma 7.1, V,e B(G/H;M,). Let {X),...,X,,} be an

orthonormal basis of ¥, with respect to the inner product ~(-,-). Here
m=dim f. Then for keKX:

Volkey= | u(gky '8") Ykko)dky=

K

RSPk

(X, k™ NX,) | ugks '8 ) ko)X, X, )dky
1 K

J

showing that V, is K-finite. From [Varadarajan, 16], p. 310 it follows that V,
is real anaiytic. Furthermore, for ke K and e R:

V,(ka)= z X mlk™X) | ulghy 'a) (ko) Xy, X,)dks.

Note that V,(ka,) =V (kam)=V (kma,) for keK, teR and me KNM, and
that if n+4, the space of vectors in f fixed under the action of KNM, is one
dimensional and spanned by X;. Therefore, integration over KN M, which is
projection onto this space, shows that only j=1 remains in the summation.
Thus for n+4:

Vy(ka)=Y(k)V,(a) (keK, 1eR).

Now remark that Y e B,(K/KNM), and therefore it makes sense to compute
#2Y. The same arguments as above show that:

(7Y ka)=Yk)P?Y)a) (keK, teR).
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Furthermore, both V, ahd ?{TZY satisfy the differential equation (M;). From
this, it follows that V,(a,) and P2Y(a,) satisfy

SO+ @(n —2)cth2t +2th20) (1) <“:—;’12—'§ +s?o 92) £(6)=0.

It is well-known that this differential equation has a unique analytic solution
— up to a scalar —, which is an odd function in 7 (cf. the proof of Lemma 7.5).
Note that (#£2Y)(a,) and V(a;) are odd in ¢, which easily follows from
woa,wo=a_,(t € R), where

-1
-1 9
Wy =
S|
Remark that (#2Y)(a,) is a nonzero function: otherwise Q’SZY would be zero,

which contradicts Lemma 5.5.
Summarizing these facts: for some v(g) e C:

V,=v(g)22Y.

Now suppose that f,u=0. Arguing as in the proof of Lemma 7.3, it follows
that for all ge G:

§ (B-su)(gk)Y(k)dk =0.

Using the fact that
§ (B_sw)(gh)Y(k)dk=0 (g€G)
K

for all u e B(G/H;M,), the lemma follows for n#4. Now let n=4. Then the
matrix

© 0
1 -1
X,= B 1 _
0 ©
is also fixed by KNM. Let Z(k) = (n(k)Xo, X;) (k€ K). The same argument as
above shows that

Vy(ka) = Z(K)D (1) + Y(K)Do(t) (keK, tER)

where @, and @, are real analytic solutions of the differential equation
mentioned before. Let ¥(f) be the nonzero real analytic solution of this
equation. Then, for some A, A5, 1, 1€ C:

(F2Y)ka) = (A, Y(k) + A, Z(k) (D),
(F2Z)(kay) = (4, Y(k) + ua Z(K))P(D),
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for keK and e R. According to Lemma 5.5, #2Y and #2Z are linearly
independent in B(G/H; M;). Therefore, V, is a linear combination of #2Y and
#27, showing that

BsVe=0,(8)2(5)Y + 02(8)cr()Z
for certain complex numbers v,(g) and v,(g). It follows that

BiVy(e)= —vi(@exls)= | (Bu)(ghk)Y(k)dk,

X
0 01 0
1 00 0
ﬂSVg 0 0 0 -1 = UZ(g)C2(S)'
01 0 0

So, if Bu=0, then v,(g)=0v,(g)=0, implying V,=0. The proof is easily
completed now. n

In the previous lemma we considered the restriction of n to K and in parti-
cular the action on f;. Now we look at pc. Let

1 1 | 1
Xy=— 6 , Xy=—= o and
2 \[i : 3 \/E »
r~ I
n-2
pREE— .e.
2
_1.
Xy=V2/n(n-2)
-1
o n-2
L 2 )

Then {X,, X;, X} is an orthonormal basis of the set of vectors in p that are
fixed under KNM. Note that (W)X, =X,, n(w)X3= —X;5 and n(w)X,=X,;
with w, as in the proof of Lemma 7.3, n{(wy)X,= — X5, 7(wy)X;=X; and
n(wo) X, = X,. Define Fj;(k) = (n(k)X;, X)), for 1, je{2,3,4}.

Then F;;€ A(K). The crucial lemma in this chapter is:
LEMMA 7.4. Let ue B(G/H;M,). If B;u=0, then for all geG:

T (B_ )y (gh)Fs3(k)dk =0.
K

Copying the proof of Lemma 7.3 we note that

(ZOFka)= T Fil)®(0), bje{23,4}
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where &(2)=&(4)=1 and £(3)=2 and
Dyty= | P{Ok™a)Fy(k)dk.
K

LEMMA 7.5.  The functions ®;(t) (i,]1=2,3,4) satisfy the following differential
equations:

n=2) (n 2) 4 22
1 s~ (s~ o) By =0
) { sh? ¢ " ehZ 2z " ~e)Pp
4(n—2) 4 ch 2t
2 D, — - +4)n(n-2) ;=0
@ BT &Mm FREvRLl }'34m" sh22s ™
4n ch 2¢
3 Do, — { n2 2 +5%—~ } D+ 4Yn(n-2) 7o P;3=0.
Here D®; = &)+ (2(n—2)cth2t + 2th2t) . '

PROOF. Note that D@f‘”l’,-,-:(sz—gz F;; (1,j=2,3,4) and use [Kosters, 9},
Lemma 2.4.2 and p. 109 to show that ’

(-0 ¥ Fk)®,()=
{=2,3,4

~(n- —2
) { 5(1’112 12) * (th t) ch? 2,}F21(k)¢i2(t)+Fz,-(k)D<D,-2(t)+

* Igﬂ\?_t [(_2”\/_?”2 Fy;(k)+n(n-2)/2 F4j(k)} _

3
~C;‘/; t [(2 \F”) Fyy(k)~Yn(n-2/2 F4J,(k)]

hj 2y F3j(k)z i3 () + Fy () DD 3(1) +

_Chlz - W [(2\75") ng(k)‘l/m F4j(k):l]¢i4(t)+

+ Fy;(K)D®D;y(1).

Using the fact that {F;;, Fy;, Fy;} is a linearly independent set in 4A(X), this
equation implies the lemma. |

LEMMA 7.6. Notation as in Lemma 7.5.

i) Up to a scalar, equation (1) has a unique odd real analytic solution on R.
The only even analytic solution is 0,

ii) The space of-analytic functions (f,g) on R, that are even and satisfy (2) and
(3), is two dimensional. The only odd analytic solution is (0, 0).
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PROOF. We only prove ii), the proof of i) being easier. Suppose that f(¢) =
=ay+ayt*+ ... and g(t) = by + byt? + ... give an analytic solution of (2) and (3),
for ¢ sufficiently near 0. It is easily seen that the lowest degree term in (2) or
(3) gives the equation

—(n—2ay+Yn(n-2)by=0.

Assuming that a;=0, we get by=0. Again we consider the lowest degree term
in (2) and (3), which is the constant term now. This implies

_1/;202: |/n—2b2.

Therefore, if @, =0 then b,=0.
Proceeding by induction, we suppose that gqy=a,=...=ay_,=0, by=b,=
=...=by_,=0 for some / in {2,3,...}. The lowest degree term gives:

QIRI= 1)+ (n =221 - (n—2))ay + Vn(n—2)by=0
QIQI- 1)+ (n = 2)21 = )by +Y/n(n = 2)ay =0.

The determinant of this system is equal to 4l(/—1)Q2/+n-3)RI+n-1),
which is only zero for /=0,1,4(—n+3) and +(—n+1). Using /=2, we have
ay=by=0.

Summarizing these facts a, and a, determine the pair (f, g), so the solution
space is at most two dimensional. The fact that there are two linearly inde-
pendent solutions will be proved during the proof of Lemma 7.4. In order to
prove the second statement of ii), suppose that f(f)=a;t+ast>+... and
g(t)=bt+ b;t? + ... give a solution of (2) and (3), for ¢ sufficiently near 0. The
lowest degree term in (2) and (3) has to be zero, and therefore

Vn(n—2)b;=0
—Zbl + /n(n—Z)al =0

whence a;=b;=0. Now we assume that g;=a;=...=ay,_=0 and b, =bh;=
=...=by_; =0 for some /in {1,2,3,...}. Compute the coefficients of 1%~ ! in
(2) and (3). This yields

QI+ 12U+ (n=2)QI+ 1) = (n—2))ay,  +Yr(n—2)by, =0
(QI+ 121+ (n—2)QI+ 1) = )by, +Yn(n—2)ay, ; =0.
The determinant of this system is equal to (2/+ 1)(2/— 1)(2/+n-2)(2/+n),

which is nonzero because /=1. So ay,;=by, =0, thereby showing that
f=g=0. |

REMARK. It is also possible to prove this lemma by using some standard
techniques for the solution of these types of differential equations. These tech-

niques can be found in most books on linear differential equations.
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Now we can give the
PROOF OF LEMMA 7.4. Take an arbitrary u e B(G/H; M,) and g € G. Consider
for g’e G:
Ve(g) = 5 u(gk ' g")F3(k)dk.
As before, V, is a real analytic element of B(G/H;M,) (cf. the proofs of
Lemma 7.1 and Lemma 7.3). We have

Vka)=' T FaU() (keK, teR)

where

Uft)= | u(gk™'a)Fy(k)dk (t€R).

With notation as in Lemma 7.5 we see that U, satisfies equation (1), and the
pair (Us, Uy) satisfies (2) and (3). Note that U, is odd whereas U; and U, are
even. This follows from

Velkawo)=Vykwoa_)=V(ka) (keK, teR)

with wy as in the proof of Lemma 7.3. We remark that { 2'F,;, #2Fy,, P!Fy;}
is a linearly independent set in A(X'), which is an easy consequence of Lemma
5.5. Now suppose that @ spans the space of odd analytic solutions of (1) and
that {(¥,, ¥,), (2}, 2,)} spans the space of even analytic. pairs that satisfy (2)
and (3). Consider the space V spanned by

{F(k)P(), F33(k)¥1 (1) + Fia (k) P (1), F3 (k)2 (1) + Fia (k) Z5(0)}

Oof course, the dimension of V is at most three. The fact that, for i=2,3,4,
9}8(’)17,-36 V shows that the dimension of V indeed is equal to three (cf. the
proof of Lemma 7.3). It is easily seen that V, is an element of V, and therefore

V,=03(8) # Fy3 + v3(8) Z2F33+ v4(8) #'F 3 N
for certain complex numbers v;(g) (i=2,3,4). So:

BsVe(e)=v3(8)ca(s) = | (Bsu)(ghk)Fs3(k)dk.
K

If Bu=0, then v;(g)=0. Using the matrix C, introduced in Chapter 2, we
derive

BV (C)=vy(8)c1(s) = | (Bsu)(gk)F33(Ck)dk
: K

from which v,(g)=0 easily follows. Substitution of
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yields that v4(g) =0. Therefore, V,=0, whence
B_sVe(@=0= | (B_u)gk)Fss(k)dk.

X

This integral is equal to

| (B_su)y(gk)F33(k)dk

X

thereby completing the proof of the lemma. B

Note that this also completes the proof of Lemma 7.6. Define for ge G:
Hg)=((e)(X;+ X)), X3 - X)).
Then F(k)=Fy;(k)— Y(k) (k€ K), because (n(k)X;,X;)=0 for all ke K. Note
that X;+ X, € g(2ep) and X; — X, € ¢(—2¢p). As a consequence of Lemma 7.3
and Lemma 7.4 we have :
COROLLARY 7.7 Let ue B(G/H;M,). If B;u=0, then for all geG:
§ (B_su)(gk)F(k)dk =0. u
K
Using Lemma 2.5, it is easy to see that (8_u)y€B(G/Pyn; Ly g;X). Note
that F'is real analytic, F(e)=2, and
F(Agman) = x(m)e™(° 9F{(g)

for all ge G, i€ Nyj=0Nmin), MeMy,, ac Ay, and ne Ny;,. Therefore,
using a well-known integration formula (cf. [Oshima, Sekiguchi, 13], p. 51), we
have

| (B- s (eh)Fk)dk=§ (B_u)(k)F(g ™ "kye Mot Dradite gy

K K

where H(g 'k)ea, is such that g~ 'k e K exp (H(g™'k))Np,. As in [Wallach,
171, define:

L(g)=e M@ (geG, Leaty)

and write ([, f)(x)=/f(gx) for g, xe G and fe A(G). With these notations we
have: ,

Bty [ (Fly(—542)4,)> =0 *
for all ge G. We want to show that (f_.u),=0. Define
B, (K/M,y;,) = { fe B(K)| f(km) = x(m)f(k) for all KeK, me M}

LK/ M) = { fe LXK)| f(km) = x(m) f(k) for (almost) all
keK, meM,}
A K/ M) = AK)N LUK/ Myps).
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Then B, (K/M,;,) is the topological dual of 4,(K/M,,,) where the spaces are
topologized in the familiar way. Note that L%(K/Mmin) is a representation
space for the principal series representation 7%* (A e a;‘f c), by

(W Hg) )k =f (1o (g ™ 'k))e~Aloe (Fitg™ k)

for geG, keK and feL%(K/Mmin); here we defined ky(g~'k)eK and
H(g"lk)ea‘D by:

g 'kery(g™ k) exp (H(g™ k) Nyin-

In the same way, L*(K/M,,;,) becomes a representation space for the spherical
principal series representation n* (cf. [Wallach, 17], Chapter 8). We need

LEMMA 7.8. Let vea, ¢ and pea* be such that:
1) 1, is a cyclic vector for the representation n* on LXK/M,;,).
2) L%(K/Mmin) contains a nonzero finite dimensional n**-invariant sub-
space V.
Suppose that W is an Npy,-invariant function in Vi W#0. Then 1, W is a
cyclic vector for the representation w%V1¥,

PROOF. The lemma is a special case of Lemma 8.13.9 from [Wallach, 17].
|

In order to show that (¥) implies (§_,u), =0, it suffices to prove

LEMMA 7.9. Let s€C, 2s¢Z. Then F1;(_s,2)+,, is a cyclic vector for the left
regular representation on A,(K/M,.), i.e. its left translates span a dense sub-
space of Ay(K/Myy)-

PROOF. We use the previous lemma, with y= —a;, and v=A(-5+2)+0,.
We have to show that I, is a cyclic vector for the representation z”. This
follows from [Helgason, 5], p. 114 and [Helgason, 6], p. 198, where it is proved
that 1, is cyclic if and only if e(v—g,) #0. Here e(v—-g,) = e(A(~s+2)), which
is nonzero because of Lemma 2.2. and the fact that 2s¢ Z. Now Lemma 7.8
implies that F1;_s.2)4,, is @ cyclic vector for the representation neM=9te,
Note that F satisfies the properties mentioned in Lemma 7.8. Therefore, the
left translates of F1, span a dense subspace, say V, of L%(K/Mmin). Write
L =L§(K/Mmin) and B=A,(K/M,,;,). We have to prove that V' is dense in B.
Note that the K-finite vectors in L and B constitute dense subspaces in these
spaces.

First we remark that the K-finite vectors in L are automatically real analytic
functions, because they are linear combinations of matrix coefficients of
irreducible unitary representations of K. Finally we show that V" contains the
K-finite vectors of L. Therefore, let Ps be the projection of L onto the space
L; of K-finite vectors of type d, for fixed d € K. P; is continuous. L; is finite
dimensional, for example because of Frobenius reciprocity. Then

Ls=Ps(L)=P; (closure of V)Cclosure of Ps(V)=Ps(V)CLs
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whence L;=Ps(V)=Vj, the set of vectors of type J in V.
Combining these facts, we see that V contains a dense subspace of B. W

Therefore, if ueB(G/H;M,) satisfies f,u=0, then (f_u),=0. Together
with Lemma 7.1. this implies that #_ =0, thereby proving Lemma 5.6. This
completes the proof of Theorem 5.4.
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