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Abstract
The multiobjective evolutionary algorithm SMS-EMOA was shown

by Emmerich et al. to outperform the well-established NSGA-II on
a range of common test problems, using the S metric as comparison
criterion. This study assesses which of the two algorithms performs
best with respect to the optimization of water distribution networks,
using the unconstrained three objective reformulation by Formiga et al.
of this originally constrained single objective problem. The well-known
test problems Two Loop and Hanoi have been examined, showing the
best results by SMS-EMOA in both cases.

1 Introduction

Optimization of the design of water distribution networks has been the sub-
ject of study by scientists in different fields for more than thirty years. The
water distribution backbone of a city is modeled using pipes, nodes, reser-
voirs, pumps, and valves. In this model the pipes take up a central position
as it is the selection of diameter sizes for pipe segments that governs the
optimization process. Smaller diameters are less expensive to procure, while
larger diameters result in higher water pressure at the demand nodes in the
network.

In the original problem formulation, published in 1977 by Alperovits and
Shamir [13], the design optimization was formulated as a single objective
problem with investment cost as objective and a constraint on the mimimal
nodal pressure; in 2003 Formiga et al. [1] expressed it as an unconstrained
multiobjective problem, using three objectives: Investment Cost, System En-
tropy and Demand Supply Ratio. Investment Cost was inherited from the
original formulation, while Demand Supply Ratio was included as an ob-
jective to maximize the mean nodal pressure. The third objective, System
Entropy, was included to increase the reliability of the network by appreci-
ating redundancy in the system; many existing optimization schemes were



likely to assign small or null diameters to pipe segments, effectively changing
the design from a looped network to a branching network [1].

Furthermore, a multiobjective approach has the potential of providing
interesting solutions that are ignored when only Investment Cost is taken
into account: imagine two solutions, one being slightly more expensive than
the other but scoring better on both reliability and mean nodal pressure.

For their optimization Formiga et al. [1] used the well established
NSGA-II multiobjective evolutionary algorithm. In 2005 Emmerich et al. [5]
presented their SMS-EMOA multiobjective evolutionary algorithm. They
showed it outperformed NSGA-II and a few other state-of-the-art optimiz-
ers on a range of two objective [5] and three objective [7] test problems.
Now using the formulation by Formiga et al. [1] for multiobjective optimiza-
tion of water distribution networks, it is to be determined how SMS-EMOA
performs in relation to NSGA-II with respect to this real-world problem.

This work is structured as follows: in Section 2 the optimization problem
is defined, zooming in on the different elements that comprise the optimiza-
tion loop. Section 3 provides some definitions needed for multiobjective op-
timization, lays out the general multiobjective evolutionary algorithm, and
gives insight into the differences between NSGA-II and SMS-EMOA. Next
Section 4 deals with the problem specific adaptation needed for application
of NSGA-II and SMS-EMOA to optimization of water distribution networks.
Section 5 gives an overview of the test problems that were examined and
then in Section 6 the results of this examination are analyzed. Finally Sec-
tion 7 provides concluding remarks and some input for future work.

2 Problem Definition

Starting from a test problem with a fixed topology (i.e. the node and pipe
layout) and topography (i.e. the elevations of the nodes and reservoir), the
optimization problem is to select the best diameter sizes for the pipes in the
network from a table of available commercial diameters. From a reliability
and nodal pressure perspective, the largest diameter available is ideally used
throughout the network as this will cause the least friction loss in the pipes
and provide the maximum number of good alternative routes; however, this
will also be the most expensive solution available. Thus multiobjective op-
timization is used, leading to a set of mutually non-dominated solutions,
including good compromise solutions based on the preferences the designer
has for one or more objectives.

The optimization loop has three main components (see Figure 1):

1. Hydraulic simulator (see Section 2.1): an optimizer which solves the
non-linear equation system by minimizing residuals (see Section 2.1.4),
taking as input the network definition (i.e. topology and topography)
and one of the solutions generated by the multiobjective optimizer at a
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Figure 1: The Multiobjective Optimization Loop

time (indicating the selected diameter size per pipe), while providing
flows and pressures as output (to be used as input by the objective
functions);

2. Objective functions (see Section 2.2): calculate the fitness of a solution,
expressed in three objectives, based on the network definition, the
flows and pressures received from the hydraulic simulator (depending
on the current diameter selection), and the current diameter selection
determined by the solution that is being assessed;

3. Multiobjective optimizer (see Section 3): generates new solutions, which
are vectors of diameter codes (the codes point to certain size and price
couples in the table of commercial diameters), and selects the best
solutions to proceed to the next generation based on their objective
values.

2.1 Hydraulic Simulator

The hydraulic simulator models the water distribution network consisting of
nodes, reservoirs, and pipes. It produces two kinds of output: the hydraulic
heads (i.e. potential energy of the water due to elevation) at the nodes and
the flows in the pipes. In this study the EPANET 2 simulator by Rossman
[2] was used. Starting from a set of known hydraulic heads at the reservoir
nodes (namely: the elevation of the reservoir), it calculates the hydraulic

3



head at each internal node and the flow in each pipe (while compensating
for friction loss depending on the choice of diameters for the pipes).

2.1.1 Constants

The following constants are provided in the definition of a test problem:

m number of pipes in the network;
r number of reservoir nodes in the network;
n number of internal nodes in the network;
r + n total number of nodes in the network;
Li length of pipe i;
bi begin node of pipe i;
ei end node of pipe i;
Ci roughness coefficient of pipe i, for use in the friction head loss

formula (see Section 2.1.5);
Zj elevation of node j ∈ {1, . . . , r + n};
Qj water demand drawn from internal node j ∈ {r + 1, . . . , r + n};
pzero pressure corresponding to zero nodal water demand satisfaction;
preq pressure required to satisfy the nodal water demand completely;
Ndiam number of diameters in the table of available commercial

diameters.

For an illustration of a test problem network, see Figure 2.

2.1.2 Simulation Variables

The following variables are calculated or can change during a run of the
hydraulic simulator:

pj effective pressure remaining at internal node
j ∈ {r + 1, . . . , r + n};

hj hydraulic head (i.e. potential energy of the water) at node
j ∈ {1, . . . , r + n}, where:

hj =
{

Zj j ≤ r
Zj + pj else

(1)

qi water flow in pipe i (from orig(i) to dest(i));
orig(i) origin of the water flow in pipe i, where:

orig(i) =
{
bi qi ≥ 0
ei qi < 0

(2)

dest(i) destination of the water flow in pipe i, where:

dest(i) =
{
ei qi ≥ 0
bi qi < 0

(3)
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Figure 2: The Two Loop Network: node data, pipe data, and available commercial
diameters are listed in Table 6, 7, and 8 in the Appendix.

2.1.3 Decision Variables

The following variables are varied during the optimization process:

Di diameter code of pipe i, indicating the selected size/price entry from
the table of available commercial diameters (supplied with the test
problem, for an example see Table 8 in the Appendix).

2.1.4 Equations

Two sets of equations have to be satisfied:

• Hydraulic head loss (i.e. pressure loss) in all pipes i :

loss i = horig(i) − hdest(i) = Ki|qi|α (4)

where:

Ki resistance coefficient of pipe i, depending on pipe roughness,
length, and the selected diameter (i.e. Ki ≡ K(Ci, Li, Di));
the exact form of this coefficient is determined by the used
friction head loss formula (see Section 2.1.5);

α exponent of the friction head loss formula.
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• Flow continuity around all internal nodes j ∈ {r + 1, . . . , r + n}:

fj =
∑

i: j=dest(i)

|qi| −
∑

i: j=orig(i)

|qi| −Qj = 0 (5)

This rule basically means that the flow into a node must equal the
flow going out of that node.

For a set of known hydraulic heads at the reservoir nodes, the remaining
heads and flows are sought that satisfy equation 4 and 5. This can be done by
combining these equations and reformulating the system as a minimization
problem. First, isolate |qi| in equation 4:

|qi| =
(
horig(i) − hdest(i)

Ki

) 1
α

(6)

Then, replace all occurrences of |qi| in equation 5 by the righthand term of
equation 6:

fj =
∑

i: j=dest(i)

(
horig(i) − hdest(i)

Ki

) 1
α

−

∑
i: j=orig(i)

(
horig(i) − hdest(i)

Ki

) 1
α

−Qj = 0

(7)

Next we define the following system calculating the sum over all n squared
errors around zero (i.e. solves equation 7 for every internal node):

r+n∑
j=r+1

(fj − 0)2 (8)

Now we can express the hydraulic simulator as a minimization problem
solving the non-linear equation system by minimizing residuals; a tuple of
hydraulic heads at the internal nodes j ∈ {r + 1, . . . , r + n} is sought that
minimizes the sum of the n squared errors around zero:

arg min
(hr+1,...,hr+n)∈Rn

r+n∑
j=r+1

(fj(h1, . . . , hr+n))2 (9)

2.1.5 Friction Head Loss Formula

In an ideal setting, the hydraulic head remains the same at all nodes and
does not decrease during transportation of the water through the network. In
a real situation however, some potential energy of the water is converted into
heat due to friction in the pipes. The friction head loss formula calculates
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this pressure loss. In this study the widely adopted, empirically derived
Hazen-Williams equation [3] is used:

loss i = ω
Li

C α
i size(Di)β

|qi|α (10)

where:

ω numerical conversion constant, depending on the units used
(see Section 2.1.6);

α exponent taken to be 1.852 by Rossman [2];
β exponent taken to be 4.871 by Rossman [2];
size(Di) diameter size corresponding to diameter code Di.

The resistance coefficient Ki of pipe i (mentioned in Section 2.1.4) then
becomes:

Ki = ω
Li

C α
i size(Di)β

(11)

2.1.6 Units

In principle arbitrary units may be used in a test problem definition (see
Section 5) for each of its properties. As a result, different sets of units are
used in different test problems. Dependences exist between certain properties
however, with the requirement of using the same unit for both. If a depen-
dency exists but different units are used, values will have to be converted
using conversion constants1.

The following dependences exist and they determine which units are
used in the actual calculation (see Section 2.1.1, 2.1.2, and 2.1.3 for used
notation):

• Zj ⇒


hj
Li

pzero , preq , pj

• qi ⇒ Qj

• size(Di) ∧ qi ⇒ ω

Per property we discriminate between the unit used in the calculation (cal-
culation unit) and the unit defined in the test problem (defined unit). Inputs
for which dependences exist (e.g. Li, Qj , ω) will have to be converted from
the defined unit to the calculation unit prior to calculation; outputs for which
dependences exist (e.g. pj) will have to be converted from the calculation
unit to the defined unit after calculation.

1For an exhaustive listing, visit http://www.asknumbers.com
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The numerical conversion constant ω is a special input case as it is unit-
less. Rossman [2] defines ω as 4.727 for size(Di) in feet and qi in cubic foot
per second. The numerical constant can be converted for usage with different
units as follows:

ω =
convQα

convDβ
· 4.727 (12)

where:

convQ conversion constant from defined unit for qi to feet ;
convD conversion constant from defined unit for size(Di) to cubic foot

per second.

Both test problems that was applied optimization to (see Section 5) define
size(Di) in inch and qi in cubic meter per hour. This combination is not
available in EPANET, so the available combination of size(Di) in millimeters
and qi in cubic meter per hour had to be used. The size(Di) values were
converted prior to calculation. One inch exactly equals 25.4 millimeter, but
we follow Formiga et al. [1] who use a conversion constant from inch to
millimeter of 25, in order to be consistent in the test problem comparisons
presented later in this work (see Section 6).

2.2 Objective Functions

Formiga et al. [1] define three objectives: Investment Cost, System Entropy
and Demand Supply Ratio. Investment Cost depends on the (commercially
available) diameter size selected per pipe and is, naturally, to be minimized.

System Entropy expresses the reliability of the network. The water de-
mand at a given internal node is ideally met using multiple different paths
to that node. The required flow should be distributed over these routes as
evenly as possible. This way, should a segment of the network fail, alterna-
tive routes exist which could still supply a reasonable part of the demand.
System Entropy is determined by the flows in the different pipes in the net-
work, thus, like Investment Cost, it depends on the selection of diameters.
The value for System Entropy is to be maximized.

The third objective, Demand Supply Ratio, tells us to what extent the
water demand at the various internal nodes in the network is met. It depends
on the pressure (i.e. hydraulic head minus node elevation) remaining when
the water reaches the node. Pressure at an internal node is gained by the
relative elevation of the reservoir node (compared to the elevation of the
internal node); pressure at an internal node is lost due to friction in the
pipes during transportation. Since the other values are given as constants
(the node elevations are defined in the test problem), Demand Supply Ratio
varies solely with the friction loss and is thereby again determined by the
choice of diameter sizes. The Demand Supply Ratio is to be maximized.
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2.2.1 Investment Cost

The first objective function is [1]:

F1 = min[
m∑
i=1

price(Di)Li] (13)

where:

price(Di) unit price of the ith pipe; the prices of the diameter sizes are
included in the table of available commercial diameters,
supplied with the test problem.

2.2.2 System Entropy

Let inj be the water flow transported towards node j by the incoming pipes
i connected to it:

inj =
∑

i: j=dest(i)

|qi| (14)

Let IN be the sum of all incoming flows in the network:

IN =
r+n∑
j=1

inj (15)

Let sj be the entropy of node j :

sj =
∑

i: j=dest(i)

−|qi|
inj

ln
|qi|
inj

(16)

Let S be the entropy of the entire network:

S =
n∑
j=1

inj
IN

(sj − ln
inj
IN

) (17)

For the second objective function, the exponential of S is taken (increasing
the range, for easier comparison of different solutions) [1]:

F2 = max[expS] (18)

2.2.3 Demand Supply Ratio

In order to determine the portion of its water demand a node is capable of
servicing, a functional relationship between pressure and water demand at
a node needs to be established. Let pj be the effective pressure remaining
at node j:

pj = hj − Zj (19)
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Let Q met
j be the portion of the water demand met at node j :

Q met
j =


0 pj < pzero

Qj

√
pj−pzero
preq−pzero pzero ≤ pj ≤ preq

Qj pj > preq
(20)

The third objective function then becomes the maximization of the average
demand supply ratio [1]:

F3 = max[
1
n

r+n∑
j=r+1

Q met
j

Qj
] (21)

0

Qj

pzero preq

Q
j
m
e
t

pj

Figure 3: Plot of the functional relationship Q met
j for test problem Two Loop (i.e.

pzero = 10, preq = 30; see Section 5.1).

3 Multiobjective Evolutionary Algorithms

Having explained the hydraulic simulator and defined the objective func-
tions, let us now turn to the third component in the optimization loop: the
multiobjective optimizer (see Figure 1). Formiga et al. [1] used the multi-
objective evolutionary algorithm NSGA-II by Deb et al. [4] in their study.
Emmerich et al. [5] showed that their SMS-EMOA outperforms NSGA-II
for standard two dimensional benchmark problems ZDT1 through ZDT4
and ZDT6, concerning the S metric [8]. Moreover, Naujoks et al. [7] pre-
sented better S metric results for SMS-EMOA on three dimensional DTLZ
problems. S metric or hypervolume measure is a commonly used comparison
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criterion for non-dominated sets or Pareto fronts. It expresses the volume
in the multi-dimensional objective space that the points in the Pareto front
jointly dominate, with respect to a reference point. For the problem of multi-
objective optimization of water distribution networks, it is to be determined
which of both algorithms performs best with respect to the S metric. In
order to allow for a fair comparison, both NSGA-II and SMS-EMOA are
implemented, enabling pairwise comparison of results for which the same
same set of parameters was used (e.g. population size, recombination proba-
bility, mutation probability ; see Section 4.3).

3.1 Definitions

A multiobjective optimization problem deals with solutions that exist in the
decision space (i.e. they consist of decision variables) and that are ranked
using their position in the objective space (i.e. their score for each of the
objectives functions). The solution is sought that has the best values for
each of the objectives (i.e. maximal value in case of a maximization objective;
minimal value in case of a minimization objective). For determining the best
of two solutions, the associated objective values will have to be compared
pairwise. A solution can only be declared better than the other if at least
one of its objective values is better and the rest of the objective values is
not worse than those of its counterpart. In practice this means that not one
best solution is found but a set of solutions for which no clear winner can
be appointed. In the following paragraph these notions are formalized.

Zitzler and Thiele [8] define a multiobjective optimization problem as a
vector function f that maps a tuple of v decision variables to a tuple of w
objectives:

arg {min,max}
x

y = f (x) = (f1(x), . . . , fw(x)) (22)

with:
x = (x1, . . . , xv) ∈ X (23)

y = (y1, . . . , yw) ∈ Y (24)

where:

x decision vector;
X decision space;
y objective vector;
Y objective space.

Assume a pure minimization problem (i.e. only minimization objectives),
without loss of generality, and consider two decision vectors x1,x2 ∈ X. We
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define the following order on the decision space: x1 is said to dominate x2

(in symbols: x1 ≺ x2) iff:

∀i ∈ {1, . . . , w} : fi(x1) ≤ fi(x2) ∧
∃j ∈ {1, . . . , w} : fj(x1) < fj(x2)

(25)

Under the same assumptions, consider two objective vectors y1,y2 ∈ Y. We
then define a similar order on the objective space: y1 is said to dominate y2

(in symbols: y1 ≺ y2) iff:

∀i ∈ {1, . . . , w} : y 1
i ≤ y 2

i ∧
∃j ∈ {1, . . . , w} : y 1

j < y 2
j

(26)

The efficient set M consists of all decision vectors for which the corre-
sponding objective vectors cannot be improved in any dimension without
degradation in another [8]; all decision vectors for which no other decision
vector exist that dominates it are contained [5]:

M = {x1 ∈ X|@x2 ∈ X : x2 ≺ x1} (27)

The image YN of M in the objective space Y is called the non-dominated
set or Pareto front :

YN = {f(x) : x ∈M} (28)

Let the Boundary point yBound of a set of objective vectors Y be the vec-
tor combining the worst value (i.e. largest value in case of a minimization
objective) that occurs per objective:

y Bound
i = max

y∈Y
yi,∀i ∈ {1, . . . , w} (29)

Moreover, let the Ideal point of a set of objective vectors be the vector com-
bining the best value (i.e. smallest value in case of a minimization objective)
that occurs per objective:

y Ideal
i = min

y∈Y
yi,∀i ∈ {1, . . . , w} (30)

3.2 S Metric

3.2.1 Theory

The S metric was proposed by Zitler and Thiele [8], who called it the size
of the space covered. Knowles and Corne [9] define it as calculating the hy-
pervolume of the multi-dimensional region enclosed by the objective vectors
YN and a reference point (yref ), hence computing the size of the region
in objective space that M dominates. They point out that the choice of
reference point is arbitrary (to an extent: the reference point should be
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Figure �� The relative value of the S metric depends
upon an arbitrary choice of reference point� In the
upper half� two nondominated sets are shown� A and
B� with S�A� �S�B�� In the lower half the same sets
have a di�erent ordering in S�

enclosed by A and a 	reference point
 �see Figure ���
hence computing the size of the region A dominates�
It is independent �although needs a reference point to
be chosen�� so it induces a complete ordering� and it
is non�cardinal� Pareto compatibility� Compatible
withOW provided that the reference point is set so that
all feasible nondominated sets are evaluated as positive�
Pros� There are many� compatible with the outperfor�
mance relations� independent� di�erentiates between d�
i�erent degrees of complete outperformance of two sets�
scaling independent� and its meaning is intuitive� Con�
s�caveats� It requires de�ning some upper boundary
of the region within which all feasible points will lie�
This choice does a�ect the ordering of nondominated
sets �see Figure ��� and is relatively arbitrary� It has
a large computational overhead� O�nk���� rendering it
unusable for many objectives or large sets� It multi�
plies 	apples
 by 	oranges
� that is� di�erent objectives
together� but arguably this does not matter� since the
metric is scaling independent anyway� and the units are
irrelevant�

Error ratio �ER�

This 
�� is de�ned as �
Pn

i�� ei��n� where n is the num�
ber of vectors in the approximation set Z� ei � � if
vector i is in Z� and � otherwise� Lower values of the
error ratio represent better nondominated sets� ER is
the proportion of non true Pareto points in Z� It is a
reference metric using Z� as reference set� It induces a
total ordering� and is cardinal� Pareto compatibil�
ity� It is only weakly compatible with OC � It is not
weakly compatible with OS or OW � e�g� if an algorith�
m �nds two nondominated vectors� one in Z�� and the

other far from Z�� then its error ratio is ���� If it �nd�
s one hundred solutions� �� of which are very close to
Z� �and perhaps distributed evenly along it over a wide
range in the objectives�� and one �as before� which is in
Z�� then its error ratio will be ����� Clearly the second
set of points is far better� but the �rst has a much worse
ER� It strongly violates monotony� given a nondomi�
nated set A with one or more Pareto optimal points
in it� addition of more nondominated but non�Pareto
optimal points makes the ER score worse� It violates
relativity too� since any non�empty subset of Z� has an
opimal error ratio� However� it exhibits weak relativity
because the Pareto front itself is evaluated not worse
than any other set� Pros� It is easy to understand and
easy to calculate� It is scaling independent� For test
problems it can be used as a quick and rough mean�
s of assessing progress towards Z�� Cons�caveats�
Knowledge of Z� is needed� It is incompatible with
the outperformance relations�

Generational distance �GD�

This 
�� is

pP
n

i��
d�
i

n
� where n is the number of vectors

in the approximation set� and di is the distance in ob�
jective space between vector i and the nearest member
of Z�� Lower values represent better sets� GD mea�
sures general progress towards Z�� It is a reference
metric using Z� as reference� It induces a total order�
ing� and is non�cardinal� Pareto compatibility� It
is not weakly compatible with OW � but is compatible
with OS� It violates weak monotony� E�g�� the GD
score favours one vector close to Z� over a set contain�
ing that vector plus others� as long as the others are
not closer on average to Z� than the �rst one� It does
exhibit weak relativity� since any subset of Z� has an
optimal GD� Pros� For a constant size of nondomi�
nated set� GD is compatible with OS � It is relative�
ly cheap to calculate� Cons�caveats� Because it is
not compatible with OW it cannot be used con�dently
for nondominated sets that are changing in cardinality
�typical� for example� of the non�dominated portion of
an EMO population over time�� It cannot reliably dif�
ferentiate between di�erent levels of complete outper�
formance� Knowledge of Z� is required� The distance
metric will either add or multiply di�erent objectives
together� introducing scaling and normalization issues
that cannot be properly resolved without reference to
additional preference information�

Maximum Pareto Front Error �MPFE�

This 
�� is de�ned as follows�

max
j

�min
i

jf i���x�� fj� ��x�j
p � jf i���x�� fj� ��x�jp���p ���

where i � �� � � � � n� and j � �� � � � � n� index vectors
in Z and Z� respectively� and p � �� Lower values
represent better sets� MPFE measures the largest dis�
tance between any vector in Z and the corresponding
closest vector in Z�� It is a reference metric using Z�

as a reference� It induces a complete ordering� and is
non�cardinal� Pareto compatibility It is not weakly
compatible with any outperformance relation� It vio�
lates weak monotony� It is better� according to MPFE�

�

Figure 4: The relative value of the S metric depends upon the choice of reference
point. In the upper half two non-dominated sets are shown, A and B, with S(A) >
S(B). In the lower half the same sets have a different ordering in S. Please note:
it is the objective space Y pictured, but Knowles and Corne [9] used a different
notation Z (zi ↔ yi, z↔ y). (Figure courtesy of Knowles and Corne [9].)
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dominated by all objective vectors corresponding to decision vectors, i.e.
f(x) ≺ yref : ∀x ∈ X) but still needs to be done carefully as it can effect the
relative ordering of the compared non-dominated sets (see Figure 4 for their
illustrated two dimensional case). Furthermore, an accurate calculation of
the S metric requires a normalized and positive objective space [5].

Major pitfall of the S metric was the time complexity of the original
algorithm calculating it, limiting its usefulness for large sets or problems
with many objectives: O(kl+1), with k being the number of objective vectors
in the non-dominated set and l being the number of objectives [9]. Better
algorithms have been developed since; the current best result for l = 3 is
O(k log k) (by Beume et al. [11]) and the best time complexity for l > 3 is
O(k log k + kl/2) (by Beume and Rudolph [10]).

3.2.2 Implementation

In this study the three dimensional S metric algorithm by Emmerich [6]
was used. While it was originally designed to determine the S contributions
(∆S) of all objective vectors in a supplied non-dominated set, with some
small augmentations it could be used for calculating the total S of a set as
well (see Algorithm 2 in the Appendix). The algorithm operates in O(k3)
time2.

In comparing the results of the NSGA-II and SMS-EMOA runs, normal-
ization of the objective vectors was handled as follows:

y norm
i =

yi − y IdealTP
i

y BoundTP
i − y BoundTP

i

, ∀i ∈ {1, 2, 3} (31)

where:

yBoundTP Boundary point of the test problem;
yIdealTP Ideal point of the test problem.

Since the values for all objectives were already non-negative, this projects
the objective space onto [0, 1]3 and sets all objectives to be minimized.

The Boundary point of a test problem is obtained as follows (see Section
2.1.1, 2.1.2, 2.1.3, and 2.2 for used notation):

yBoundTP =

 F1(D = {Ndiam − 1}m)
F2(S = 0) = 1

F3(Qmet = {0}n) = 0

 (32)

2For calculating the total S metric of a set this algorithm is slower than the three
dimensional algorithm by Beume et al. (mentioned in Section 3.2.1). When used in the
SMS-EMOA algorithm however (see Section 3.5) the difference in computational speed is
smaller since then all k ∆S contributions are needed; using the algorithm by Beume et al.
k iterations would be required with a resulting time complexity of O(k2 log k).
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where:
D = (D1, . . . , Dm) (33)

Qmet = (Q met
r+1 , . . . , Q met

r+n ) (34)

Moreover, the Ideal point of a test problem is obtained as follows (see Section
2.1.1, 2.1.2, 2.1.3, and 2.2 for used notation):

yIdealTP =

 F1(D = {0}m)
F2(q = {1}m)

F3(Qmet = Q) = 1

 (35)

where:
q = (q1, . . . , qm) (36)

Q = (Qr+1, . . . , Qr+n) (37)

In comparing the results of the NSGA-II and SMS-EMOA runs, the
following (effectively pre-normalized) reference point yref was used:

y ref
i = 1 + ε, ∀i ∈ {1, 2, 3} (38)

where:

ε reference point constant, arbitrary non-negative value to make sure
[f(x)]norm ≺ yref : ∀x ∈ X; in this study ε = 0.001 was used.

3.3 The General Evolutionary Algorithm

In order to do an efficient comparison between the definitions of NSGA-
II and SMS-EMOA, the optimization loop of the general (multiobjective)
evolutionary algorithm is laid out here (for an overview, see Algorithm 1).
Certain assumptions (e.g. a fixed population size) are made, which could be
argued not to hold for every evolutionary algorithm, but since they do for
both NSGA-II and SMS-EMOA, we make them here. Initially, a random
parent population of µ individuals (i.e. random decision vectors) is created.
For these individuals values for each of the objectives are calculated (i.e. the
individuals are evaluated which determines the associated objective vectors).
Then the optimization loop starts, which continues until a certain stop con-
dition is reached (often the number of decision vector evaluations is fixed, as
these are likely to account for the greatest amount of time/money in real-life
applications). The loop begins with selecting parents using a certain selec-
tion scheme, which will then be used in pairs or individually for reproduction
by the variation operators. Variation creates λ offspring, using recombina-
tion followed by mutation, with probability probrec and probmut respectively.
Offspring is evaluated, after which, using a second selection scheme, the µ
best ranked individuals are taken from the combined parent and offspring
pool to form the new parent population.
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Section 3.4 and 3.5 address the NSGA-II and SMS-EMOA implemen-
tations of this general EA model; for the problem specific implementations
of the EA operators, which are shared by NSGA-II and SMS-EMOA, see
Section 4.

Algorithm 1 General EA

1: t← 0
2: Pt ← initialize() /* Initialize random start population of µ individuals */
3: evaluate(Pt) /* Determine objective values for individuals in population */
4: repeat
5: P ′t ← select-parents(Pt) /* Select parent individuals that will be used

for creating offspring */
6: Qt ← variation(P ′t ) /* Use recombination and mutation to create λ

offspring */
7: evaluate(Qt) /* Determine objective values for offspring */
8: Pt+1 ← selection(Pt ∪Qt) /* Select µ individuals that will form the

new population */
9: t← t+ 1

10: until stop criterium reached

3.4 NSGA-II

The NSGA-II algorithm by Deb et al. [4] generates µ offspring per iteration
(i.e. λ = µ). The new parent population is selected using:

1. Non-dominated sorting : all individuals are assigned a non-domination
rank, placing individuals with equal ranks in the same non-dominated
front and with rank i indicating domination by individuals in i − 1
better ranked fronts (i.e. of {R1, . . . ,RI}, R1 is the actual Pareto
front and points in the worst front RI are dominated by points in
{R1, . . . ,RI−1}) (see Figure 5 for a two dimensional example [6]).

2. Crowding distance sorting : for comparing individuals within the same
front, individuals are assigned a second ranking indicating the distance
between their nearest neighbors (i.e. at left- and righthand side, with
larger distance leading to higher rank).

The new population is then composed as follows: add fronts, starting from
rank 1, until the size of the current front exceeds the empty spaces remaining
in the new population; then use the crowding distance ranking to fill the
remaining space with the best individuals from this front. With complexity
of the non-dominated sorting and crowding distance sorting being O(µ2)
and O(µ logµ) respectively, the complexity of NSGA-II is governed by the
non-dominated sorting operation and is O(µ2) per iteration (for a three
objective problem) [4].
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Figure 6.2.2: Illustration of the non-dominated sorting procedure for a population of
13 individuals in a two dimensional solution space. The population gets
subdivided into three partitions. The numbers attached to the solutions
indicate the rank that was assigned to them by the non-dominated sorting.

f2
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f1

Figure 6.2.3: Illustration of the crowding distance sorting of members of the non-
dominated subset of the population depicted in figure 6.2.2. The circum-
ference of the boxes touching neighboring solutions are used as ranking
criterion. Extremal solutions are always ranked better than non-extremal
solutions. The numbers assigned to the solutions indicate their rank.

123

Figure 5: Illustration of the non-dominated sorting procedure for a population of
13 individuals in a two dimensional objective space. The population is divided into
three partitions. The numbers attached to the solutions indicate the rank that
was assigned to them by the non-dominated sorting procedure. (Figure courtesy of
Emmerich [6].)

Formiga et al. [1] used the MOMHLib++ [12] implementation of Deb’s
algorithm, an approach that was followed in this study in order to allow for
a comparison between test results. It is a genuine implementation, except for
the fact that instead of the final parent population an unbounded archive is
presented as test result, containing all mutually non-dominated individuals
generated over all iterations of the algorithm (much like the way an archive
is maintained in PEAS by Knowles and Corne, which approach Deb et al.
describe in [4], but a concept they did not include in the definition of
NSGA-II). For this study the MOMHLib++ implementation was adapted
so not the unbounded archive but the final population is taken as test result.

3.5 SMS-EMOA

The SMS-EMOA algorithm by Emmerich et al. [5] generates 1 offspring per
iteration (i.e. λ = 1). The new parent population is selected using:

1. Non-dominated sorting : see Section 3.4.

2. S metric contribution sorting : for comparing individuals within the
same front, individuals are assigned a second ranking indicating their
∆S with regard to the front in which they are contained (see Section
3.2.2).

The new population is determined as follows: non-dominated sorting is used
to divide the individuals over fronts and the worst (i.e. last) front is then
sorted on ∆S . The individual in the last front with the lowest ∆S is dis-
carded, which leaves µ individuals in the combined parent and offspring pool
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Fig. 1. Comparison of crowding distance sorting (left) and sorting by ∆S (right)

omitted, if extremal solution are to be kept anyway. Furthermore, our method
is independent from the scaling of the objective space, in the sense that the
order of solutions is not changed by multiplying the objective functions with a
constant scalar vector.

3.3 Comparison of ∆S and the Crowding Distance

The similarity of the SMS-EMOA to the NSGA-II algorithm is noticable. The
main differences between both procedures are the steady-state selection of the
SMS-EMOA in contrast to the (µ + µ) selection in NSGA-II and the different
ranking of solutions located on the same Pareto front.

We would like to compare the crowding distance measure, that functions as
ranking criterion for solutions of equal Pareto rank in NSGA-II, to the hypervol-
ume based measure ∆S . We recapitulate the definition of the crowding distance:
It is defined as infinity for extremal solutions and as the sum of side lengths of
the cuboid that touches neighboring solutions in case of non-extremal solutions
on the Pareto front. It is meant to distribute solution points uniformly on the
Pareto front. In contrast to this, the hypervolume measure is meant to distribute
them in a way that maximizes the covered hypervolume.

In figure 1 a set R of non-dominated solutions is depicted in a two dimensional
solution space. The left hand side figure shows the lines determining the ranking
of solutions in the NSGA-II. The right hand side figure depicts the same solutions
and their corresponding values of ∆S(s, R), which are given by the areas of
the attached rectangles. Note that for the crowding distance, the value of a
solution xi depends on its neighbors and not directly on the position of the
point itself, in contrast to ∆S(s, R). In both cases extremal solutions are ranked
best, provided we choose a sufficiently large reference point for the hypervolume
measure. Concerning the inner points of the front, x5 (rank 3) outperforms
x4 (rank 4), if the crowding distance is used as a ranking criterion. On the
other hand, x4 (rank 3) outperforms x5 (rank 4), if ∆S(s, R) is employed (right

Figure 6: Comparison of crowding distance sorting (left) and sorting by ∆S (right).
Concerning the inner points of the front, x5 (rank 3) outperforms x4 (rank 4), if
the crowding distance is used as a ranking criterion. On the other hand, x4 (rank 3)
outperforms x5 (rank 4), if ∆S is employed. This indicates that good compromise
solutions, which are located near knee-points of convex parts of the Pareto front, are
given better ranks in SMS-EMOA than in the NSGA-II algorithm. (Figure courtesy
of Emmerich et al. [5].)

for forming the new parent population. With complexity of non-dominated
sorting (which was borrowed from NSGA-II) and S metric contribution sort-
ing being O(µ2) ([4]) and O(µ3) respectively, the complexity of SMS-EMOA
is governed by the S metric contribution sorting operation and is O(µ3) per
iteration (for a three objective problem, using the algorithm by Emmerich
[6] for the S metric contribution sorting (see Section 3.2.2)).

For determining the ∆S of individuals in the last front, normalization is
applied and a dynamic reference point is used (as proposed by Emmerich
et al. [5]). The approach is similar to the procedure for comparing results
of NSGA-II and SMS-EMOA runs (see Section 3.2.2), except for the fact
yBoundRI and yIdealRI are used instead of yBoundTP and yIdealTP (i.e. the
Boundary and Ideal points of the last front RI are taken, instead of those
of the test problem).

The most important difference between SMS-EMOA and NSGA-II is
the different sorting by the S metric contribution and crowding distance
operations: see Figure 6 for a two dimensional example [5].

4 Problem Specific Approach

A problem specific approach was devised, specifically tailored for the prob-
lem of multiobjective optimization of water distribution networks and for
usage in both the NSGA-II and SMS-EMOA implementations. This way, dif-
ferences in the test results can with certainty be attributed to the differences
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between the algorithms. Firstly the individual (or solution) representation
is presented, then the operators are addressed and lastly an overview of the
parameters is given that were used in the different test runs. See Section
2.1.1, 2.1.2, and 2.1.3 for used notation.

4.1 Representation

An individual is represented by an m-tuple containing a diameter code for
each pipe:

(D1, . . . , Dm) (39)

with:
Di ∈ {0, 1, . . . ,N diam − 1},∀i ∈ {1, . . . ,m} (40)

4.2 Operators

The selection operator for forming a new population Pt+1, which is done
differently for NSGA-II and SMS-EMOA, is described in Section 3.4 and
3.5. The remaining operators are defined here.

4.2.1 Initialization

The initial population is filled with µ uniform randomly initialized individ-
uals, i.e.:

Di = u ∈ {0, 1, . . . ,N diam − 1},∀i ∈ {1, . . . ,m} (41)

where:

u uniform randomly picked integer.

4.2.2 Parent Selection

Parent individuals are selected from the parent population Pt using Binary
Tournament selection; this is done twice per iteration for obtaining two
parent individuals. The procedure is as follows: uniform randomly pick two
individuals from the parent population Pt and decide a winner by comparing
the front in which they are contained (best front wins); if they are both in the
same front, decide by crowding distance (NSGA-II; largest value wins) or use
individual 2 (SMS-EMOA; it is too costly to determine ∆S for individuals
in all fronts).

4.2.3 Recombination

Recombination is applied with probability probrec (see Section 4.3). The two
parent individuals, delivered by the parent selection operator, are combined
to form one offspring individual using uniform crossover. The procedure is
as follows: starting from two parent individuals, diameter code Di is copied
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from parent 1 to the new offspring individual with probability 0.5; it is
taken from parent 2 otherwise. Repeat for all i ∈ {1, . . . ,m}. In case of the
recombination step not being taken, parent 1 is simply copied as offspring.

4.2.4 Mutation

Mutation is applied on each diameter code Di of the newly created offspring
with probability probmut (see Section 4.3). A new value is chosen for diameter
code Di:

Di = u ∈ {0, 1, . . . ,N diam − 1} (42)

where:

u uniform randomly picked integer.

4.3 Parameters

Per test problem three test setups with different parameters (see Table 1)
have been run, using our NSGA-II and SMS-EMOA implementation. The
first setup is based on the settings Formiga et al. [1] used (i.e. probrec = 1,
probmut = 0.05), setup 2 and 3 are included to study the effect of using
only mutation as variation operator, and with setup 4 and 5, the effect of a
smaller population size is assessed. All test setups have 20,000 evaluations
by the hydraulic simulator as stop condition, which allows the algorithms
to generate 20,000 individuals.

Table 1: Test Setups
Setup µ probrec probmut

1 100 1 0.05
2 100 0 0.05
3 100 0 1

m
4 50 0 0.05
5 50 0 1

m

5 Test Problems

In literature a recurring set of test problems is used, from which we chose
Two Loop and Hanoi to apply optimization to (following Formiga et al. [1]).
Two Loop is a fictional network, originally defined in [13] by Alperovits and
Shamir (1977), and has a relatively low complexity. Hanoi is the water dis-
tribution trunk layout that was to be realized in Vietnam, originally defined
in [14] by Fujiwara and Khang (1990), and being larger than Two Loop
(i.e. more network components like pipes, nodes, and loops), it has a higher
complexity. Both problems deal with the design of a new water distribution
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is more than 11% of its total pipe lengths. In fact, SA 
produced many good solutions with different combinations of 
pipe segments, the designer may choose the solutions that are 
practicable though their costs may be little more expensive 
than the best but less realistic ones. The solutions thus 
obtained show that SA has produced significant improvement 
in solutions and that the least cost solution found in this study 
is the lowest-cost solution yet presented in the literature for 
the Hanoi network. 

C. New York City Water Supply Network 
The data of the New York City water supply tunnels is 

taken from Quindry et al. [25], Fujiwara and Khang [11] and 
Dandy et al. [7]. The configuration of the network, as shown 
in Fig. 5, consists of 21 pipes, 20 nodes, and 2 loops. The 
work is to construct additional gravity flow tunnels parallel to 
the existing system to satisfy the increased demands at the 
required pressures. Sixteen sizes of diameters (including none 
pipe) are available and the cost of each pipe i with diameter Di 

and length Li is calculated from iii LDC ××= 24.11.1  in 

which cost is in dollars, diameter is in inches, and length is in 
feet. Although the cost function is used to calculate the 
investment cost for this problem, the unit cost of each pipe has 
been transformed into discrete values and is given in Dandy et 
al. [7]. In the present work, the discrete values of unit costs 
are used. The Harzen-Williams coefficient for this problem is 
assumed at 100 for all existing and new pipes. 

Previous solutions of the New York City water supply 
network obtained from the literature are shown in Table 7. 
The lowest cost design was found in the work of Fujiwara and 
Khang [11]. Unfortunately their solution was proved to be 
clearly infeasible (Loganathan et al. [18]; Dandy et al. [7]; 
Savic and Walters [28]). Therefore the feasible least cost 
solution of this problem is that of Savic and Walters [28], 
which is derived from the single pipe design.  

For this problem, the same sets of parameters were used as 
well but good solutions could be obtained easier than that of 
the Hanoi network. The best solutions obtained from SA are 
shown in Table 8. The optimal pressure heads corresponding 
to those solutions are shown in Table 9. The best solutions of 
the single pipe design obtained in the present study are as 
same as those obtained from Savic and Walters [28] and 
Cunha and Sousa [5]. The least cost of split-pipe design 
obtained from SA using the lower limit of α = 843900 is less 
than the least cost solutions of Savic and Walters [28] and 
Cunha and Ribeiro [6] which were derived from the single 
pipe design. The solution of split-pipe design obtained from 
SA using α = 851500 is very close to that obtained from 
Loganathan et al. [18] but the solution of Loganathan et al. 
[18] is found to be slightly infeasible but it is only marginal. 
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Fig. 3 Hanoi Network  

TABLE IV 
 PREVIOUS SOLUTIONS OF HANOI NETWORK  

Authors Fitting αa Cost ($ milliion) Solution 
Fujiwara et al. (1990, 1991) 10.5088 6.320 Split-pipe 
Sonak and Bhave (1993) 10.5088 6.046 Split-pipe 
Eiger et al. (1994) 10.5088 6.027 Split-pipe 
Savic and Walters (1997) 10.5088 6.073 Single 
Savic and Walters (1997) 10.9031 6.195 Single 
Cunha and Sousa (1999) 10.5088 6.056 Single 
Cunha and Ribeiro (2003) 10.5088 6.056 Single 

a For Q in m3/h, and D in centimeters 
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Figure 7: The Hanoi Network. (Figure courtesy of Tospornsampan et al. [15].)

network, but different more complex systems, like the New York City par-
allel expansion problem [14] (i.e. placement of new pipes parallel to existing
ones, in order to service an increased demand), are found in literature.

5.1 Two Loop

The Two Loop network (see Figure 2) has 8 pipes, 7 nodes and one reservoir
(see Table 6 and 7, Appendix). No pumping facilities are used, the internal
nodes are fed by gravity. All pipes have roughness coefficient Ci = 130 for
usage in the Hazen-Williams equation (see Section 2.1.5). 14 commercial
diameters are available (see Table 8, Appendix), pzero is taken to be 10m [1]
and preq is 30m (see Section 2.1.1 for used notation).

5.2 Hanoi

The Hanoi network (see Figure 7) has 34 pipes, 31 nodes and one reservoir
(see Table 9 and 10, Appendix). No pumping facilities are used, the internal
nodes are fed by gravity. All pipes have roughness coefficient Ci = 130
for usage in the Hazen-Williams equation (see Section 2.1.5). The original
problem included 6 commercial diameters, but this set was found to be
insufficient by Formiga et al. [1], so they added 4 larger diameters (see Table
11, Appendix). pzero is taken to be 15m [1] and preq is 30m (see Section 2.1.1
for used notation).
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6 Results

The results of the test runs using SMS-EMOA and NSGA-II, with setups
1 through 5 (see Table 1) and applied to problems Two Loop and Hanoi,
can be found in Table 2 and 3. In the following sections, these results are
analyzed by comparing the solutions of Formiga’s NSGA-II implementation
(NSGA-II-F) with the outcome of the NSGA-II implementation that was
used in this study (NSGA-II-R), by comparing the NSGA-II results with
the SMS-EMOA results, and by comparing the test setups themselves while
generalizing over the SMS-EMOA and NSGA-II results.

Table 2: Test Results for Two Loop
Setup Algorithm S metric Rank Total

1: NSGA-II 0.700108 4 9
(100, 1, 0.05) SMS-EMOA 0.763592 2 2

2: NSGA-II 0.743674 2 7
(100, 0, 0.05) SMS-EMOA 0.763182 3 3

3: NSGA-II 0.761553 1 4
(100, 0, 1

m ) SMS-EMOA 0.764674 1 1
4: NSGA-II 0.659611 5 10

(50, 0, 0.05) SMS-EMOA 0.760382 5 6
5: NSGA-II 0.741382 3 8

(50, 0, 1
m ) SMS-EMOA 0.760698 4 5

Table 3: Test Results for Hanoi
Setup Algorithm S metric Rank Total

1: NSGA-II 0.58961 1 3
(100, 1, 0.05) SMS-EMOA 0.486277 4 9

2: NSGA-II 0.58175 2 4
(100, 0, 0.05) SMS-EMOA 0.564249 3 6

3: NSGA-II 0.577036 3 5
(100, 0, 1

m ) SMS-EMOA 0.601679 1 1
4: NSGA-II 0.559779 4 7

(50, 0, 0.05) SMS-EMOA 0.425922 5 10
5: NSGA-II 0.529533 5 8

(50, 0, 1
m ) SMS-EMOA 0.591234 2 2

6.1 NSGA-II-F vs. NSGA-II-R

In order to make an efficient comparison possible, S metric scores were
determined for the test results by Formiga et al. [1] (see Table 4). Per test
problem the best NSGA-II-F and the best NSGA-II-R set was selected for a
graphical comparison (see Figure 8 and 9). Both selected NSGA-II-F setups
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Figure 8: NSGA-II Comparison for Two Loop. The best result by Formiga et al.
[1] (S = 0.650451, setup 8: µ = 500, 50 generations, probrec = 1, probmut = 0.05;
see Table 4) and the best NSGA-II result of this study (S = 0.761553, setup 3:
µ = 100, 20,000 evaluations, probrec = 0, probmut = 1

m ; see Table 2) are shown.
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Figure 9: NSGA-II Comparison for Hanoi. The best result by Formiga et al. [1]
(S = 0.531216, setup 8: µ = 500, 50 generations, probrec = 1, probmut = 0.05; see
Table 4) and the best NSGA-II result of this study (S = 0.58961, setup 1: µ = 100,
20,000 evaluations, probrec = 1, probmut = 0.05; see Table 3) are shown.

24



used µ = 500 and 50 generations resulting in 25,000 generated solutions (i.e.
evaluations by the hydraulic simulator) in total, whereas in this study for
all test runs a cap of 20,000 evaluations was used.

For Two Loop the NSGA-II-R set has the higher S metric score (0.761553
vs. 0.650451, see Table 2 and 4). Furthermore on the one hand the NSGA-
II-R set has higher values for System Entropy, but on the other hand the
NSGA-II-F set has a higher overall value for Demand Supply Ratio. More-
over it is striking to see that the NSGA-II-R set has a much higher diversity
in its solutions than the NSGA-II-F set, probably because of implicit con-
straints inherent to the hydraulic simulator Formiga et al. used3.

For Hanoi the NSGA-II-R again has the higher S metric score, although
the difference is smaller this time (0.58961 vs. 0.531216, see Table 3 and 4).
While the NSGA-II-R solutions are more expensive than their NSGA-II-F
counterparts, this apparently enables a gain in System Entropy. The higher
S metric score is likely to be attributed to this combination of high System
Entropy against higher Investment Cost, as the values for Demand Supply
Ratio appear equally spread for both sets.

Table 4: S Metric Scores for Test Results by Formiga et al. [1]
Two Loop Hanoi

Setup µ Generations S metric Rank S metric Rank
1 50 50 0.648698 5 0.506338 9
2 50 100 0.647552 7 0.520825 7
3 100 50 0.648642 6 0.524329 6
4 100 100 0.644359 8 0.519355 8
5 250 50 0.648727 4 0.528566 4
6 250 100 0.650414 2 0.529112 2
7 250 200 n.a. n.a. 0.525984 5
8 500 50 0.650451 1 0.531216 1
9 500 100 0.64996 3 0.5290460 3

Table 5: Simulators Compared: yReehuis
i − yFormiga

i

Two Loop Hanoi
i mean norm.abs. mean norm.abs.
1: min 0 0 +19.1785 7.64917 · 10−7

2: max −1.22527 · 10−3 2.44092 · 10−3 +1.16954 0.0355562
3: max −1.43839 · 10−3 0.0171752 −0.404399 0.404399

It should be noted that there are some limitations to the reliability of
this Formiga vs. Reehuis comparison. These occur firstly because of the dif-

3As Dr. Formiga stated over email: generated solutions that could not be evaluated
by the hydraulic simulator in a timely fashion (i.e. that did not have convergence in 100
iterations of the hydraulic simulator) were penalized and removed.
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ferences in calculated objective values that the different hydraulic simulators
(in combination with the different objective function implementations) give
rise to. The solutions in the sets by Formiga et al. that were selected for this
comparison (depicted in Figure 8 and 9) were fed to the hydraulic simulator
used in this study in order to compare calculated objective values, see Table
5. For Two Loop the differences are neglectable, but for Hanoi Formiga et al.
obtained significantly higher values for Demand Supply Ratio. Secondly, as
Formiga et al. did not use the final population sets but unbounded archives
as their test results (see Section 3.4), their sets contain (much) more solu-
tions. One could argue however that with the highest scores going to the
NSGA-II-R sets and both these factors being favorable to the results by
Formiga et al., they are of less consequence.

6.2 NSGA-II vs. SMS-EMOA

When examining the S metric scores for Two Loop in Table 2 it is clear
that the SMS-EMOA results outrank the NSGA-II results; the 4th and 7th

are the highest NSGA-II rankings. For a graphical comparison of the best
NSGA-II set and SMS-EMOA set for Two Loop, see Figure 10. Both sets
show an equal spread for Investment Cost and Demand Supply Ratio, but
the SMS-EMOA set has a higher overall value for System Entropy.

Examining the Hanoi scores in Table 3, SMS-EMOA again scores better
than NSGA-II, but the outcome is less convincing than for Two Loop.
SMS-EMOA holds the 1th and 2nd rank, but the lowest ranks 9 and 10 are
also held by SMS-EMOA results. Moreover, these worst SMS-EMOA sets
are of such poor quality that for Hanoi the mean SMS-EMOA score drops
below the mean NSGA-II score: 0.5338722 vs. 0.5675416. For a graphical
comparison of the best NSGA-II set and SMS-EMOA set for Hanoi, see
Figure 11. The SMS-EMOA set contains solutions combining both low In-
vestment Cost and high System Entropy, while the NSGA-II set has higher
overall Demand Supply Ratio.

For an illustration of the S development of the best NSGA-II and SMS-
EMOA sets per test problem, see Figure 12 in the Appendix.

6.3 Setups Compared

When generalizing over the SMS-EMOA results (see Table 2 and 3), usage
of the following can be stated to increase the S score:

1. Larger population size (µ = 100);

2. Mutation rate with probability of changing one diameter code Di

(probmut = 1
m).

On the other hand, when generalizing over the NSGA-II results (see Table
2 and 3), usage of the following can be stated to increase the S score:
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Figure 10: NSGA-II vs. SMS-EMOA for Two Loop. The best NSGA-II result (S =
0.761553, setup 3: µ = 100, 20,000 evaluations, probrec = 0, probmut = 1

m ) and
the best SMS-EMOA result (S = 0.764674, setup 3: µ = 100, 20,000 evaluations,
probrec = 0, probmut = 1

m ) are shown; see Table 2.
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Figure 11: NSGA-II vs. SMS-EMOA for Hanoi. The best NSGA-II result (S =
0.58961, setup 1: µ = 100, 20,000 evaluations, probrec = 1, probmut = 0.05) and
the best SMS-EMOA result (S = 0.601679, setup 3: µ = 100, 20,000 evaluations,
probrec = 0, probmut = 1

m ) are shown; see Table 3.
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1. Larger population size (µ = 100);

2. Larger mutation rate (Two Loop: probmut = 1
m > 0.05, Hanoi: probmut =

0.05 > 1
34 ≈ 0.0294);

Whether leaving out recombination is beneficial for the S score did not
become clear, as for both SMS-EMOA and NSGA-II none of the setups 1 and
2 gets a better ranking over the other for both test problems. Futhermore,
although a smaller population size degrades the final result, it seems to
preserve the ordering determined by the other parameters. In practice this
means one could save time needed for doing experiments by first varying the
other parameters while using a small population size and then examining
the best value for population size independently.

For the three dimensional SMS-EMOA this is an attractive property,
since the decrease in time complexity when using a population of half its
original size is substantial4. Comparing the complexity of one iteration (see
Section 3.5) for µ = 100 and µ = 50, we get:

O(µ3)⇒
(

100
50

)3

= 8 (43)

This holds for NSGA-II as well, but is of less consequence since its time
complexity is lower to begin with, which also makes the decrease less sub-
stantial. Again, comparing the complexity of one iteration (see Section 3.4)
for µ = 100 and µ = 50:

O(µ2)⇒
(

100
50

)2

= 4 (44)

7 Conclusions

The goal of this study was to determine which of the multiobjective evo-
lutionary algorithms NSGA-II [4] and SMS-EMOA [5] would provide the
best non-dominated set or Pareto front for the problem of multiobjective
optimization of water distribution networks, using the S metric as compar-
ison criterion. Based on the results in Table 2 and 3, it is clear NSGA-II
does not outperform SMS-EMOA. On the other hand, SMS-EMOA cannot
be appointed the real winner either. Although it clearly has superior scores
for test problem Two Loop, the results for the more complex Hanoi test
problem are ambiguous: SMS-EMOA delivered the best two sets, but also

4For this study the experiments were carried out on an AMD Athlon64 X2 1.80 GHz
machine with 2,00 GB of memory, running a 32-bit version of Windows Vista, and using
a single core C++ compiler. On average, the SMS-EMOA runs took 2h6m (Two Loop,
µ = 100), 24m (Two Loop, µ = 50), 3h15m (Hanoi, µ = 100), and 39m (Hanoi, µ = 50).
The average NSGA-II run took 30s (Two Loop, µ = 100), 20s (Two Loop, µ = 50), 2m3s
(Hanoi, µ = 100), and 1m35s (Hanoi, µ = 50).
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generated the sets holding the lowest two ranks. Furthermore, this makes
that for Hanoi the mean SMS-EMOA S metric score is lower than the mean
NSGA-II S metric score: 0.5338722 vs. 0.5675416.

Analyzing the plots in Figure 10 and 11, they show that both pictured
SMS-EMOA sets are higher on overall System Entropy than their
NSGA-II counterparts. For Two Loop the sets of both algorithms show an
equal spread for Investment Cost and Demand Supply Ratio; for Hanoi
SMS-EMOA includes some cheaper solutions, but NSGA-II then shows higher
overall Demand Supply Ratio.

What can be concluded is that SMS-EMOA holds the potential of out-
performing NSGA-II in this field, provided the right set of parameters is
used. In a future study the emphasis should lie on separately determining
the best set of parameters for SMS-EMOA and for NSGA-II. This tuning
should be done on the examined test problems Two Loop and Hanoi, but
also on more complex systems like the New York City parallel expansion
problem5 [14]. Multiple runs using the same parameter set, but with differ-
ent seeds for the random number generator6, should be executed in order to
determine possibly significant variation in performance per algorithm.
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Appendix

Table 6: Node Data for Two Loop [13]
Node Elevation Demand

(meter) (m3/hr)
1 210 (reservoir)
2 150 100
3 160 100
4 155 120
5 150 270
6 165 330
7 160 200

Table 7: Pipe Data for Two Loop [13]
Pipe bi ei Length

(meter)
1 1 2 1000
2 2 3 1000
3 2 4 1000
4 4 5 1000
5 4 6 1000
6 6 7 1000
7 3 5 1000
8 5 7 1000



Table 8: Diameters for Two Loop [13]
Code Size Price

(inch) (units/meter)
0 1 2
1 2 5
2 3 8
3 4 11
4 6 16
5 8 23
6 10 32
7 12 50
8 14 60
9 16 90
10 18 130
11 20 170
12 22 300
13 24 550



Table 9: Node Data for Hanoi [14]
Node Elevation Demand

(meter) (m3/hr)
1 100 (reservoir)
2 0 890
3 0 850
4 0 130
5 0 725
6 0 1005
7 0 1350
8 0 550
9 0 525
10 0 525
11 0 500
12 0 560
13 0 940
14 0 615
15 0 280
16 0 310
17 0 865
18 0 1345
19 0 60
20 0 1275
21 0 930
22 0 485
23 0 1045
24 0 820
25 0 170
26 0 900
27 0 370
28 0 290
29 0 360
30 0 360
31 0 105
32 0 805



Table 10: Pipe Data for Hanoi [14]
Pipe bi ei Length

(meter)
1 1 2 100
2 2 3 1350
3 3 4 900
4 4 5 1150
5 5 6 1450
6 6 7 450
7 7 8 850
8 8 9 850
9 9 10 800
10 10 11 950
11 11 12 1200
12 12 13 3500
13 13 14 800
14 14 15 500
15 15 16 550
16 17 16 2730
17 18 17 1750
18 19 18 800
19 3 19 400
20 3 20 2200
21 20 21 1500
22 21 22 500
23 20 23 2650
24 23 24 1230
25 24 25 1300
26 26 25 850
27 27 26 300
28 16 27 750
29 23 28 1500
30 28 29 200
31 29 30 1600
32 30 31 150
33 32 31 860
34 25 32 950



Table 11: Diameters for Hanoi [14], [1]
Code Size Price

(inch) (units/meter)
0 12 45.73
1 16 70.40
2 20 98.39
3 24 129.33
4 30 180.75
5 40 278.28
6 50 388.91
7 60 511.23
8 70 644.23
9 80 787.10
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Figure 12: Convergence for Two Loop and Hanoi. Per test problem the convergence
of the best run of NSGA-II (Two Loop: setup 3, Hanoi: setup 1) and of SMS-EMOA
(Two Loop: setup 3, Hanoi: setup 3) is shown (see Table 2 and 3).



Algorithm 2 S Metric 3D(total)

1: if (total = true) then
2: front ← R1 /* Use first front for determining total S */
3: else
4: front ← RI /* Use last front for determining ∆S */
5: end if
6: k ← |front|

/* Part 1: Initialization */
7: values-f1 ← sort-ascending(front[1].f1, . . . , front[k].f1)
8: values-f2 ← sort-ascending(front[1].f2, . . . , front[k].f2)

9: values-f1[k + 1]← y
ref

1

10: values-f2[k + 1]← y
ref

2

/* Part 2: Compute lowest and second lowest height values for each cube
(with as base area: square ij) */

11: for all i, j ∈ {1, . . . , k} do

12: height-lowest[i][j]← y
ref

3

13: height-second-low[i][j]← y
ref

3

14: end for
15: for all i, j, t ∈ {1, . . . , k} do
15: /* If individual front[t] dominates square ij */
16: if (front[t].f1 ≤ values-f1[i]) and (front[t].f2 ≤ values-f2[j]) then
16: /* Update lowest and second lowest height for square ij */
17: if (front[t].f3 < height-lowest[i][j]) then
18: height-second-low[i][j]← height-lowest[i][j]
19: height-lowest[i][j]← front[t].f3

20: else if (front[t].f3 < height-second-low[i][j]) and
(front[t].f3 6= height-lowest[i][j]) then

21: height-second-low[i][j]← front[t].f3

22: end if
23: end if
24: end for

/* Part 3: Calculate total S or Sum up partial volume loss due to the removal
of individual front[t] */

25: for all t ∈ {1, . . . , k} do
26: ∆S [t]← 0
27: end for
28: if (total = true) then
29: for all i, j ∈ {1, . . . , k} do
30: ∆S [0] ← ∆S [0] + (values-f1[i + 1] − values-f1[i]) · (values-f2[j + 1] −

values-f2[j]) · (y ref
3 − height-lowest[i][j])

31: end for
32: else
33: for all i, j ∈ {1, . . . , k} do
34: owner-number ← 0; owner-index ← −1
35: for all t ∈ {1, . . . , k} do
36: if (front[t].f1 ≤ values-f1[i]) and (front[t].f2 ≤ values-f2[j]) and

(front[t].f3 = height-lowest[i][j]) then
36: /* Height of square ij determined by individual front[t] */
37: owner-number ← owner-number + 1; owner-index ← t
38: end if
39: end for
40: if (owner-number = 1) then
41: ∆S [owner − index] ← ∆S [owner − index] + (values-f1[i + 1] −

values-f1[i]) · (values-f2[j + 1] − values-f2[j]) · (height-second-low[i][j] −
height-lowest[i][j])

42: end if
43: end for
44: end if /* For total S: ∆S [0], for ∆S : argmin ∆S [t] */




